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Chapter 1

First Order Differential Equations

1.1 Introduction

1. Ordinary differential equations.

An ordinary differential equation (ODE for short) is a relation containing one real variable x, the
real dependent variable y, and some of its derivatives ¥/, y”, - - -, y(”), - -+, with respect to z.

The order of an ODE is defined to be the order of the highest derivative that occurs in the equation.
Thus, an n-th order ODE has the general form

We shall always assume that (1.1.1) can be solved explicitly for (") in terms of the remaining n + 1
quantities as

y(n) :f(z7y7y/7"‘ 7y(n71))7 (1.1.2)

where f is a known function of z, y, ¢/, - - -, y("~ 1.
An n-th order ODE is linear if it can be written in the form

ao(2)y™ + a1 (2)y" Y 4+ - 4 an(2)y = r(x). (1.1.3)

The functions a;(z), 0 < j < n are called coefficients of the equation. We shall always assume
that ag(x) # 0 in any interval in which the equation is defined. If r(x) = 0, (1.1.3) is called a
homogeneous equation. If r(x) # 0, (1.1.3) is said to be a non-homogeneous equation, and r(x) is

called the non-homogeneous term.

2. Solutions.
A functional relation between the dependent variable y and the independent variable z that satisfies
the given ODE in some interval J is called a solution of the given ODE on J.
A general solution of an n-th order ODE depends on n arbitrary constants, i.e. the solution y
depends on x and n real constants ¢y, - - -, ¢y,
A first order ODE may be written as

F(x,y,y") = 0. (1.1.4)
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6 CHAPTER 1. FIRST ORDER DIFFERENTIAL EQUATIONS

In this chapter we consider only first order ODE. The function y = ¢(z) is called an explicit solution
of (1.1.4) in the interval J provided

F(z,6(z),¢'(x)) =0  forallzinJ. (1.1.5)

A relation of the form ¢ (x,y) = 0 is said to be an implicit solution of (1.1.4) provided it determines

one or more functions y = ¢(x) which satisfy (1.1.5). The pair of equations
z=uz(t), y=y(t) (1.1.6)

is said to be a parametric solution of (1.1.4) if

F <x(t),y(t), %) _

Example 1.1 Consider the ODE: x + yy’ = 0 for 2 € (—1,1). 22 + y? = 1 is an implicit solution
while z = cost,y = sint, ¢t € (0, 7) is a parametric solution.

3. Integral curves.
The solutions of a first order ODE

y = f(z,y) (1.1.7)

represent a one-parameter family of curves in the xy-plane. These are called integral curves.

In other words, if y = y(z) is a solution to (1.1.7), then vector field F(x, y) = (1, f(z,y)) is tangent
to the curve r(z) = (x,y(x)) at every point (z,y) since r'(z) = F(z,y).

4. Elimination of constants: formation of ODE.

Given a family of functions parameterized by some constants, a differential equation can be formed
by eliminating the constants of this family and its derivatives.

/

Example 1.2 The family of functions y = Ae® 4+ B sin z satisfies the ODE: y”/ —y = 0 when the

constants A and B are eliminated using the derivatives.

Exercise 1.1 Find the differential equation satisfied by the family of functions y = z¢ for x > 0,

where c is a parameter.

ylny
zlnx®

Ans: ¢ =

5. Separable equations.
Typical separable equation can be written as
,_ f@)

V=50 or 9(y)dy = f(x)dz. (1.1.8)

The solution is given by

/g(y)dy:/f(m)dx—FC.
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Exercise 1.2 Solve y' = —2zy, y(0) = 1.
12

Ans: y =e~

The equation 3y’ = f(£) can be reduced to a separable equation by letting u = £, i.e. y = zu. So

flu) =y =u+au,
du _ dj
/f(U)—u_/ z ¢

Exercise 1.3 Solve 2zyy’ + z2 — 3% = 0.

Ans: 22 + 4% = cx.

6. Homogeneous equations.

A function is called homogeneous of degree n if f(tx,ty) = t" f(x,y) for all z, y, t.

For example \/W and z + y are homogeneous of degree 1, 22 + 2 is homogeneous of degree
2 and sin(z/y) is homogeneous of degree 0.

The ODE M (z,y) + N(z,y)y’ = 0 is said to be homogeneous of degree n if both M (x,y) and
N (z,y) are homogeneous of degree 7.

If we write the above DE as ¢/ = f(x,y), where f(z,y) = —M(z,y)/N(x,y). Then f(x,y) is
homogeneous of degree 0. To solve the DE

y' = fx,y),
where f is homogeneous of degree 0, we use the substitution y = zx. Then
dy dz
Tr z+ x%
Thus the DE becomes p
tas = fla,zw) = a"f(1,2) = [(1,2).
x
Consequently, the variables can be separated to yield
dz _dw
f,2)—z z’

and integrating both sides will give the solution.

z+y

Exercise 1.4 Solve 3/ = e

Ans: tan~!(y/z) = In\/22 + 42 + ¢

Example 1.3 An equation in the form
,ar+biy+a
aox + boy +co
can be reduced to a homogeneous equation by a suitable substitution z = z + h,y = w + k when

a1by # aoby, where h and k are solutions of the system of linear equations a1h + b1k + ¢; =
0, CLQh + bgk‘ +co = 0.
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z+y—2

Exercise 1.5 Solve 3/ = el

Ans: tan™? (g—j) =In/(z-1)2+(y-1)2+c

Exercise 1.6 Solve (z +y + 1) + (2z + 2y + 1)y’ = 0.

Ans: z+2y+Injz+y|l=c,x+y=0.

1.2 Exact Equations, Integrating Factors

1. Exact equations.
We can write a first order ODE in the following form

M (x,y)dx + N(z,y)dy = 0. (1.2.1)

(1.2.1) is called exact if there exists a function u(x, y) such that

M(z,y)dz + N(z,y)dy = du = %dm + %dy'

Once (1.2.1) is exact, the general solution is given by u(x, y) = ¢, where c is an arbitrary constant.

Theorem 1.1 Assume M and N together with their first partial derivatives are continuous in the

rectangle S: | — xg| < a, |y — yo| < b. A necessary and sufficient condition for (1.2.1) to be exact

A

oM _ N
oy  Ox
When (1.2.2) is satisfied, a general solution of (1.2.1) is given by u(x,y) = ¢, where

for all (z,y) in S. (1.2.2)

z Y
u(z,y) = / M(s,y)ds—l—/ N(xg,t)dt (1.2.3)
Zo Yo
and c is an arbitrary constant.

Proof. Let u(x,y) = ffo M (s,y)ds + f;’ N (z0,t)dt. We have to show that 9% = M (z,y) and
S—Z = N(z,y). The first equality is immediate by the fundamental theorem of calculus. For the
second equality, we have g—; = f;o G%M(s,y)ds + N(zo,y) = f;ﬂ ZN(s,y)ds + N(zo,y) =

N<lay) - N(any) + N(Zan) = N(:L'ay)

Remark. In Theorem 1.1, the rectangle S can be replaced by any region which does not include any
“hole”. In that case, the proof is by Green’s theorem.

Exercise 1.7 Solve (23 + 3zy?)dz + (322%y + y®)dy = 0.

Ans: 24 + 62%y% + 9t = c.

2. Integrating factors.
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A non-zero function u(x, y) is an infegrating factor of (1.2.1) if the equivalent differential equation

w(x,y)M(z,y)dx + p(z, y)N(z,y)dy = 0 (1.2.4)

is exact.
If v is an integrating factor of (1.2.1) then (uM), = (uN),, i.e.

Npy — Mpy = p(My — Ny). (1.2.5)

One may look for an integrating factor of the form p = p(v), where v is a known function of z and

y. Plugging into (1.2.5) we find
ldp = My - No (1.2.6)
pdv  Nv, — Mo, o
If 2u=Ns

Nor—ty, 18 a function of v alone, say, ¢(v), then

= el ey

is an integrating factor of (1.2.1).

M, —N,
N

Letv = x. If * is a function of x alone, say, ¢1(x), then el ¥ 1(2)de i an integrating factor

of (1.2.1).

N,

Letv =y. If —% is a function of y alone, say, ¢2(y), then el” 92y ig an integrating factor
of (1.2.1).

M1 _Na:
Letv = xy. If y]\;_a:M

factor of (1.2.1).

is a function of v = xy alone, say ¢3(zy), then el #s(v)dv jg ap integrating

Exercise 1.8 Solve (z2y + vy + 1) + (1 + 2%)y’ = 0.

Ans: zy +tan" 'z = c.

Exercise 1.9 Solve (y — y?) + zy’ =0

Ans:y = (1—cx)™t, y=0.

Exercise 1.10 Solve (zy® + 22%y% — y?) + (2%y? + 223y — 222)y’ = 0
Ans: e®¥(1/z+2/y) =¢, y=0.

3. Find integrating factors by inspection.

The followings are some differential formulas that are often useful.

T ydx — xdy
Q) =

Yy y?
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d(zy) = xdy + ydx

d(x? + y?) = 2xdx + 2ydy

dr — xd
d(tan-1 &) = YT oy
y' 2t ty?
x ydz — xdy
d(n|~|) = =———
Y Ty

We see that the very simple ODE ydz —xdy = Ohas 1/22,1/y%,1/(22+y?) and 1/zy as integrating

factors.

Example 1.4 Solve xdy + ydx = x cos zdx.

Solution. The differential xdy + ydx can be written as d(zy). Thus the DE can be written as

d(xy) = x cos zdx. Integrating, we have zy = xsinx + cosz + c.
Exercise 1.11 Solve (z%y3 + y)dx + (z — 23y?)dy = 0.

