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Abstract

Stochastic gradient methods have enabled variational inference for high-

dimensional models and large data. However, the steepest ascent direction in the

parameter space of a statistical model is given not by the commonly used Euclidean

gradient, but the natural gradient which premultiplies the Euclidean gradient by

the inverted Fisher information matrix. Use of natural gradients can improve con-

vergence significantly, but inverting the Fisher information matrix is daunting in

high-dimensions. In Gaussian variational approximation, natural gradient updates

of the natural parameters (expressed in terms of the mean and precision matrix) of

the Gaussian distribution can be derived analytically, but do not ensure the pre-

cision matrix remains positive definite. To tackle this issue, we consider Cholesky

decomposition of the covariance or precision matrix and derive explicit natural gra-

dient updates of the Cholesky factor by finding the inverse of the Fisher information

matrix analytically. Natural gradient updates of the Cholesky factor as compared

to natural parameters, depend only on the first instead of the second derivative

of the log posterior density and reduces computational cost. Sparsity constraints

incorporating posterior independence structure can be imposed by fixing relevant

entries in the Cholesky factor to zero.

Keywords: Gaussian variational approximation; Natural gradients; Cholesky factor; Co-

variance matrix; Sparse precision matrix; Positive definite constraint.

1 Introduction

Variational inference is fast and provides an attractive alternative to Markov chain Monte

Carlo (MCMC) methods for approximating intractable posterior distributions in the

Bayesian framework. Use of stochastic gradient methods (Robbins and Monro, 1951)

has further enabled variational inference for high-dimensional models and large data

sets (Hoffman et al., 2013; Salimans and Knowles, 2013). While Euclidean gradients are

commonly used in the optimization of the variational objective function, the direction of

steepest ascent in the parameter space of statistical models, where distance between prob-

ability distributions is measured using the Kullback-Leibler (KL) divergence, is actually

given by the natural gradient (Amari, 1998). Stochastic optimization based on natural

gradients has been found to be more robust with the ability to avoid or escape plateaus,

resulting in faster convergence (Rattray et al., 1998). Martens (2020) shows that natural
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gradient descent can be seen as a second order optimization method, with the Fisher

information matrix taking the place of the Hessian and having more favorable properties.

The natural gradient is computed by premultiplying the Euclidean gradient with the

inverse of the Fisher information matrix, the computation of which can be highly complex.

However, in some cases, natural gradient updates can be simpler than those based on

Euclidean gradients, such as for the conjugate exponential family models considered in

Hoffman et al. (2013). If the variational approximation employs a distribution in the

minimal exponential family (Wainwright and Jordan, 2008), then the natural gradient

of the variational objective function (evidence lower bound) with respect to the natural

parameter is just given by the gradient of the evidence lower bound with respect to the

mean of the sufficient statistics (Hensman et al., 2012; Amari, 2016; Khan and Lin, 2017).

In Gaussian variational approximation (Opper and Archambeau, 2009), the true pos-

terior is approximated by a multivariate Gaussian which belongs to the minimal expo-

nential family. Natural gradient updates of the natural parameter can thus be derived

analytically as described above. Combined with the theorems of Bonnet (1964) and (Price,

1958), these simplify to updates of the mean and precision matrix which depend on the

first and second order derivatives of the log posterior density (Khan et al., 2018). How-

ever, the update for the precision matrix does not ensure that it remains positive definite.

Various approaches have been proposed to deal with the positive definite constraint.

Khan and Lin (2017) use a back-tracking line search, but that can lead to slow conver-

gence. Ong et al. (2018b) parametrize the Gaussian in terms of the mean and Cholesky

factor of the precision matrix and derive the Fisher information matrix analytically, but

compute the natural gradients by solving a linear system numerically. Using chain rule,

Salimbeni et al. (2018) show that the inverse of the Fisher information matrix in alter-

native parametrizations (which are one-one transformations of the natural parameters)

can be computed as a Jacobian-vector product using automatic differentiation. Ong et al.

(2018), Ong et al. (2018a) and Tran et al. (2020) consider a factor structure for the co-

variance matrix, and Tran et al. (2020) compute the natural gradients using a conjugate

gradient linear solver based on a block diagonal approximation of the Fisher information

matrix. Lin et al. (2020) use Riemannian gradient descent with a retraction map (de-

rived using a second-order approximation of the geodesic) to compute a modified update

of the precision matrix, that includes an additional term to ensure positive definiteness.

Tran et al. (2020) optimize the covariance matrix on the manifold of symmetric positive

definite matrices and derive an update for the covariance based on an approximation of

the natural gradient and a popular retraction for the manifold.

In this article, we consider Cholesky decompositions of either the covariance or preci-

sion matrix, and derive the inverse of the Fisher information matrix for these parametriza-

tions in closed form. Explicit natural gradient updates for the Cholesky factor are then

presented in both cases. In contrast to natural gradient updates of the natural param-

eter (involving the mean and precision matrix), our updates depend only on the first
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order derivative of the log posterior density, thus reducing storage and computational

costs. Updates of the mean and Cholesky factor based on Euclidean gradients have been

presented in Titsias and Lázaro-Gredilla (2014), and we demonstrate that corresponding

natural gradient updates only require minor modifications with minimal additional costs.