Ans: In|z/y| = 1/(22%y?) + cand y = 0.

1.3 First Order Linear Equations

1. Homogeneous equations.
A first order homogeneous linear equation is of the form

y +plz)y =0,

(1.3.1)

where p(z) is a continuous function on an interval J. Let P(z) = [ p(s)ds. Multiplying (1.3.1)

P(z)

by e , we get

4
dx

so eP’(#)y = ¢. The general solution of (1.3.1) is given by

[eP(z)y} _ 0’

x

y(z) = ce P@), where P(z) = / p(s)ds.

a

2. Non-homogeneous equations.

Now consider a first order non-homogeneous linear equation

Y+ pla)y = q(z),

(13.2)

(1.3.3)

where p(z) and ¢(x) are continuous functions on an interval .J. Let P(z) = [ p(s)ds. Multiplying
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Thus .
eP@y(z) = / PO q(t)dt + c.

The general solution is given by

y(z) = e P [/ ePOq(t)dt + d, where
. (1.3.4)
P@) = [ pls)ds,
Exercise 1.12 Solve ¢/ — y = €2*.
Ans: y = ce® + %,
3. The Bernoulli equation.
An ODE in the form
y' +p(x)y = q(x)y", (1.3.5)

where n # 0,1, is called the Bernoulli equation. The functions p(z) and g(x) are continuous
functions on an interval J.

Let u = y'~™. Substituting into (1.3.5) we get
' + (1 —n)p(x)u = (1 —n)q(z). (1.3.6)

This is a first order linear ODE.

Exercise 1.13 Solve zy/ + y = 2%y3.

Ans: y% =—2* 4+ ca? ory=0.
4. The Riccati equation.
An ODE of the form
y' = P(z) + Q(z)y + R(z)y? (1.3.7)

is called the Riccati equation. The functions P(z), Q(x), R(z) are continuous on an interval J. In
general, the Riccati equation cannot be solved by a sequence of integrations. However, if a particular
solution is known, then (1.3.7) can be reduced to a linear equation, and thus is solvable.

Theorem 1.2 Let y = yo(x) be a particular solution of the Riccati equation (1.3.7). Set

1) = [ 100+ 2Rl
o N (1.3.8)
Z(z) = e H@ [c . / eH(t)R(t)dt],

zo

where c is an arbitrary constant. Then the general solution is given by

(1.3.9)
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Proof. In (1.1.7) we let y = yo(z) + u(z) to get
Yo +u =P+ Q(yo +u) + R(yo + u)*.
Since yq satisfies (1.3.7), we have
yo = P+ Qyo + Ryg.

From these two equalities we get

v = (Q + 2Ryo)u + Ru?. (1.3.10)
This is a Bernoulli equation with n = 2. Set Z = »~! and reduce (1.3.10) to

Z'+(Q +2Ryo)Z = —R. (1.3.11)

(1.3.11) is a linear equation and the solution is given by (1.3.8). ]

Exercise 1.14 Solve 3y’ = y/x + x3y? — 2°. Note yo = x is a solution.

2z%/5 — Y=z

Ans: ce .

From (1.3.8), (1.3.9), the general solution y of the Riccati equation (1.3.7) can be written as

_cF(x) +G(x)
Y= 7@1(%) @) (1.3.12)

where
fla)=e ",

glx) = —e_H("c)/ eTOR(t)dt,

o

F(x) =yo(z)f(z), G(z)=yog(x)+ 1.

Given four distinct functions p(x), ¢(x), 7(x), s(z), we define the cross ratio by

(p—q)(r—s)
r—q

(p—9) )

Property 1. The cross ratio of four distinct particular solutions of a Riccati equation is independent
of x.

Proof. From (1.3.12), the four solutions can be written as

c;iF(x) + G(x)

yjla) = 2 —
¢jf(@)+g(x)

Computations show that

(1 —y2)(ys —ya) _ (c1 —c2)(c3 —ca)

(1 —ya)(ys —y2) (a1 —ca)(es —c2)
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The right-hand side is independent of x. ]
As a consequence we get

Property 2. Suppose y1, y2, y3 are three distinct particular solutions of a Riccati equation (1.3.7).

Then the general solution is given by

(y1 —y2)(ys — )

—¢, 1.3.13
=) =) (1313

where c is an arbitrary constant.

Property 3. Suppose that y; and y9 are two distinct particular solutions of a Riccati equation (1.3.7),

then its general solution is given by

Yy—u
Y—Y2

In

= /[yl(x) — yo(2)|R(z)dz + c, (1.3.14)

where c is an arbitrary constant.

Proof. y and y; satisfy (1.3.7). So

Y =y = (v — y)Q + R(y + y;)],

Y — v
—2L =Q+R(y+y))
—Yj
Thus
Y-y Y -y
L 2 = R(y1 — y2).
Yy—uy Yy—1Yy2
Integrating yields (1.3.14). ]

Exercise 1.15 Solve 3/ = e‘zyQ. Note y; = e* and yo = 0 are 2 solutions.

Ans:yzlfizew,yzo.

Exercise 1.16 A natural generalization of Riccati’s equation is Abel’s equation

y = P(z) + Q(z)y + R(x)y* + S(2)y°,
where P(z), Q(x), R(z) and S(x) are continuous functions of x on an interval .J. Using the substi-
tution z = y/x, solve the equation

;Y

y' == 3
X

+ zy? — 395

Ans: z/y+3n|z/y — 3| = 7% +c,y=xz/3andy = 0.
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1.4 First Order Implicit Equations

In the above we discussed first order explicit equations, i.e. equations in the form ¢y’ = f(z,y). In

this section we discuss solution of some first order explicit equations

F(z,y,y') =0
which are not solvable in y'.
1. Method of differentiation.
Consider an equations solvable in y:
y=fz,y).

Let p = y/'. Differentiating y = f(z,p) we get

[fe(2,p) — pldz + f,(z,p)dp = 0.

This is a first order explicit equation in = and p. If p = ¢(z) is a solution of (1.4.3), then

y = [z, 9(x))

is a solution of (1.4.2).

Example 1.5 Clairaut’s equation is the equation of the form

y =y + f(y),
where f has continuous first order derivative.
Letp = y'. We have y = zp + f(p). Differentiating we get

[z + f(p)]p =0.
When p’ = 0 we have p = c and (1.4.4) has a general solution

y=cx+ f(c).

When x + f'(p) = 0 we get a solution of (1.4.4) given by parameterized equations

z=—f(p), y=-pf(+fp).

Exercise 1.17 Solve Clairaut’s equation y = xy’ — y'?/4.
Ans: y = cx — /4,y = 22

Exercise 1.18 Let C' be the curve with parametric equation

z=—f"(p), y=—pf (p) + f(p).

Show that the tangent to C' at the point p = ¢ has the equation y = cx + f(c).

(1.4.1)

(1.4.2)

(1.4.3)

(1.4.4)
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2. Method of parameterization.
This method can be used to solve equations where either = or y is missing. Consider

F(y,y') =0, (1.4.5)
where z is missing. Let p = v’ and write (1.4.5) as

F(y,p) =0.

It determines a family of curves in yp plane. Let y = ¢(¢), p = h(¢) be one of the curves, i.e.
F(g(t),h(t)) = 0. Since
d d "(t)dt
oW _dy _ g 7
p h(t)

y/
we have z = || tto %dt + c. The solutions of (1.4.5.) are given by

= /to/ i/g)) dt +e¢, y=g(t).

This method can also be applied to the equations F'(z,y’) = 0, where y is missing.

Exercise 1.19 Solve 32 + 42 — 1 = 0.

Ans: y = cos(c — x).

For the equation F(y,y’) = 0 or F(z,y’) = 0, if ¥’ can be solved in terms of y or z, then the
equation becomes explicit.

Exercise 1.20 Solve y"? — (22 + %)y’ + 2ze® = 0.

Ans: y =22 +c1,y = e® + co.

3. Reduction of order.
Consider the equation
F(z,y',y") =0, (1.4.6)

where y is missing. Let p = y'. Then ¢/ = p’. Write (1.4.6) as
F(z,p,p) = 0. 1.4.7)

It is a first order equation in x and p. If p = ¢(x, ¢1) is a general solution of (1.4.7), then the general
solution of (1.4.6) is

Y= / ¢(t, c1)dt + ca.
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Exercise 1.21 Solve 3" — 3/ = 3z2.

Ans: y = 3 + 12?2 + co.

Consider the equation

F(y.y',y") =0, (1.4.8)
where x is missing. Let p = ¢/. Then ¢y = % = %% = %p. Write (1.4.8) as
dp
F —) =0. 1.4.9
(y,p.p dy) (1.4.9)

It is a first order equation in y and p. If p = ¢ (y, ¢1) is a general solution of (1.4.9), then we solve
the equation

yl = w(ya Cl)

to get a general solution of (1.4.8).

Exercise 1.22 Solve y” + k%y = 0, where k is a positive constant.

Ans: y = ¢ sin(kz) 4 ¢ cos(kz).

1.5 Further Exercises

Exercise 1.23 Solve the differential equation y%dx + (zy — 23)dy = 0 by using the substitution

u=z"2

Ans: 3y = 222 4+ cz?y® and y = 0.

Exercise 1.24 Solve the differential equation y*dz + (zy + tan(zy))dy = 0 by using (i) the sub-
stitution u = xy, (ii) the integrating factor cos(zy).