Gaussian variational approximation has been widely applied in many contexts such

as likelihood-free inference using the synthetic likelihood approach (Ong et al., 2018b),

Bayesian neural networks in deep learning (Khan et al., 2018), exponential random

graph models for network modeling (Tan and Friel, 2020) and factor copula models

(Nguyen et al., 2020) which seek to capture the dependence structure of high-dimensional

variables using a small number of latent variables via bivariate links. For greater flexibility

in accommodating variables which are constrained, skewed or heavy-tailed, a Gaussian

variational approximation can be specified for variables which have first undergone inde-

pendent parametric transformations, resulting in a Gaussian copula variational approxi-

mation for the original variables. Han et al. (2016) use a Bernstein polynomial transfor-

mation while Smith et al. (2020) employ the transformation of Yeo and Johnson (2000)

and the Tukey g-and-h distribution (Yan and Genton, 2019) to improve the normality

and symmetry of the original variables.

In high-dimensional models, sparsity constraints can be imposed on the covariance

matrix by assuming a diagonal or block-diagonal structure according to the variational

Bayes restriction (see, e.g. Titsias and Lázaro-Gredilla, 2014; Tan, 2021). Alternatively,

the precision matrix can be assumed to adopt a structure that reflects the conditional

independence structure in the true posterior, as demonstrated in state space mod-

els and generalized linear mixed models by Tan and Nott (2018). The ADVI (auto-

matic differentiation variational inference) algorithm (Kucukelbir et al., 2017) in Stan

(Stan Development Team, 2019) allows the user to fit Gaussian variational approxima-

tions with either a diagonal or full covariance matrix and provides a library of transfor-

mations to convert constrained variables onto the real line. However, it does not permit

specification of other sparsity structures and uses Euclidean gradients to update the

Cholesky factor in stochastic gradient ascent. Our natural gradient updates of the mean

and Cholesky factor can be applied to improve convergence in stochastic gradient ascent

in any context where a Gaussian density is used as an approximating density (such as

those discussed above), and relevant entries in the Cholesky factor of the covariance or

precision matrix can be fixed as zero to impose different sparsity constraints.

This article is organized as follows. Section 2 introduces the notation used in this arti-

cle and Section 3 describes stochastic variational inference based on Euclidean gradients.

In Section 4, we define the natural gradient and discuss its use in stochastic variational

inference. Section 5 presents the natural gradient updates of the mean and Cholesky fac-

tor of either the covariance or precision matrix in Gaussian variational approximation.

We conclude with a discussion in Section 6.
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2 Notation

Let A be a d× d matrix. We use vec(A) to denote the d2 × 1 vector obtained by stacking

the columns of A in order from left to right, and K the d2×d2 commutation matrix such

that Kvec(A) = vec(AT ). Let N = (K + Id2)/2.

Let vech(A) denote the d(d + 1)/2 × 1 vector obtained from vec(A) by omitting

supradiagonal elements. If A is symmetric, then Dvech(A) = vec(A) where D denotes

the d2×d(d+1)/2 duplication matrix, andD+vec(A) = vech(A) whereD+ = (DTD)−1DT

denotes the Moore-Penrose inverse of D. Let L denote the d(d + 1)/2 × d2 elimination

matrix where Lvec(A) = vech(A). Note that LTvech(A) = vec(A) if A is lower triangular.

More details and identities on the commutation, duplication and elimination matrices can

be found in Magnus and Neudecker (1980) and Magnus and Neudecker (2019).

Let ⊗ denote the Kronecker product such that vec(AXB) = (BT ⊗ A)vec(X) and

⊙ the elementwise Hadamard product. We use Ā to denote the lower triangular matrix

derived from A by replacing all supradiagonal elements by zero. Let diag(A) denote the

d×1 vector containing the diagonal elements of A, and dg(A) denote the diagonal matrix

derived from A by replacing all non-diagonal elements by zero. If a is a vector, then

diag(a) denotes the diagonal matrix having a as the diagonal. Let ∇λL, ∇2
λL and ∇2

λ,αL
denote ∂L/∂λ, ∂2L/∂λ∂λT and ∂2L/∂λ∂αT respectively for vectors λ and α.

3 Stochastic variational inference

Let p(y|θ) denote the likelihood of unknown variables θ ∈ R
d given observed data y.