Ans: ysin(zy) = c.

Exercise 1.25 Solve the differential equation (22 + 3 Iny)ydx — xdy = 0 (i) by using the substitu-
tion y = €, (ii) by finding an integrating factor using the formula (1.2.6).

Ans: Iny = —22 + c2®.

0 ife <1

Exercise 1.26 Solve "’ +y =
Y Y { 1—z ifz>1

A 0 ifrx <1
ns: y =
Y sinfz —1)+1—2 ifz>1.



Chapter 2

Linear Differential Equations

2.1 General Theory

Consider n-th order linear equation
v +ar(@)y" Y e ana @)y + an(2)y = f(2), 2.1.1)

where y(*) = %. Throughout this section we assume that a;(x)’s and f(x) are continuous func-
tions defined on the interval (a, b). When f(x) # 0, (2.1.1) is called a non-homogeneous equation.

The associated homogeneous equation is

v +ar @)y 4 ana (@)Y + an(z)y = 0. (2.1.2)
Let us begin with the initial value problem:
Y +ar(@)y ™Y 4 a2y = (@),

y(a:o) = Yo,
Y (o) = w1, (2.1.3)

y" D (w0) = Yo

Theorem 2.1 (Existence and Uniqueness Theorem) Assume that a1 (x), - - -, a,(z) and f(x) are
continuous functions defined on the interval (a,b). Then for any xo € (a,b) and for any numbers
Yo, - *» Yn—1, the initial value problem (2.1.3) has a unique solution defined on (a,b).

Especially if aj(x)’s and f(x) are continuous on R then for any xo and yo, - - -, Yn—1, the initial

value problem (2.1.3) has a unique solution defined on R.
Proof of this theorem will be given in later chapter.

Corollary 2.2 Let y = y(x) be a solution of the homogeneous equation (2.1.2) in an interval (a, b).
Assume that there exists xo € (a,b) such that

Y(xo) =0, y'(zo) =0, -+, y™ V) (x) = 0. 2.1.4)

Then y(z) = 0 on (a,b).

17
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Proof. y is a solution of the initial value problem (2.1.2), (2.1.4). From Theorem 2.1, this problem
has a unique solution. Since ¢(x) = 0 is also a solution of the problem, we have y(x) = 0 on (a, b).
(|

In the following we consider the general solutions of (2.1.1) and (2.1.2).

Given continuous functions a;(x), j =0,1,--- ,n and f(x), define an operator L by
Lly] = ao(x)y™ + ar(x)y" ™Y + -+ + an(2)y. (2.1.5)

Property 1. L[cy] = cL[y] for any constant c.
Property 2. L{u + v| = L[u] + L[v].

Proof. Let’s verify Property 2.

L{u + v]

ag (@) (u+ )™ + ay () (u+0) "D 4+ ap (@) (u +v)
( (x)u(") + ay(z)u (n=1) ¢ ... 4 an(x)u) + (ao(x)v(”> + al(:z)v("’l) N an(x)v)
= Llu] + Lv].

Definition. An operator satisfying Properties 1 and 2 is called a linear operator.

The differential operator L defined in (2.1.3) is a linear operator.
Note that (2.1.1) and (2.1.2) can be written as

Lly] = f(=), (2.1.1°)

and
Lly] = 0. 2.1.2)

From Properties 1 and 2 we get the following conclusion.

Theorem 2.3 (1) If y1 and yo are solutions of the homogeneous equation (2.1.2) in an interval

(a,b), then for any constants c1 and cs,

Yy = c1y1 + Cc2y2

is also a solution of (2.1.2) in the interval (a,b).
(2) If yp is a solution of (2.1.1) and yy, is a solution of (2.1.2) on an interval (a,b), then

Y=Yn+Yp
is also a solution of (2.1.1) in the interval (a,b).

Proof. (1) As L{c1y1 + coy2] = c1L[y1] + caL[y2] = 0, we see that ¢1y1 + coys is also a solution
of (2.1.2).
(2) Liyn + yp] = Liyrn] + Llyp) = 0+ f(z), we see that y = yp, + yp, is a solution of (2.1.1).
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In order to discuss structures of solutions, we need the following definition.

Definition. Functions ¢1(z), - - -, ¢i () are linearly dependent on (a, b) if there exists constants ¢y,

-- -, ¢, not all zero, such that
c1¢1(z) + -+ cpdr(x) =0

for all x € (a,b). A set of functions are linearly independent on (a,b) if they are not linearly
dependent on (a, b).

Lemma 2.4 Functions ¢1(x), - - -, ¢r(x) are linearly dependent on (a, b) if and only if the following

vector-valued functions

¢1(z) Pr(z)
/ /
A I A 016
n—1 n—
" (@) op (@)
are linearly dependent on (a,b).
Proof. “<=" is obvious. To show “=>", assume that ¢y, - - -, ¢, are linearly dependent on (a, b).
There exists constants ¢y, - - -, ¢k, not all zero, such that, for all x € (a, b),
c1¢1(x) + -+ + epdr(z) = 0.
Differentiating this equality successively we find that
c1¢1(z) + -+ + erdp(a) = 0,
ol @)+ +aof (@) = 0
Thus
¢1(x) or(x)
/ /
o ¢1(x) Tt ¢ (x) —0
n—1 n—1
" (@) v @)
for all z € (a,b). Hence the k vector-valued functions are linearly dependent on (a, b). O

Recall that, n vectors in R™ are linearly dependent if and only if the determinant of matrix formed
by these vectors is zero.

Definition. The Wronskian of n functions ¢ (), - - -, ¢, () is defined by

p1(z) 0 du()
W(o1, -+, ¢n)(z) = ] (2.1.7)
V@) e el ()
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Note that Wronskian of ¢4, ---, ¢, is the determinant of the matrix formed by the vector-valued
functions given in (2.1.6).

Theorem 2.5 Let y1(x), - - -, yn(x) be n solutions of (2.1.2) on (a,b) and let W (z) be their Wron-
skian.

(1) y1(x), - - -, yn(x) are linearly dependent on (a, b) if and only if W(x) = 0 on (a, b).

(2) y1(x), -+, yn(x) are linearly independent on (a,b) if and only if W (x) does not vanish on
(a,b).
Corollary 2.6 (1) The Wronskian of n solutions of (2.1.2) is either identically zero, or nowhere
zero.
(2) n solutions y1, - - -, Yn 0f (2.1.2) are linearly independent on (a, b) if and only if the set of vectors

y1 (o) Yn (o)

i) | | v

n—1 n—1

u" (o) g™ (o)

are linearly independent for some xo € (a,b).

Proof of Theorem 2.5. Let yq, - --, y, be solutions of (2.1.2) on (a,b), and let W (x) be their
Wronskian.

Step 1. We first show that, if yy, - - -, y,, are linearly dependent on (a, b), then W (x) = 0.
Since these solutions are linearly dependent, from Lemma 2.4, n vector-valued functions

h (.Z‘) Yn (.23)
v || e
n—1 n—1
n' (@) u (@)
are linearly dependent on (a, b). Thus for all z € (a,b), the determinant of the matrix formed by
these vectors, namely, the Wronskian of y1, - - -, y,, 1S Zero.
Step 2. Now, assume that the Wronskian W (z) of n solutions y1, - - -, y,, vanishes at xy € (a,b).
We shall show that y1, - - -, y,, are linearly dependent on (a, ).
Since W (xo) = 0, the n vectors
Y1 (1‘0) yn<x0)
viw) || v
n—1 n—1
s (o) g~V (o)
are linearly dependent. Thus there exist n constants ¢y, - - -, ¢,, not all zero, such that
y1(wo) Yn (o)
/ !
o | Mo L ) | g (2.1.8)

" () s (o)
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Define
Yo(r) = c1y1(z) + -+ + cpyn().

From Theorem 2.3, ¥ is a solution of (2.1.2). From (2.1.8), yq satisfies the initial conditions
y(zo) =0, 3 (x0) =0, ,y™ V(xg) = 0. (2.1.9)
From Corollary 2.2, we have yg = 0, namely,
ayi(z)+ -+ cpyn(z) =0

forall x € (a,b). Thus yi, - - -, yy, are linearly dependent on (a, b). O

Example 2.1 Consider the differential equation y” — 2/ = 0 on the interval (0, 00). Both ¢1 (z) =

1 2
1 and ¢ (x) = 22 are solutions of the differential equation. W (¢1, ¢o)(z) = 0 ; =2x#0
x
for x > 0. Thus ¢ and ¢- are linearly independent solutions.
Theorem 2.7 (1) Let a1 (x), - -, an(x) and f(x) be continuous on the interval (a,b). The homo-
geneous equation (2.1.2) has n linearly independent solutions on (a, b).
(2) Let y1, -+, yn be n linearly independent solutions of (2.1.2) defined on (a,b). The general
solution of (2.1.2) is given by
y(x) = Clyl(x) +ee Cnyn(x)v (2.1.10)

where cq, - - -, ¢, are arbitrary constants.

Proof. (1) Fix 29 € (a,b). Fork = 1,2,--- , n, let y; be the solution of (2.1.2) satisfying the initial
conditions

; 0 if j#k-—1,
u (o) = o
1 if j=k—1.
The n vectors
Y (l‘o) yn<x0)
@) | | who)
n—1 n—1
u" (o) v~ (o)
are lineally independent since they form the identity matrix. From Corollary 2.6, y;, - - -, y, are
linearly independent on (a,b). From Theorem 2.3, for any constants ¢1, - -+, ¢, Yy = c1y1 + -+ +

CnYn 18 a solution of (2.1.2).

(2) Now let y1, - - -, y, be n linearly independent solutions of (2.1.2) on (a,b). We shall show that
the general solution of (2.1.2) is given by
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, Yn, are linearly independent on

Given a solution § of (2.1.2), and fix g € (a,b). Since yi,
(a,b), the vectors
y1(o) Yn (7o)
y1(zo Yn (o
n—1 n—1
ui" ™ (o) yi' ™ (o)
are linearly independent vectors. They form a basis for R™. Thus the vector
y(@o)

G ()

can be represented as a linear combination of the n vectors, namely, there exist n constants ¢y,

¢y, such that

g(zo) y1(2o)

~ /

y'(@o) | _ &l o) | Ly é Yn (o)
7V (o) " (o) ui' (o)

Let
¢(z) = g(x) — [G1y1(z) + -+ + Cuyn(T)].

¢(x) is a solution of (2.1.2) and satisfies the initial conditions (2.1.4) at x = z. By Corollary 2.2,
¢(x) = 0on (a,b). Thus
J(x) = ayr(x) + - + Cnyn ().
O

So (2.1.11) gives a general solution of (2.1.2).
Any set of n linearly independent solutions is called a fundamental set of solutions.

Now we consider the non-homogeneous equation (2.1.1). We have
, Yn be a fundamental set of

Theorem 2.8 Let y,, be a particular solution of (2.1.1), and 1,
solutions for the associated homogeneous equation (2.1.2). The general solution of (2.1.1) is given
(2.1.12)

by
y(@) = crya (@) + -+ + cayn (@) + Yp ().
Proof. Let y be a solution of the non-homogeneous equation. Then y — y,, is a solution of the
T O

homogeneous equation. Thus y(x) — y,(z) = c1ya () + - - + cyn ().

2.2 Linear Equations with Constant Coefficients

Let us begin with second order linear equation with constant coefficients
(2.2.1)

y' +ay +by=0,
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where a and b are constants. We look for a solution of the form y = ¢**. Plugging into (2.2.1) we
find that, e’ is a solution of (2.2.1) if and only if

AN 4+a\+b=0. (2.2.2)

(2.2.2) is called the auxiliary equation or characteristic equation of (2.2.1). The roots of (2.2.2) are

called characteristic values (or eigenvalues):
M = g(-at Va? — 1),
A2 = —(—a — a2 — 4b).
1. If a® — 4b > 0, (2.2.2) has two distinct real roots A1, Ao, and the general solutions of (2.2.1) is
Y = c1eM% 4 cpe??®.
2. If a® — 4b = 0, (2.2.2) has one real root A (we may say that (2.2.2) has two equal roots A\; = \5).

The general solution of (2.2.1) is
Az

y= c1e™ + coze
3. If a? — 4b < 0, (2.2.2) has a pair of complex conjugate roots
M =a+if, Ay=a—1if.

The general solution of (2.2.1) is

y = c1e* cos(fBx) + coe™” sin(Bx).

Example 2.2 Solve y"" + ¢ — 2y = 0, y(0) =4, ¢’ (0) = —5.

Ans: My =1, = -2, y=¢e"+ 3e~ 2%,

Example 2.3 Solve y"" — 4y’ + 4y =0, y(0) = 3, ¢’ (0) = 1.

Ans: A\ = Ay = 2,y = (3 — bz)e??.

Example 2.4 Solve 3" — 2y’ + 10y = 0.
Ans: A\ =1+ 3i, A2 =1 —3i,y = e*(c1 cos 3z + ¢o 8in 3x).
Now we consider n-th order homogeneous linear equations with constant coefficients
y™ 4 ay™ Y+t an1y +any =0, (2.2.3)

where a1, - - -, a,, are real constants.
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y = e is a solution of (2.2.3) if and only if \ satisfies
AN a N 4 a, A+ a, = 0. (2.2.4)

The solutions of (2.2.4) are called characteristic values or eigenvalues for the equation (2.2.3).

Let A1, - - -, As be the distinct eigenvalues for (2.2.3). Then we can write

)\”+a1)\n_1—‘r"'+an71)‘+an 2.2.5)
= (A= A)™ A= X)™2 e (A= Ay, -

where mj, - - -, mg are positive integers and
mi—+---+ms=n.
We call them the multiplicity of the eigenvalues A1, - - -, Ag respectively.

Lemma 2.9 Assume X is an eigenvalue of (2.2.3) of multiplicity m.
(i) e is a solution of (2.2.3).
(ii) If m > 1, then for any positive integer 1 < k < m — 1, z*e*® is a solution of (2.2.3).
(iii) If \ = o + i, then
ke cos(Bx), ¥e® sin(fx)

are solutions of (2.2.3), where 0 < k < m — 1.

Theorem 2.10 Let Ay, - - -, As be the distinct eigenvalues for (2.2.3), with multiplicity mq, - - -, m

respectively. Then (2.2.3) has a fundamental set of solutions

e)\lx’ 378>\1$, , xml—le)\lx;
........................ : (2.2.6)
e/\ wj xe)\sm7 , M leksm
Proof of Lemma 2.9 and 2.10
Consider the n-th order linear equation with constant coefficients
Y™ +ary™ Y 4 a1y Fany =0, (A1)
where y(¥) = g—"‘;j. Let L(y) = y™ + a1y YV + - +a, 19/ +apyand p(z) = 2" + a12" "+ +
-+ + ap—12 + a,. Note that p is a polynomial in z of degree n. Then we have
L(e*) = p(z)e™” (A2)
Before we begin the proof, let’s observe that %e” = [‘)222 e** by Clairaut’s theorem because e**

is differentiable in (x, z) as a function of two variables and all the higher order partial derivatives

exist and continuous. That means we can interchange the order of differentiation with respect to

d

and z as we wish. Therefore %L(e”) = L( 4 e*"). For instance, one may verify directly that

na

%dxk (ezx) _ xzkezx + k_zkflezx _ 7(7
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Here one may need to use Leibniz’s rule of taking the k-th derivative of a product of two functions:

k
(wo)® =3 (‘;) (D =1) (A3)

=0

More generally, %L(e”) = L(%e”). (Strictly speaking, partial derivative notations should be

used.) Now let’s prove our results.

(1) If Xis a root of p, then L(e**) = 0 by (A2) so that e** is a solution of (A1).
(2) If A is a root of p of multiplicity m, then p(\) = 0,p’(\) = 0,p”(A\) = 0,...,p"D(\) = 0.

Now for k = 1,...,m — 1, differentiating (A2) k times with respect to z, we have
dF d* dk R\ ,
k zz\ _ Y zay Y zz\ _ ZT\ __ (2) k—i zx
Lo = Lgpe™™) = phe™) = e = 3 (§)p0 et
Thus L(z*e*®) = 0 and 2*e*? is solution of (A1).
(3) Let Ay, -+, As be the distinct roots of p, with multiplicity m;, - - -, ms respectively. Then we
wish to prove that
€A1x7 .’)36)\1%, e xml—le)\lx;
........................ : (A4)
6)\530 :L'G/\SI, . mmsfle)\sm

Let’s write this as
Pl(JT)eAlﬂ? —+ PQ(J;)Q)\QI 4+ Ps(x)eksm _ O,

for all z in R, where P;(x) = c;1 + ciox + -+ + Cim, 2™ L. We need to prove P;(z) = 0 for all
1. By discarding those P;’s which are identically zero, we may assume all P;’s are not identically
zero. Dividing the above equation by e, we have

Pl(x) + PZ(x)e()\Q—)\l)fE S Ps(x)e(ks—)\l)w _ 0,

for all z in R. Upon differentiating this equation sufficiently many times (at most m times since
Py (x) is a polynomial of degree m; — 1), we can reduce P; () to 0. Note that in this process, the
degree of the resulting polynomial multiplied by e(*: ~*1)% remains unchanged. Therefore, we get

QQ(:C)@()\Z*)Q)ZL’ 44 QS(I)e(/\s*)\l)m _ O,
where deg Q; = deg P;. Canceling the term ez we have
Q2(2)e?2® + -+ + Qq(w)eM = 0.

For instance, if deg P; = 0, then P; is a nonzero constant. The resulting @; is equal to (A\; — A1)*F;

for some positive integer «.. Since A; # A1, @; is also a nonzero constant. Thus deg Q; = 0.
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Repeating this procedure, we arrive at

where deg R; = deg P;. Hence R;(x) = 0 which is a contradiction. Thus all the P;(x)’s are
identically zero. That means all ¢;;’s are zero and the functions in (A4) are linearly independent.

Remark. If (2.2.3) has a complex eigenvalue A = o + i3, then A = o — if3 is also an eigenvalue.
Thus both ¥ e(@ T2 and zFe(@—8)= appear in (2.2.6), where 0 < k < m — 1. In order to obtain a
fundamental set of real solutions, the pair of solutions zkelatiB)z gnd ghela—if) iy (2.2.6) should

be replaced by 2¥e®* cos(Bx) and zFe® sin(Bz).

In the following we discuss solution of the non-homogeneous equation.

y' 4+ P(x)y' + Qx)y = f(x), (2.2.7)

The associated homogeneous equation is

y' + P(z)y +Q(zx)y = 0.

The method applies to higher order equations.

1. Methods of variation of parameters.

Let y; and y» be two linearly independent solutions of the associated homogeneous equation " +
P(z)y + Q(x)y = 0 and W (z) be their Wronskian. We look for a particular solution of (2.2.7) in
the form

Yp = U1Y1 + U2Y2,

where u; and ug are functions to be determined. Suppose
w1+ usys = 0.