Suppose a prior distribution p(θ) is specified and the true posterior distribution p(θ|y) =
p(y|θ)p(θ)/p(y) is intractable. In variational inference, p(θ|y) is approximated by a density

qλ(θ) with parameters λ ∈ Ω, which are chosen to minimize the KL divergence between

qλ(θ) and p(θ|y). As

log p(y) =

∫
qλ(θ) log

qλ(θ)

p(θ|y)dθ︸ ︷︷ ︸
KL divergence

+

∫
qλ(θ) log

p(y, θ)

qλ(θ)
dθ

︸ ︷︷ ︸
Evidence lower bound

,

minimizing the KL divergence is equivalent to maximizing the evidence lower bound on

the log marginal likelihood. If we let hλ(θ) = log[p(y, θ)/qλ(θ)], then the evidence lower

bound,

L(λ) = Eqλ(θ)[log p(y, θ)− log qλ(θ)] = Eqλ(θ)[hλ(θ)]

is the variational objective function to be maximized with respect to λ. When L is

intractable, stochastic gradient ascent can be used for optimization. Starting with some
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initial estimate λ(1), an update

λ(t+1) = λ(t) + ρt ∇̂λL(λ(t)) (1)

is performed at iteration t, where ∇̂λL(λ(t)) is an unbiased estimate of the Euclidean

gradient ∇λL evaluated at λ(t). Under regularity conditions, λ(t) will converge to a local

maximum of L if the stepsize ρt satisfies
∑

∞

t=1 ρt = ∞ and
∑

∞

t=1 ρ
2
t < ∞ (Spall, 2003).

In practice, an adaptive stepsize sequence such as Adam (Kingma and Ba, 2015) is often

used.

3.1 Euclidean gradient of evidence lower bound

The Euclidean gradient of L with respect to λ is given by

∇λL =

∫
[∇λqλ(θ)]hλ(θ)dθ −

∫
qλ(θ)∇λ log qλ(θ)dθ

=

∫
[∇λqλ(θ)]hλ(θ)dθ

= ∇λEqλ(θ)[h(θ)].

(2)

The second term in the first line of (2) is the expectation of the score function which is

zero. In the last line, we have dropped the subscript λ from hλ(·) so that it is clearer that

the gradient ∇λ applies only to qλ(θ) as can be seen from the second line. Estimates of

∇λL can be computed in different ways and existing techniques can be broadly divided

into two approaches.

The first is to apply the log derivative trick or score function method, which is based

on the fact that ∇λqλ(θ) = qλ(θ)∇λ log qλ(θ). From (2), this enables us to write

∇λL = Eqλ(θ)[∇λ log qλ(θ)h(θ)],

and an unbiased estimate of ∇λL is ∇̂λL = ∇λ log qλ(θ)h(θ) where θ is simulated from

qλ(θ). Despite being widely applicable, such gradient estimates tend to have high vari-

ance leading to slow convergence. Various techniques have been proposed to reduce their

variance such as the use of control variates (Paisley et al., 2012), Rao-Blackwellization

(Ranganath et al., 2014) and importance sampling (Ruiz et al., 2016).

The second approach is to apply the reparametrization trick (Kingma and Welling,

2014; Rezende et al., 2014; Titsias and Lázaro-Gredilla, 2014), writing θ = Tλ(z), where

Tλ(·) is a differentiable function and z are random variables whose distribution p(z) is

independent of λ. From (2), after applying chain rule, we obtain

∇λL = ∇λ

∫
p(z)h(Tλ(z))dz = Ep(z)[∇λθ∇θh(θ)], (3)
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where θ = Tλ(z). Hence an unbiased estimate is ∇̂λL = ∇λθ∇θh(θ) where z is simulated

from p(z). With the reparametrization trick, h becomes a direct function of λ and gradient

information from h(·) can be harnessed more effectively. Gradients computed in this

way typically have lower variance than in the score function approach and very often,

only a single sample from p(z) is required for computing the unbiased estimate ∇̂λL.
For instance, if qλ(θ) is N(µ, CCT ), where CCT is the Cholesky decomposition of the

covariance matrix, we can use the transformation θ = Cz + µ where z ∼ N(0, Id). More

generally, for distributions outside the location-scale family, let Fλ(θ) denote the cdf of

qλ(θ). If Fλ(θ) is differentiable, then we can use the transformation θ = F−1
λ (z), where

z ∼ U [0, 1]. This approach can be applied easily to distributions with tractable inverse

cdf such as the exponential, Cauchy, logistics and Weibull distributions.

4 Natural gradient of evidence lower bound

In stochastic variational inference, we are interested in finding the parameter λ of qλ(θ)

that maximizes the evidence lower bound L(λ). The Fisher information matrix of qλ(θ)

is defined as

Fλ = −Eqλ(θ)[∇2
λ log qλ(θ)].

Let the distance between probability distributions be measured using the KL divergence.

Applying a second order Taylor series expansion,

KL(qλ(θ)‖qλ+dλ(θ)) =

∫
qλ(θ) log

qλ(θ)

qλ+dλ(θ)
dθ

≈ Eqλ(θ){log qλ(θ)− [log qλ(θ) + dλT∇ log qλ(θ) +
1
2
dλT∇2

λ log qλ(θ)dλ]}
= 1

2
dλTFλdλ.

From Amari (2016), if dλ is sufficiently small, the distance between two points, λ and

λ+ dλ, in the parameter space can be defined as

2KL(qλ(θ)‖qλ+dλ(θ)) = dλTFλdλ = ‖dλ‖2Fλ
.