Differentiating this equation once, we get u{y; + ufys = —ujy} — ubyh. Plugging y, into (2.2.7)
we get
uiyh + gy = f.

Hence v} and v}, satisfy

wiyr +ubys = 0,
{}% 2 (2.2.8)
uryy +usly = f-
Solving it, we find that
;Y2 it
=Ty Uy = Wf'
Integrating yields
Z10)
wi@) = - [ S s s
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Example 2.5 Solve the differential equation 3" + y = sec .

Solution. A basis for the solutions of the homogeneous equation consists of y; = cosx and ys =
sinz. Now W(y1,y2) = coszcosz — (—sinz)sinz = 1. Thus uy = — [sinzseczdr =
In|cosz| + ¢; and up = [coszsecxdr = x + co. From this, a particular solution is given
by y, = coszln|cosz| + zsinz. Therefore, the general solution is y = ¢j cosz + cosinz +

coszIn|cosz| + xsinz.

The method of variation of parameters can also be used to find another solution of a second order
homogeneous linear differential equation when one solution is given. Suppose z is a known solution

of the equation
y" + P(z)y’ + Q(z)y = 0.

We assume y = vz is a solution so that

0=(v2)" + Pwz) +Qvz) = (v'2 4+ 202" +v2") + P(v'z + v2') + Quz
=24+ 202 + Pv'z) +v(z" + Pz’ + Qz) =v"2 + 0/ (22 + Pz).

That is

" /

T _ 9% _p
v z

An integration gives v = 272~/ P4 and v = [ 272~/ P4 dx. We leave it as an exercise to

show that z and vz are linearly independent solutions by computing their Wronskian.

Example 2.6 Given y; = z is a solution of z2y" + xy’ — y = 0, find another solution.

Solution. Let’s write the DE in the form y” + 2y/ — 1y = 0. Then P(z) = 1/z. Thus a second
linearly independent solution is given y = vz, where

v:/x*Qe*fl/xdmdx:/xfzxfl dx = 1

222"

Therefore the second solution is y = —%x_l and the general solution is y = ¢ + cox ™.

2. Method of undetermined coefficients.

Consider the equation y” + ay’ + by = f(x), where a and b are real constants.
Case 1. f(z) = P,(z)e®*, where P, (z) is a polynomial of degree n > 0.

We look for a particular solution in the form

y = Q(z)e™,
where Q(z) is a polynomial. Plugging it into y"” + ay’ + by = f(x) we find
Q"+ 2o+ a)Q + (a* + aa + b)Q = P, (z). (2.2.10)

Subcase 1.1. If o2 + aa + b # 0, namely, « is not a root of the characteristic equation, we choose
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@ = R, a polynomial of degree n, and
y = R, (x)e*".

The coefficients of R,, can be determined by comparing the terms of same power in the two sides of
(2.2.10). Note that in this case both sides of (2.2.10) are polynomials of degree n.

Subcase 1.2. If o + aa + b = 0 but 2a + a # 0, namely, « is a simple root of the characteristic
equation, then (2.2.10) is reduced to

Q"+ 20+ a)Q = P,. (2.2.11)

We choose @ to be a polynomial of degree n + 1. Since the constant term of () does not appear in
(2.2.11), we may choose Q(x) = xR, (x), where R,,(z) is a polynomial of degree n.

y = xR, (x)e*”.

Subcase 1.3If o + aa + b = 0 and 2a. + a = 0, namely, « is a root of the characteristic equation
with multiplicity 2, then (2.2.10) is reduced to

Q" =P,. (2.2.12)
We choose Q(z) = 22 R,,(z), where R,,(z) is a polynomial of degree n.

y = 2° R, (2)e”.

Example 2.7 Find the general solution of "/ — 3/ — 2y = 422

Ans: y = 162" + coe™® — 3+ 20 — 222,

Example 2.8 Find a particular solution of ¢/ 4+ 2" — y/ = 322 — 2z + 1.

Ans: y = —27z — 52? — 23,

Example 2.9 Solve " — 2y’ 4+ y = xe®.
Ans: y = c1e” + coze® + éxSex.
Case 2. f(x) = P,(x)e*® cos(Bz) or f(x) = P,(x)e** sin(Bz), where P, (x) is a polynomial of

degree n > 0.
We first look for a solution of

Y +ay + by = P, (z)elt)z, (2.2.13)
Using the method in Case 1 we obtain a complex-valued solution

2(2) = ul) + iv(a),
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where u(z) = R(z(x)), v(x) = S(z(x)). Substituting z(z) = u(z)+iv(z) into (2.2.13) and taking
the real and imaginary parts, we can show that u(x) = R(z(x)) is a solution of

y" +ay’ + by = P,(x)e™* cos(fx), (2.2.14)
and v(z) = 3(2(x)) is a solution of

y" +ay + by = P,(x)e*” sin(Bz). (2.2.15)

Example 2.10 Solve 3" — 2y + 2y = e* cos x.
Ans: y = c1e” cosx + coe” sinx + %xez sin x.
Alternatively to solve (2.2.14) or (2.2.15), one can try a solution of the form
Qn(x)e™ cos(Bx) + Ry (x)e™® sin(Bx)
if o 4+ i3 is not a root of A2 + a\ 4+ b = 0, and
xQn (x)e™ cos(fx) + xRy, (x)e™” sin(Sx)

if a +if3 is a root of A + a\ + b = 0, where ),, and R,, are polynomials of degree n

The following conclusions will be useful.

Theorem 2.11 Let y, and ys be particular solutions of the equations
y'+ay' +by = fi(x)

and
y' +ay +by = fo(x)

respectively, then y, = y1 + Yy is a particular solution of

y' +ay +by = fi(x) + fo).

Proof. Exercise.

Example 2.11 Solve "’ —y = €% + sin .

Solution. A particular solution for y” — y = e” is given by y; = %xe? Also a particular solution
for y” — y = sinx is given by y» = —3sinz. Thus 3 (ze® — sinz) is a particular solution of
the given differential equation. The general solution of the corresponding homogeneous differential
equation is given by c;e™" + coe®. Hence the general solution of the given differential equation is

cre”® + coe® + 1(ze” —sinw).
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2.3 Operator Methods

Let = denote independent variable, and y dependent variable. Introduce

mn

d d
Dy = — D"y = — (™)
y=oy y=oay=y

We define D% = y. Given a polynomial L(z) = Z?:o ajz?, where a;’s are constants, we define

a differential operator L(D) by
n
L(D)y = Z a; D7y.
§=0

Then the equation

> ay) = f() 2.3.1)
=0
can be written as
L(D)y = f(x). (2.3.2)

Let L(D)~! f denote any solution of (2.3.2). We have

D™'D=DD™' =D,
L(D)™'L(D) = L(D)L(D)™* = D°.

However, L(D)~!f is not unique.

To see the above properties, first recall that D~! f means a solution of y' = f. Thus D' f = [ f.
Hence it follows that D! D = DD~!= identity operator D°.

For the second equality, note that a solution of L(D)y = L(D)f is simply f. Thus by definition
of L(D)~!, we have L(D)~Y(L(D)f) = f. This means L(D)~'L(D) = D°. Lastly, since
L(D)~f is a solution of L(D)y = f(x), it is clear that L(D)(L(D)~1f) = f. In other words,
L(D)L(D)~' = D°.

More generally, we have:
. D lf(x) = /f(:c)da; el

2. (D—a) ' f(x) = Ce™ + e / e f(x)dw, (2.33)

3. L(D)(e f(2)) = LD + a) (),
4. L(D) e f(2) = LD + ) f(a).

Proof. Property 2 is just the solution of the first order linear ODE. To prove Property 3, first observe
that (D — r)(e® f(z)) = e**D(f(z)) + ae®™ f(x) — re®* f(x) = e**(D + a — r)(f(z)). Thus
(D=s)(D=r)(e" f(z)) = (D =8)[e*"(D+a—r)(f(2)] = e (D+a—s)(D+a—r)(f(2))
Now we may write L(D) = (D —ry)--- (D —ry,). Then L(D)(e** f(x)) = e L(D + a) f(x).
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This says that we can move the factor e®® to the left of the operator L(D) if we replace L(D) by
L(D + a).
To prove Property 4, apply L(D) to the right hand side. We have

L(D)[e""L(D + a)~" f(x)] = e [L(D + a)(L(D + a)~" f(2))] = e** f(x).

Thus L(D)~ (e f(z)) = e**L(D + a) " f(x). O

Let L(z) = (x —r1) - -+ (x — 7). The solution of (2.3.2) is given by
y=LD) " f(z)=(D—r)~ (D =ra) " f(a). (2.3.4)

Then we obtain the solution by successive integration. Moreover, if r;s are distinct, we can write

1 Ay A,
S e et L

L(z) x—m x—ry’

where A;s can be found by the method of partial fractions. Then the solution is given by

y=[A1(D—r) '+ + Au(D — 1) f(2). (2.3.5)

Next consider the case of repeated roots. Let the multiple root be equal to m and the equation to be
solved is

(D —m)"y = f(x) (2.3.6)
To solve this equation, let us assume a solution of the form y = e™*v(z), where v(x) is a function
of & to be determined. One can easily verify that (D —m)"e™*v = ¢™* D™v. Thus equation (2.3.6)
reduces to

D'y =e"™"f(x) (2.3.7)

If we integrate (2.3.7) n times, we obtain

v://---//e_mc”f(m)dx~-~dm+co+clx+~--+cn,1x”_1 (2.3.8)

Thus we see that

(D—m)~"f(z) = ™" {// - // e f(x)dx - dx +co+crx+ -+ ep12™ T (2.3.9)

Example 2.12 Solve (D? — 3D + 2)y = xe®.

-1 1
= 55 — p—3- Therefore

y=(D?—3D +2)"(ze?)
= (D —2)"1(ze®) — (D — 1)"(ze?)
=e2*D (e 2 xe®) — "D~ (e T xe®)
=e?*D e %z) — e* D (z)
=2 (—xe ™ —e T +cp) — ez(%xQ + ¢2)

=—e*(32% + 24+ 1) + 12 + coe®.

. . 1
Solution. First D2_3D+2
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Example 2.13 Solve (D3 — 3D? + 3D — 1)y = €”.

Solution. The DE is equivalent to (D — 1)3y = e®. Therefore,
-3 x x —T , T 2 x 1 3 2
y=(D—-1)"e"=¢ e retdr +cog+cix+ext| =e gx +co + 1 + cox

If f(z) is a polynomial in , then (1 — D)(1+ D + D?+ D3 +-..)f = f. Thus (1 — D)~ !(f) =
(1+ D+ D?+ D3+ ---)f. Therefore, if f is a polynomial, we may formally expand (D — 7)~*
into power series in D and apply it to f. If the degree of f is n, then it is only necessary to expand
(D —r)"tupto D",

Example 2.14 Solve (D* — 2D? + D?)y = a3.
Solution. We have

y=(D4_2D3+D2)71f: ng'
=D72(1+42D +3D? +4D3 + 5D* + 6D®)2?
= D7 2(23 + 622 + 18z + 24)
= D7H(E 4+ 22 4 922 + 24z)
5

= I+ & 4 323 + 1202

Therefore, the general solution is y = (¢ + coxw)e” + (c3 + c4) + g—z + ‘”—24 + 323 4 1222

Exercise 2.1 For all real z, the real-valued function y = f(z) satisfies
y' =2y +y =2

(a) If f(x) > 0 for all real z, must f/(x) > 0 for all real 2?7 Explain.

(b) If f'(x) > 0 for all real 2, must f(x) > 0 for all real 2?7 Explain.

Exercise 2.2 Find the general solution of ¢y — 2y’ — 3y = z(e* + e~ %).

Ans: y = cre” " + e’ — Lt — LTt — Lol



Chapter 3

Second Order Linear Differential
Equations

3.1 Exact 2nd Order Equations

The general 2nd order linear differential equation is of the form

po()y" + p1(x)y’ + pa(2)y = f(x) (3.1.1)
The equation can be written as
oy’ —poy)' + (p1y)' + (pg — Py +p2)y = f(=) (3.1.2)
It is said to be exact if
Py —pi+p2=0. (3.1.3)

In the event that the equation is exact, a first integral to (3.1.1) is

po(2)y’ — po(2)y +pr(2)y = /f(ac) dz + C4.

Example 3.1 Find the general solution of the DE

1, 1 2., 1 2
o +(; ﬁ)y (; ;)y—e :
Solution. Condition (3.1.3) is fulfilled. The first integral is
1, 1 12 .
.’ —i—ﬁy—&—(;—;)yze + Ch.

That is 1
y +(1— EM =ze” + Ciz.

From the last equation, the general solution is found to be

1
Y= §xe'L + Cix + Cozxe™ ™.

33
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3.2 The Adjoint Differential Equation and Integrating Factor

If (3.1.1) is multiplied by a function v(z) so that the resulting equation is exact, then v(x) is called
an integrating factor of (3.1.1). That is

(pov)” — (p1v)’ + pav = 0. (3.2.4)
This is a differential equation for v, which is, more explicitly,
pol@)0” + (20h(x) = p1 (@) + (W () — ph(x) + pa(a))v = 0. (3.2:5)

Equation (3.2.5) is called the adjoint of the given differential equation (3.1.1). A function v(x) is
thus an integrating factor for a given differential equation, if and only if it is a solution of the adjoint
equation. Note that the adjoint of (3.2.5) is in turn found to be the associated homogeneous equation
of (3.1.1), thus each is the adjoint of the other.

In this case, a first integral to (3.1.1) is

o(@po(@)y’ — (v(@)po())'y + v(@)pr @)y = / o(@)f(x)dz + Ch.

Example 3.2 Find the general solution of the DE

(2% — z)y" + (222 + 4z — 3)y' + 8xy = 1.
Solution. The adjoint of this equation is

(x% — 2" — (222 — 1)V + (4 — 2)v = 0.

2

By the trial of 2™, this equation is found to have 22 as a solution. Thus 22 is an integrating factor

of the given differential equation. Multiplying the original equation by x2, we obtain
(z* — )y + (22* 4 42 — 32?)y’ + 83y = 22
Thus a first integral to it is
(z* — %)y — (42 — 32%)y + (22" + 423 — 32%)y = /:172 dx + C.

After simplification, we have

2v 1 n C
Y=3@-10  B@-1)

!
y+x—1

An integrating factor for this first order linear equation is e?*(z — 1)2. Thus the above equation

becomes )
1 T(r—1
e (x—1)%y = g/(m—l)eQIderC/%dx—&-Cg-
That is )
1|z 3 e“r
2x _12 _ |z _=Z 2x O C
la-Dy=gl5 7| 0T
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Exercise 3.1 Solve the following differential equation by finding an integrating factor of it.

4z n 8T — 8 —0
2 —17 T @z 12V "

yl/ +

Cl Czr

. — —2z
Ans: y = 575 + 22 e

Exercise 3.2 The equation
(p(2)y") + q(x)y + Ar(z)y =0 (3.2.6)
is called a Sturm-Liouville equation, where A is a real parameter. Show that the adjoint of a Sturm-

Liouville equation is itself.

3.3 Lagrange’s Identity and Green’s Formula

Let L be the differential operator given by the left hand side of (3.1.1), that is L{y] = po(z)y” +
p1(2)y’ +p2(2)y. The formal adjoint of L is the differential operator defined by L™ [y] = (po(z)y)” —
(p1(x)y) +p2(x)y, where p(j, p| and p, are continuous on an interval [a, b]. Let u and v be functions
having continuous second derivatives on the interval [a, b]. Direct simplification gives the following
identity relating L and L.

Theorem 3.1 (Lagrange’s identity)
d
Llu]v — uL™[v] = %[P(u,v)],

where P(u,v) = up1v — u(pov)’ + v’ pov.

Proof. Expanding both sides, we get pou” v + pru'v — pouv” — 2pjuv’ — piuv + pluv + pruv’.0]

Integrating Lagrange’s identity leads to Green’s formula.

Corollary 3.2 (Green’s formula)

b

b
/ (L[u]v — uL*[v]) dz = P(u,v)(z)

a

Let’s define an inner product for continuous real-valued functions on [a, b] by

b
(f79)=/ f(2)g(z) d.

With this notation, Green’s formula becomes

b

(L[u),v) = (u, LT[v]) + P(u,v)(z)| . 3.3.7)

Though the operators L and L™ are meaningful when applied to any function y having a continuous

second derivative on [a, ], it is usually more advantageous to further restrict the domains they act.
In general, it is evidently more useful to restrict L and L so that

(L[u),v) = (u, LT[v]) (3.3.8)
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holds for all « in the domain of L and all v in the domain of LT. This is the case when we try to
solve boundary value problems in which L and L™ are restricted to those functions that satisfy the
given boundary conditions. When (3.3.8) holds, L™ is called the adjoint operator of L (i.e. without
the adjective “formal”). For the special case when L™ = L and (3.3.8) holds, we say that L is
self-adjoint.

As an example, let L be the differential operator given by the first two terms on the left hand side
of the Sturm-Liouville equation (3.2.6), that is L{y] = (p(z)y’)" + g(x)y. By the exercise for the
equation in (3.2.6), it follows that L* = L. Then Lagrange’s identity and Green’s formula reduce
to the followings.

Theorem 3.3 (Lagrange’s identity for L{y] = (p(z)y’)’ + q(z)y)

Llulo ~uLfo] =~ [pW¥ (u,0)].

where W (u,v) = uwv’ — vu’ is the Wronskian of u and v.

Corollary 3.4 (Green’s formula for L[y] = (p(x)y’)" + q(z)y)

b b
(L[u],v) — (u, L[v]) = / (Llujv — uLv]) de = —pW (u,v)(z) | . (3.3.9)

Exercise 3.3 Let L{y] = po(x)y” + p1(x)y’ + p2(x)y. Prove that L™ = L if and only if p;(x) =
o ().
Exercise 3.4 Prove theorem 3.3.

Exercise 3.5 Prove corollary 3.4.

Exercise 3.6 Prove that if u and v are solutions of (p(z)y’) + ¢(z)y = 0, then pW (u,v)(z) is a
constant for all x € [a, b]

3.4 Regular Boundary Value Problem

The problem of finding a solution to a second order linear differential equation
Yy +p@)y + q(x)y = f(z), a <z <b (3.4.10)
satisfying the boundary conditions

any(a) + a2y’ (a) + b11y(b) + bi2y'(b) =
asiy(a) + azoy’ (a) + bary(b) + baoy'(b) =

is called a two-point boundary value problem.

(3.4.11)

When d; = dy = 0, the boundary conditions are said to be homogeneous; otherwise we refer them
as nonhomogeneous.