Thus, the distance between two nearby parameters λ and λ+dλ is not given by dλTdλ as in

a Euclidean space, but by dλTFλdλ. The set of all distributions qλ(θ), λ ∈ Ω is a manifold

where each point λ denotes a probability density function and the KL divergence provides

the manifold with a Riemannian structure. We say that the manifold is Riemannian with

norm ‖dλ‖Fλ
=

√
dλTFλdλ if the Riemannian metric Fλ is positive definite.

Suppose we want to find the steepest ascent direction of L(λ) at λ. Amari (1998)

defines this direction as the vector a that minimizes L(λ+a) where ‖a‖Fλ
= ǫ for a small
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constant ǫ. Using the method of Lagrange multipliers, let

L = L(λ+ a)− α(‖a‖2Fλ
− ǫ2)

= L(λ) + aT∇L(λ)− α(aTFλa− ǫ2).

Setting ∇aL = ∇λL(λ)−2αFλa to zero gives a ∝ F−1
λ ∇λL(λ). Hence the steepest ascent

direction for L(λ) in the parameter space of qλ(θ) is given by the natural gradient,

∇̃λL = F−1
λ ∇λL,

which premultiplies the Euclidean gradient by the inverse of the Fisher information ma-

trix, provided Fλ is positive definite (see also Amari, 1998, 2016; Martens, 2020). Replac-

ing the estimate of the Euclidean gradient in (1) with that of the natural gradient then

results in the natural gradient update,

λ(t+1) = λ(t) + ρt F
−1
λ(t) ∇̂λL(λ(t)).

4.1 Variational approximation in exponential family

Suppose qλ(θ) belongs to an exponential family and

qλ(θ) = H(θ) exp[φ(θ)Tλ− A(λ)], (4)

where λ ∈ Ω is the natural parameter, φ(θ) are the sufficient statistics and A(λ) is the

cumulant or log-partition function. Then

m = Eqλ(θ)[φ(θ)] = ∇λA(λ), Varqλ(θ)[φ(θ)] = ∇2
λA(λ),

and the Fisher information matrix,

Fλ = −Eqλ(θ)[∇2
λ log qλ(θ)] = ∇2

λA(λ) = ∇λm.

Fλ is positive definite and invertible if the exponential family representation in (4) is

minimal, or equivalently, if the mapping m : Ω → M is one-one, where M is the set of

realizable mean parameters (Wainwright and Jordan, 2008, Page 40, 62–64).

Applying chain rule, ∇λL = ∇λm∇mL = Fλ∇mL. Hence the natural gradient,

∇̃λL = F−1
λ ∇λL = ∇mL, (5)

can be computed by finding the gradient of L with respect to the mean parameter without

computing the Fisher information matrix directly (Khan and Lin, 2017).
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4.2 Gaussian variational approximation

A popular option for qλ(θ) is the multivariate Gaussian N(µ,Σ), with mean µ and covari-

ance matrix Σ (Opper and Archambeau, 2009). If some variables in θ are constrained, we

can first transform them to be unconstrained using for instance, the library of transforma-

tions provided in Stan (Kucukelbir et al., 2017). Alternatively, we can consider Gaussian

copula variational approximation (Han et al., 2016; Smith et al., 2020) if some variables

in θ are skewed or heavy-tailed.

The multivariate Gaussian can be represented as a member of the exponential family

in (4) by writing

qλ(θ) = (2π)−d/2 exp
{
φ(θ)Tλ− 1

2
µTΣ−1µ− 1

2
log |Σ|

}
,

where

φ(θ) =

[
θ

vech(θθT )

]
, λ =

[
Σ−1µ

−1
2
DTvec(Σ−1)

]
, m =

[
µ

vech(Σ + µµT )

]
.

From (5), the natural gradient of L with respect to the natural parameters λ can be

obtained simply by finding the gradient of L with respect to the mean parameters m. Let

m1 = µ and m2 = vech(Σ + µµT ), and introduce ζ = (ζT1 , ζ
T
2 )

T , where

ζ1 = µ = m1, ζ2 = vech(Σ) = m2 − vech(m1m
T
1 ).

Then

∇mζ =

[
∇m1ζ1 ∇m1ζ2
∇m2ζ1 ∇m2ζ2

]
=

[
Id −2(Id ⊗ µT )(D+)T

0d(d+1)/2×d Id(d+1)/2

]
.

More details are given in Appendix A. Applying chain rule, the natural gradient is

∇̃λL = ∇mL = ∇mζ∇ζL =

[
∇µL − 2(∇ΣL)µ
DTvec(∇ΣL)

]
, (6)

where ∇vech(Σ)L = DT∇vec(Σ)L = DTvec(∇ΣL). From (2) and the Theorems of Bonnet

(1964) and Price (1958) (see (Rezende et al., 2014) for more details),

∇µL =

∫
[∇µqλ(θ)]h(θ)dθ = Eqλ(θ)[∇θh(θ)],

∇ΣL =

∫
[∇Σqλ(θ)]h(θ)dθ = 1

2
Eqλ(θ)[∇2

θh(θ)],
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Substituting these results in (6),

∇̃λL = Eqλ(θ)

[
∇θh(θ)−∇2

θh(θ)µ
1
2
DTvec(∇2

θh(θ))

]
.