For the homogeneous equation with homogeneous boundary condition
v +p@)y +q(r)y =0, a <z <b;
any(a) + a2y’ (a) + b11y(b) + bi2y'(b) =0, (3.4.12)
az1y(a) + azay’(a) + ba1y(b) + bazy'(b) = 0,

one can verify the following properties:
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1. If ¢(x) is a nontrivial solution to (3.4.12), then so is cé(x) for any constant c. Thus (3.4.12)
has a one-parameter family of solutions.

2. If (3.4.12) has two linearly independent solutions ¢; and ¢2, then c; ¢1 +ca¢ is also a solution
of (3.4.12) for any constants c¢; and co. Thus (3.4.12) has a two-parameter family of solutions.

3. The remaining possibility is that ¢(x) = 0 is the unique solution to (3.4.12).

For nonhomogeneous equation (3.4.10), there is an additional possibility that it has no solution. The
following examples illustrate some of these cases.

Example 3.3 Find all solutions to the boundary value problem
y' +2y + 5y = 0; y(0) = 2,y(m/4) = /1.

Solution. The general solution to the equation y” +2y’'+5y = 0is y = c1e”* cos 2z+coe™ ¥ sin 2.

Substituting the boundary conditions, we have y(0) = ¢; = 2 and y(7/4) = coe™ /4 —m/4,

=e
Thus ¢; = 2, co = 1, and so the boundary value problem has the unique solution y = 2e~7 cos 2z +

e ¥ sin 2.
Example 3.4 Find all solutions to the boundary value problem
y" +y = cos2x; y'(0) = 0,y'(7) = 0.

Solution. The general solution to the equation y” + y = cos2x is y = ¢y co8x + cosinx —
(1/3) cos2x. Thus y' = —c; sinx + ¢z cosx + (2/3) sin 2. Substituting the boundary conditions,
we have y'(0) = ¢o = 0 and y/(7) = —cy = 0. Thus the boundary value problem has a one-

parameter family of solutions y = ¢; cos x — (1/3) cos 2z, where ¢; is any real number.

Example 3.5 Find all solutions to the boundary value problem

y' +4y =0; y(—m) = y(n),y'(-7) = y'(n).

Solution. The general solution to the equation y”" +4y = 0is y = ¢; cos 2x+cg sin 2. Since cos 2z
and sin 2z are periodic functions of period 7, y = c¢1 cos 2z + ¢ sin 2z and 3y’ = —2¢; sin 2z +
2¢4 cos 22 automatically satisfy the boundary conditions y(—7) = y(7),y'(—7) = y'(w). Hence
the boundary value problem has a two-parameter family of solutions y = ¢1 cos2x + co sin 2z,

where c; and ¢, are any real numbers.
Example 3.6 Find all solutions to the boundary value problem
y" +dy = da; y(—m) = y(m), ¢ (—7) = /(7).

Solution. The general solution to the equation ¢y + 4y = 4x is y = x + ¢1 cos 2 + ¢ sin 2x. Since
y(—m) = —7 + ¢; and y(7) = 7 + ¢4, there are no solutions satisfying y(—7) = y(7). Hence the

boundary value problem has no solution.

Exercise 3.7 Find all solutions to the boundary value problem

y' +y=¢e" y(0)=0,y(m) +3 (r) = 0.

(1 T of _ 1 1z
Ans.y = (5 +€™)sinz — 5 cosz + 5e”.
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3.5 Regular Sturm-Liouville Boundary Value Problem
Let L[y] = (p(z)y")’ + q(z)y. Consider the regular Sturm-Liouville boundary value problem:

Lyl + Ar(z)y =0, a<z <b;

ary(a) + agy'(a) =0, (3.5.13)

b1y (b) + bay'(b) =0,
where p(x), p’(z), ¢(z) and r(z) are continuous functions on [a,b] and p(x) > 0 and r(z) > 0 on
[a, b]. We only consider separated boundary conditions. Also we exclude the cases when a; = ags =
Oorb; = by =0.
Let u and v be functions that have continuous second derivatives on [a, b] and satisfy the boundary
conditions in (3.5.13). The boundary conditions in (3.5.13) imply that W (u, v)(b) = W (u,v)(a) =
0. This is because the system of equations a1 u(a) + azt’(a) = 0, a1v(a) + a2v’(a) = 0 has non-
trivial solutions in a; and as since a; and as are not both zero. Therefore the determinant of the
system W (u,v)(a) must be zero. Similarly W (u, v)(b) = 0.

Thus by Green’s formula (3.3.9),
(Llul,v) = (u, L{v]).

Therefore L is a self-adjoint operator with domain equal to the set of functions that have continuous
second derivatives on [a, b] and satisfy the boundary conditions in (3.5.13). Self-adjoint operators
are like symmetric matrices in that their eigenvalues are always real.

Remark. Here we only require v and v satisfy the boundary conditions in (3.5.13) but not necessarily
the differential equation L[y] + Ar(x)y = 0. However, if u and v satisfy the differential equation,
then L[u]v = uL[v] = —Aruv and hence (L[u|,v) = (u, L[v]) too.

The regular Sturm-Liouville boundary value problem in (3.5.13) involves a parameter A. The objec-
tive is to determine for which values of A, the equation in (3.5.13) has nontrivial solutions satisfy-
ing the given boundary conditions. Such problems are called eigenvalue problems. The nontrivial
solutions are called eigenfunctions, and the corresponding number A an eigenvalue. If all the eigen-
functions associated with a particular eigenvalue are just scalar multiple of each other, then the

eigenvalue is called simple.

Theorem 3.5 All the eigenvalues of the regular Sturm-Liouville boundary value problem (3.5.13)

are (i) real, (ii) have real-valued eigenfunctions and (iii) simple.

Proof. (i) Let A be a possibly complex eigenvalue with eigenfunction u for (3.5.13). Also u may be
complex-valued. Thus u # 0, L{u] = —Aru, and u satisfies the boundary conditions in (3.5.13).

Then L[u] = L[u] = —Aru = —\ru. Also u satisfies the boundary conditions in (3.5.13) as
ai,as, by, by are real. Thus Ais an eigenvalue with eigenfunction % for (3.5.13). We have

b
(L[u],@) = (=Aru, @) = —A(ru,u) = f)\/ r|ul? d.

a

By Green’s formula,

b
(L[u),w) = (u, L[@)) = (u, —A\rt) = —\(u, ru) = —X/ rlul? d.
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Since r > 0, u # 0 and |u| > 0, we have f; rlul?dz > 0. Therefore A = ) and \ is real.

(ii) If u(z) = wq(x) 4 fusz(x) is a complex-valued eigenfunction with eigenvalue . By (i), A is real.
Then —Ar(uy + dug) = Llug + tug] = L[ug] 4 iL[uz]. Equating real and imaginary parts, we have
Llui] = —Aruy and L]ug] = —Arug. Furthermore both u; and us satisfy the boundary conditions
in (3.5.13). Therefore we can take either u; or us as the real-valued eigenfunction associated with
A

(iii) Suppose u; and us are 2 eigenfunctions corresponding to the eigenvalue A and both are solutions
to (3.5.13). Thus

ajuy(a) + agu)(a) = 0, and ajuz(a) + aguy(a) = 0.

Since a1 and a5 are not both zero, this system of linear equations (in a; and a2) has zero determinant.
That is W (u1, uz)(a) = 0. Similarly W (uy, us)(b) = 0.

Suppose u; and ug are linearly independent on (a, b). Then W (uq, us)(x) # 0 for all x € (a,b).
Since u; and wuy are solutions of (3.5.13), we have by exercise 3.6 p(z)W (uy,us)(z) = C, for
all x € [a,b], where C' is a nonzero constant as p(x) > 0 for all € [a,b]. But this contradicts
C = p(a)W(u1,us)(a) = 0. Consequently u; and us are linearly dependent. Therefore one must

be a multiple of the other. That is A is a simple eigenvalue.

Two real-valued functions f and ¢ defined on [a,b] are said to be orthogonal with respect to a

positive weight function r(x) on the interval [a, b] if

b
[ 1@t =o.

Theorem 3.6 Eigenfunctions that correspond to distinct eigenvalues of the regular Sturm-Liouville

boundary value problem in (3.5.13) are orthogonal with respect to the weight function r(x) on [a, b].

Proof. Let )\ and p be distinct eigenvalues with corresponding real-valued eigenfunctions u and v
for (3.5.13) respectively. That is L[u] = —Arw and L[v] = —prv. Then —pu(u, rv) = (u, —prv) =
(u, L[v]) = (L[u],v) = (=Aru,v) = —A(ru,v). Since (u,rv) = (ru,v) and g # A, we have
(u,rv) = (ru,v) = 0. That is fab ruv dx = 0 which means u and v are orthogonal with respect to
the weight function r(z) on [a, b].

Theorem 3.7 The eigenvalues of the regular Sturm-Liouville boundary value problem in (3.5.13)

form a countable, increasing sequence
>\1<)\2<)\3<"',

with lim,,_s oo A\, = +00.

For a proof of this result, see [4], page 333.

Example 3.7 Consider the regular Sturm-Liouville boundary value problem

y'+Ay=0, y(0)=y(r)=0. (3.5.14)
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When A < 0, the boundary value problem (3.5.14) has only the trivial solution ¥y = 0. Thus
for A < 0, it is not an eigenvalue. Let’s consider A > 0. The general solution to the equation
y" 4+ Ay = 01is given by y = Acos(v/Ax) + Bsin(vAz). Now y(0) = 0 implies that A = 0,
and y(7) = 0 implies that Bsin(v/ A7) = 0. Since we are looking for nontrivial solutions, we
must have B # 0 so that sin(v/A7) = 0. Therefore A\ = n?, n = 1,2,3, ... with corresponding
eigenfunctions ¢, (x) = B, sin(nx). One can easily verify that (¢,,, ¢, ) = 0 for m # n.