Let θ(t) denote a sample generated from qλ(θ) at iteration t. The natural gradient

update of λ is

[
Σ(t+1)−1

µ(t+1)

−1
2
DTvec(Σ(t+1)−1

)

]
=

[
Σ(t)−1

µ(t)

−1
2
DTvec(Σ(t)−1

)

]
+ ρt

[
∇θh(θ

(t))−∇2
θh(θ

(t))µ(t)

1
2
DTvec(∇2

θh(θ
(t)))

]
,

which simplifies to

Σ(t+1)−1
= Σ(t)−1 − ρt∇2

θh(θ
(t)),

µ(t+1) = µ(t) + ρtΣ
(t+1)∇θh(θ

(t)).

The natural gradient update of Σ−1 derived in this manner does not ensure Σ−1 remains

positive definite and it also depends on the second derivative of h(θ).

5 Natural gradient updates for mean and Cholesky factor of

Gaussian variational approximation

To ensure that the covariance or precision matrix remains positive definite in the opti-

mization, we consider different parametrizations of qλ(θ) based on Cholesky decomposi-

tions. Updating only the Cholesky factor instead of the full covariance or precision matrix

may also reduce computation and storage costs, resulting in greater efficiency. The first

parametrization is

λ1 = (µT , vech(C)T )T where Σ = CCT (7)

and C is a lower triangular matrix. The second parametrization is

λ2 = (µT , vech(T )T )T where Σ−1 = TT T (8)

and T is a lower triangular matrix. The first parametrization is useful if a block-diagonal

covariance structure corresponding to the assumption in variational Bayes is desired as

entries off the block-diagonal in C can simply be fixed as zero (Tan, 2021). On the other

hand, if the true posterior has any inherent conditional independence structure, then

the second parametrization allows corresponding sparsity constraints to be imposed on

Σ−1 and hence T (Tan and Nott, 2018). For these parametrizations, λ1 and λ2 are not

the natural parameters of qλ(θ). Hence the natural gradient cannot be computed simply

by using (5) and it is necessary to find F−1
λ . We show that F−1

λ and hence the natural

gradient updates can be evaluated analytically for the parametrizations in (7) and (8).
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First, we find the Euclidean gradients of L with respect to λ1 and λ2 using the

reparametrization trick. Let z ∼ N(0, Id) and φ(z) denote the density of z. From (3),

∇λL = Eφ(z)[∇λθ∇θh(θ)]. For λ1, let θ = Cz + µ. Then

∇λ1θ =

[
∇µθ

∇vech(C)θ

]
=

[
Id

L(z ⊗ Id)

]
and ∇λ1L = Eφ(z)

[
∇θh(θ)

vech(Ḡ1)

]
,

since L(z⊗Id)∇θh(θ) = Lvec(∇θh(θ)z
T ) = vech(G1) = vech(Ḡ1), where G1 = ∇θh(θ)z

T .

For λ2, let θ = T−T z + µ. We have

∇λ2θ =

[
∇µθ

∇vech(T )θ

]
=

[
Id

−L(T−1 ⊗ T−T z)

]
and ∇λ2L = Eφ(z)

[
∇θh(θ)

vech(Ḡ2)

]
,

since −L(T−1 ⊗ T−T z)∇θh(θ) = −Lvec(T−Tz[∇θh(θ)]
TT−T ) = vech(G2) = vech(Ḡ2)

where G2 = −T−T z[∇θh(θ)]
TT−T .

Next, we find the Fisher information matrix Fλi
and its inverse for each parametriza-

tion λi, i = 1, 2. To find the inverse, we require Lemma 1, whose proof is given in the

Appendix B. The natural gradient is then given by ∇̂λi
L = F−1

λi
∇λi

L. These results are

summarized in Theorem 1.

Lemma 1. If Λ is a d× d lower triangular matrix, then

I = L{(Λ−1 ⊗ Λ−T )K + Id ⊗ Λ−TΛ−1}LT = 2L(Id ⊗ Λ−T )N(Id ⊗ Λ−1)LT ,

and

I
−1 = 1

2
L(Id ⊗ Λ)LT (LNLT )−1L(Id ⊗ ΛT )LT .

Theorem 1. For i = 1, 2, the Fisher information matrix of qλi
(θ) is given by

Fλi
=

[
Σ−1 0

0 2L(Id ⊗ Λ−T
i )N(Id ⊗ Λ−1

i )LT

]
, (9)

where Λ1 = C and Λ2 = T . The inverse is given by

F−1
λi

=

[
Σ 0

0 1
2
L(Id ⊗ Λi)L

T (LNLT )−1L(Id ⊗ ΛT
i )L

T

]
, (10)

and the natural gradient is

∇̃λi
L = Eφ(z)

[
Σ∇θh(θ)

vech[Λi{H̄i − dg(H̄i)/2}]

]
.

where Hi = ΛT
i Ḡi, θ = Cz + µ for λ1 and θ = T−T z + µ for λ2.
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Proof. The Fisher information matrix is given by Fλ = −Eqλ(θ)[∇2
λℓq], where

ℓq = log qλ(θ) = −d
2
log(2π)− 1

2
log |Σ| − 1

2
(θ − µ)TΣ−1(θ − µ).

If λ = λ1, Σ = CCT and if λ = λ2, Σ
−1 = TT T . We have

∇2
λ1
ℓq = −

[
Σ−1 (zT ⊗ Σ−1 + C−T ⊗ zTC−1)LT

· L{[(zzT − Id)C
−1 ⊗ C−T + C−1 ⊗ C−T zzT ]K + zzT ⊗ Σ−1}LT

]
,

∇2
λ2
ℓq = −

[
Σ−1 −(zT ⊗ I + T ⊗ zTT−1)LT

· L{(T−1 ⊗ T−T )K + Id ⊗ T−T zzTT−1}LT

]
,

Since Eφ(z)(z) = 0 and Eφ(z)(zz
T ) = Id, we obtain Fλi

in (9) by applying Lemma 1. Since

Fλi
is a block-diagonal matrix and each of the blocks is invertible, applying Lemma 1 again

gives F−1
λi

in (10). Premultiplying the Euclidean gradient ∇λi
L by F−1

λi
and simplifying,

we obtain the natural gradient ∇̃λi
L. More details are given in Appendix C.

The stochastic variational inference algorithms for updating µ and C where Σ = CCT

are outlined in Figure 1. For comparison, Algorithm 1a which is based on Euclidean

gradients is given on the left, while Algorithm 1b which is based on natural gradients is

given on the right. Similarly, the algorithms for updating µ and T where Σ−1 = TT T

are given in Figure 2, with Algorithm 2a based on Euclidean gradients on the left and

Algorithm 2b based on natural gradients on the right.

Algorithm 1a (Update µ and C using
Euclidean gradients)

Initialize µ(1) and C(1). For t = 1, 2, . . . , N ,

1. Generate z ∼ N(0, Id) and
compute θ(t) = C(t)z + µ(t).

2. Compute Ḡ1, where G1 = ∇θh(θ
(t))zT .

3. Update µ(t+1) = µ(t) + ρt∇θh(θ
(t)).

4. Update C(t+1) = C(t) + ρtḠ1.

Algorithm 1b (Update µ and C using
natural gradients)

Initialize µ(1) and C(1). For t = 1, 2, . . . , N ,

1. Generate z ∼ N(0, Id) and
compute θ(t) = C(t)z + µ(t).

2. Compute Ḡ1, where G1 = ∇θh(θ
(t))zT .

3. Compute H̄1 where H1 = C(t)T Ḡ1.

4. Update µ(t+1) = µ(t) + ρtC
(t)C(t)T∇θh(θ

(t)).

5. Update C(t+1) = C(t)+ρtC
(t){H̄1−dg(H̄1)/2}.

Figure 1: Stochastic variational inference algorithms for updating µ and C where Σ = CCT .

6 Conclusion

In Gaussian variational approximation, the natural gradient update of the precision ma-

trix does not ensure positive definiteness. To tackle this issue, we consider Cholesky

decompositions of the covariance or precision matrix and derive natural gradient updates

of the Cholesky factor in each case. As these parametrizations are not given in terms of

11



Algorithm 2a (Update µ and T using
Euclidean gradients)

Initialize µ(1) and T (1). For t = 1, 2, . . . , N ,

1. Generate z ∼ N(0, Id) and
compute θ(t) = T (t)−T z + µ(t).

2. Compute Ḡ2, where
G2 = −T (t)−T z[∇θh(θ

(t))]TT (t)−T .

3. Update µ(t+1) = µ(t) + ρt∇θh(θ
(t)).

4. Update T (t+1) = T (t) + ρtḠ2.

Algorithm 2b (Update µ and T using
natural gradients)

Initialize µ(1) and T (1). For t = 1, 2, . . . , N ,

1. Generate z ∼ N(0, Id) and
compute θ(t) = T (t)−T z + µ(t).

2. Compute Ḡ2, where
G2 = −T (t)−T z[∇θh(θ

(t))]TT (t)−T .

3. Compute H̄2 where H2 = T (t)T Ḡ2.

4. Update µ(t+1) = µ(t)+ρtT
(t)−TT (t)−1∇θh(θ

(t)).

5. Update T (t+1) = T (t)+ρtT
(t){H̄2−dg(H̄2)/2}.

Figure 2: Stochastic variational inference algorithms for updating µ and T where Σ−1 = TT T .

the natural parameter, we need to find the inverse of the Fisher information matrix. We

demonstrate that this inverse can be found analytically and present the natural gradi-

ent updates of the Cholesky factors in closed form. These natural gradient updates can

potentially improve convergence in stochastic gradient ascent and can be used in any con-

text where the variational approximation is a multivariate Gaussian. Sparsity constraints

can also be imposed to incorporate assumptions in variational Bayes or conditional in-

dependence structure in the posterior by fixing relevant entries in the Cholesky factor to

zero.
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A Natural gradient of L with respect to natural parameters

Differentiating ζ2 = m2 − vech(m1m
T
1 ) with respect to m1, we obtain

dζ2 = −D+vec(m1dm
T
1 + dm1m

T
1 )

= −D+(Id2 +K)(Id ⊗m1)dm1

= −2D+DD+(Id ⊗m1)dm1

= −2D+(Id ⊗m1)dm1

=⇒ ∇m1ζ2 = −2(Id ⊗mT
1 )(D

+)T .

We have used the properties Id2 +K = 2DD+ and D+D = Id(d+1)/2.
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B Proof of Lemma 1

To prove Lemma 1, we require several results regarding the elimination matrix L from

Magnus and Neudecker (1980), which are stated in Lemma 2 for ease of reference.

Lemma 2. If P and Q are lower triangular d× d matrices, then

(i) LLT = Id(d+1)/2;

(ii) (LNLT )−1 = 2Id(d+1)/2 − LKLT ;

(iii) N = DLN ;

(iv) LTL(P T ⊗Q)LT = (P T ⊗Q)LT or the transpose, L(P ⊗QT )LTL = L(P ⊗QT );

(v) L(P T ⊗Q)LT = DT (P T ⊗Q)LT or the transpose, L(P ⊗QT )LT = L(P ⊗QT )D.

Proof. The proofs can be found respectively in Lemma 3.2(ii), Lemma 3.4 (ii), Lemma

3.5 (ii) and Lemma 4.2 (i) and (iii), of Magnus and Neudecker (1980) .

Proof of Lemma 1. From the left-hand side,

I = L{K(Λ−T ⊗ Λ−1) + Id ⊗ Λ−TΛ−1}LT

= L{K(Λ−T ⊗ Id)(Id ⊗ Λ−1) + (Id ⊗ Λ−T )(Id ⊗ Λ−1)}LT

= L{(Id ⊗ Λ−T )K + (Id ⊗ Λ−T )}(Id ⊗ Λ−1)LT

= L(Id ⊗ Λ−T )(K + Id2)(Id ⊗ Λ−1)LT

= 2L(Id ⊗ Λ−T )N(Id ⊗ Λ−1)LT .

Using the results in Lemma 2, we have

{2L(Id ⊗ Λ−T )N(Id ⊗ Λ−1)LT }
{

1
2
L(Id ⊗ Λ)LT (LNLT )−1L(Id ⊗ ΛT )LT

}

= L(Id ⊗ Λ−T )(DLN)(Id ⊗ Λ−1)(Id ⊗ Λ)LT (LNLT )−1L(Id ⊗ ΛT )LT [(iii) & (iv)]

= L(Id ⊗ Λ−T )LT (LNLT )(LNLT )−1L(Id ⊗ ΛT )LT [(v)]

= L(Id ⊗ Λ−T )LTL(Id ⊗ ΛT )LT

= L(Id ⊗ Λ−T )(Id ⊗ ΛT )LT [(iv)]

= LLT = Id(d+1)/2. [(i)]

The roman letters in square brackets on the right indicate which parts of Lemma 2 are

used.

C Proof of Theorem 1

Proof. In each case, ∇µℓq = Σ−1(θ − µ) and ∇2
µℓq = −Σ−1.

16



If λ = λ1, then z = C−1(θ − µ), differentiating z with respect to vech(C),

dz = −C−1(dC)C−1(θ − µ) = −C−1(dC)z.

Differentiating ∇µℓq = C−TC−1(θ − µ) w.r.t. C,

d(∇µℓq) = −[C−T (dCT )C−TC−1 + C−TC−1(dC)C−1](θ − µ)

= −[C−T (dCT )C−Tz + C−TC−1(dC)z]

= −[(zTC−1 ⊗ C−T )K + (zT ⊗ C−TC−1)]LTdvech(C).

∴ ∇2
µ,vech(C)ℓq = −[(C−T ⊗ zTC−1) + (zT ⊗ Σ−1)]LT .

Differentiating ℓq w.r.t. C,

dℓq = −tr(C−1dC)− zTdz

= −vec(C−T )Tdvec(C) + zTC−1(dC)z

= [−vec(C−T ) + vec(C−T zzT )]TLTdvech(C)

∴ ∇vech(C)ℓq = Lvec[C−T (zzT − Id)] = vech[C−T (zzT − Id)].

Differentiating ∇vech(C)ℓq = vech[C−T (zzT − Id)] w.r.t. C,

d∇vech(C)ℓq = Lvec[−C−TdCTC−T (zzT − Id) + C−T{z(dzT ) + dz(zT )}]
= −L{[(zzT − Id)C

−1 ⊗ C−T ]Kdvec(C) + vec[C−T zzT (dCT )C−T + C−TC−1dCzzT ]}
= −L{[(zzT − Id)C

−1 ⊗ C−T ]K + (C−1 ⊗ C−T zzT )K + (zzT ⊗ Σ−1)}LTdvech(C).

∴ ∇2
vech(C)ℓq = −L{[(zzT − Id)C

−1 ⊗ C−T + C−1 ⊗ C−T zzT ]K + zzT ⊗ Σ−1}LT .

Taking negative expectations with respect to qλ1(θ), we have by Lemma 1,

−Eqλ1(θ)
[∇2

vech(C)ℓq] = L{(C−1 ⊗ C−T )K + (Id ⊗ C−TC−1)}LT

= 2L(Id ⊗ C−T )N(Id ⊗ C−1)LT .

If λ = λ2, then z = T T (θ − µ). Differentiating z w.r.t. T , dz = (dT T )(θ − µ) =

(dT T )T−T z. Differentiating ∇µℓq = TT T (θ − µ) w.r.t. T ,

d(∇µℓq) = [(dT )T T + T (dT T )](θ − µ)

= (dT )z + T (dT T )T−Tz

= [(zT ⊗ Id) + (zTT−1 ⊗ T )K]LTdvech(T )

∴ ∇2
µ,vech(T )ℓq = (zT ⊗ Id + T ⊗ zTT−1)LT .
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Differentiating ℓq with respect to T ,

dℓq = tr(T−1dT )− zTdz

= vec(T−T )Tdvec(T )− zT (dT T )T−T z

= [vec(T−T )−Kvec(zzTT−1)]TLTdvech(T )

∴ ∇vech(T )ℓq = Lvec[T−T (Id − zzT )] = vech[T−T (Id − zzT )].

Differentiating ∇vech(T )ℓq = vech[T−T (Id − zzT )] w.r.t. T ,

d∇vech(T )ℓq = −Lvec[T−T (dT T )T−T (Id − zzT ) + T−T{z(dzT ) + dz(zT )}]
= −L{[(Id − zzT )T−1 ⊗ T−T ]Kdvec(T ) + T−T zzTT−1(dT ) + T−T (dT T )T−TzzT }
= −L{[(Id − zzT )T−1 ⊗ T−T + zzTT−1 ⊗ T−T ]K + Id ⊗ T−T zzTT−1}LTdvech(T )

= −L{(T−1 ⊗ T−T )K + Id ⊗ T−TzzTT−1}LTdvech(T ).

∴ ∇2
vech(T )ℓq = −L{(T−1 ⊗ T−T )K + Id ⊗ T−TzzTT−1}LT .

Taking negative expectations with respect to qλ2(θ), we have by Lemma 1,

−Eqλ2(θ)
[∇2

vech(T )ℓq] = L{(T−1 ⊗ T−T )K + Id ⊗ T−TT−1}LT

= 2L(Id ⊗ T−T )N(Id ⊗ T−1)LT .

Finally, the natural gradient is given by

∇̃λi
L = F−1

λi
∇λi

L

=

[
Σ 0

0 1
2
L(Id ⊗ Λi)L

T (LNLT )−1L(Id ⊗ ΛT
i )L

T

]
Eφ(z)

[
∇θh(θ)

vech(Ḡi)

]

= Eφ(z)

[
Σ∇θh(θ)

1
2
L(Id ⊗ Λi)L

T (LNLT )−1L(Id ⊗ ΛT
i )L

Tvech(Ḡi)

]
.

If Hi = ΛT
i Ḡi, then

1
2
L(Id ⊗ Λi)L

T (LNLT )−1L(Id ⊗ ΛT
i )L

Tvech(Ḡi)

= 1
2
L(Id ⊗ Λi)L

T (LNLT )−1L(Id ⊗ ΛT
i )vec(Ḡi)

= 1
2
L(Id ⊗ Λi)L

T (2Id(d+1)/2 − LKLT )Lvec(ΛT
i Ḡi) [Lemma 2(ii)]

= 1
2
L(Id ⊗ Λi)(2Id2 − LTLK)LTvech(H̄i)

= 1
2
L(Id ⊗ Λi)(2Id2 − LTLK)vec(H̄i)

= L(Id ⊗ Λi)vec(H̄i)− 1
2
L(Id ⊗ Λi)L

TLKvec(H̄i)

= Lvec(ΛiH̄i)− 1
2
L(Id ⊗ Λi)L

Tvech(H̄T
i )

= vech(ΛiH̄i)− 1
2
L(Id ⊗ Λi)L

Tvech(dg(H̄i))
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= vech(ΛiH̄i)− 1
2
L(Id ⊗ Λi)vec(dg(H̄i))

= vech(ΛiH̄i)− 1
2
vech(Λidg(H̄i))

= vech[Λi{H̄i − dg(H̄i)/2}].
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