Thus, associated to a regular Sturm-Liouville boundary value problem, there is a sequence of orthog-
onal eigenfunctions {¢y, } defined on [a, b]. We can use these eigenfunctions to form an orthonormal
system with respect to r(x) simply by normalizing each eigenfunction ¢,, so that

b
2 (z)r(x) de = 1.

Now suppose {¢,, } is orthonormal with respect to a positive weight function r(z) on [a, b], that is

0, m#n,
1, m=n.

b
/ ¢n@»¢mcwr@»dx::{
Then with any piecewise continuous' function f on [a, b], we can identify an orthogonal expansion

f((E) ~ Z Cn(lsn(x)a

where .
en= [ F@)sa@r(e) do
For instance, the eigenfunctions ¢,,(z) = sinnz for (3.5.14) gives rise to the Fourier sine series

expansion.

Exercise 3.8 Consider the regular Sturm-Liouville boundary value problem
y' + Ay =0, y(0)=0,y(7)=0. (3.5.15)

Show that the eigenvalues of (3.5.15) are A, = (2n — 1)2/4, n = 1,2,3, ..., with corresponding

eigenfunctions
. 2n —1
dn(T) = ap sin 5

Example 3.8 Construct an orthonormal system of eigenfunctions corresponding to the regular Sturm-

Liouville boundary value problem (3.5.15).

2n—1
Solution. By Exercise 3.8 and Theorem 3.6, the eigenfunctions ¢,,(z) = a, sin ( n2 x) are

orthogonal with respect to 7(z) = 1 on [0, 7]. Direct computation gives

T 2n —1
/ a2 sin? ( r x) dr = a’m/2.
0 2

LA function f(x) is piecewise continuous on a finite interval [a, b] if f(z) is continuous at every point in [a, b], except

possibly for a finite number of points at which f(x) has a jump discontinuity.
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Thus, if we take a,, = \/2/7, then

2n —1
{\/2/7‘(8111( " x)}
2
is an orthonormal system of eigenfunctions.

Like the theory of Fourier series, the eigenfunction expansion of f converges uniformly to f on [a, b]

under suitable conditions.

Theorem 3.8 Let {¢,,} be an orthonormal system of eigenfunctions for the regular Sturm-Liouville
boundary value problem in (3.5.13). Let f be a continuous function on [a, b] such that ' is piecewise
continuous on [a,b] and f satisfies the boundary conditions in (3.5.13). Then

f@) =" cntn(2), a<z<b, (3.5.16)

n=1
where

cn:/ f(@)pn(x)r(x) da.

Furthermore, the eigenfunction expansion in (3.5.16) converges uniformly on [a, b].

For a proof of this result, see [2].

Example 3.9 Express
20/, 0<zxz<m/2,
) = { / /

1, w/2 <z <m,

in an eigenfunction expansion using the orthonormal system of eigenfunctions
2n—1
{\/2/775111 ( 5 x) } .

Solution. Referring to the problem (3.5.15), we compute

27/2

T . (2n—1 . T T
cn:/o f(x)\/2/7rsm< n2 x) dx:m&n(%—z).

Thus

f(z) = ni; car/2/7 sin <2n2_ 11~> . (3.5.17)

Since f(0) = 0, f'(m) = 0, the function f satisfies the boundary conditions in (3.5.15). Moreover,
f is continuous and f’ is piecewise continuous on [0, 7r|. Thus by Theorem 3.8, the series in (3.5.17)
converges uniformly to f on [0, 7].

The Sturm-Liouville boundary value problem arises from solving partial differential equations such
as the heat equation in mathematical physics. The eigenfunction expansion can be used to solve the
nonhomogeneous regular Sturm-Liouville boundary value problem. For further discussion on the

Sturm-Liouville boundary value problem, see [4].
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3.6 Nonhomogeneous Boundary Value Problem

We only consider the nonhomogeneous regular Sturm-Liouville boundary value problem with ho-
mogeneous boundary conditions. Let

Lyl = f(z), a <z <b;
a1y(a) + azy’(a) = 0, (3.6.18)
biy(b) + bay'(b) =0,

where Ly] = (p(z)y')’ + q(x)y, p(x), p’(z) and ¢(x) are continuous functions on [a, b] and p(z) >
0 on [a, b, and f(x) is continuous on [a, b].
Let
Ly =0, a <z <b;
ary(a) + azy'(a) = 0, (3.6.19)
biy(b) + b2y’ (b) =0,

be the corresponding homogeneous regular Sturm-Liouville boundary value problem.

Theorem 3.9 The nonhomogeneous problem (3.6.18) has a unique solution if and only if the homo-

geneous problem (3.6.19) has only the trivial solution.

Proof. To prove the necessity, let z be the unique solution to (3.6.18). Suppose (3.6.19) has a
nontrivial solution u. Thus u # 0 on [a, b]. Then z + u is also a solution to (3.6.18). But z + u # z
on [a, b], contradicting the fact that z is the unique solution to (3.6.18). Thus (3.6.19) has only the
trivial solution.

To prove the sufficiency, we have to prove both the existence and uniqueness of the solution for
(3.6.18). The uniqueness is easy. Suppose 21 and z, are two solutions to (3.6.18). Then z; — 29 is a
solution of (3.6.19). Since we assume (3.6.19) has only the trivial solution, we must have z; —29 = 0
so that z; = 25 on [a, ).

To prove the existence of solution to (3.6.18), we use the method of variation of parameters. First

let y; and y, be nontrivial solutions to the equation L[y] = 0 satisfying respectively
a1y1(a) + agy; (a) = 0, (3.6.20)

and
biya(b) + bays(b) = 0. (3.6.21)

The existence of y; and y, follows from the existence and uniqueness theorem for initial value
problems.

We need to prove y; and ys are linearly independent. Suppose not, we may assume y; = cyo for
some nonzero constant c. Then y; also satisfies (3.6.21). Thus y; is a solution of the homoge-
neous problem (3.6.19). Since (3.6.19) has only the trivial solution, we have y; = 0 which is a
contradiction. Therefore, y; and y» are linearly independent.

Let’s write L[y] = f in the standard form

/

’
y//+p7y/+gy:7.
p p p
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By the method of variation of parameters, we have

Y = ury1 + u2ys2,

where " .
(t) 1) i) f0)
o W(t)p(t) o W(t)p(t)
Here W (t) is the Wronskian of y; and ys. Since we are free to pick the antiderivative for u; and us,

U = — dt, and
it turns out to be convenient to choose

" () f(1) (3.622)

« W(t)p(t)

up = / fn) f) 4 (3.6.23)

and

y(x) = w(2)

L W) plt W(t) p(t) (3.6.24)

where

n®n) = o,

Gla,t) =4 Wmpt) " =~ (3.6.25)

n@y®) <b.

t
W(tpt) "~
Using the fact that y; and y satisfy the equation L[y] = 0, it follows from Lagrange’s identity that
W (z)p(xz) = C, where C is a constant. Note that C' # 0 since p(z) > 0 and W (z) # 0 for all
x € [a,b]. Thus G(x,t) has the simpler form

t C, a<t<

Gla,t) = ne(@)/C, astsw (3.6.26)
y1(2)y=(t)/C, = <t<b.

The function G(z t) is called the Green’s function for the problem (3.6.18). Next we verify that

/ G(z,t)f(t) dt, is a solution to (3.6.18).

b
y/(x) ddx <y1(x) | y2(téf(t) )

b T
- yz(téf(t) o B@RE@IE 2( | / B0, , 0lednla) ()

dz
o(2
C
o |

Il
<
=
&
T~
o
NS
[\v]
’é?
S~—
KH
&
Py
+

(3.6.27)
Thus

A0

t
C

b
ap@) +a'@ = o) [ 2D g anyio) [

a a

b
~ (@) + o) [ 2 a0

(3.6.28)
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since y; satisfies (3.6.20). Similarly using (3.6.21), one can verify that
b
t)f(t
) + /) = Ouge®) + st [ o (36.29)

Example 3.10 Find the Green’s function G(z, t) for the boundary value problem

"= I y(O) - an(ﬂ_) =0.
Use the Green’s function to obtain the solution when f(z) = —6z.

Solution. A general solution to y” = 0isy = Ax+B. Thus y; = z is a solution satisfying (0) = 0,
and y = m — x a solution satisfying y(m) = 0. Furthermore y; and y- are linearly independent with
W(z) = —x — (m — ) = —m. We now compute C' = p(x)W (z) = (1)(—m) = —mx. Therefore the

Green’s function is

) m@pe@)/C, 0<t<z | ta—m)/r, 0<t<ua
G(as,t)_{ y1(x)y2(t)/C, x<t<mw _{ a(t—7)/m, z<t<m (3.6.30)

Hence for f(x) = —6z, the solution is given by

/ G(z / (t(x —m)/m) (—6t) dt + / (x(t —m)/7) (—6t)dt
0 x
=x(r? —2?
Since the homogeneous problem y” = 0, y(0) = 0,y(w) = 0 has only the trivial solution, the
above solution to the nonhomogeneous problem y” = —6z, y(0) = 0,y(7) = 0 is unique.
Theorem 3.9 can be strengthened to include other cases.

Theorem 3.10 (Fredholm) The nonhomogeneous problem (3.6.18) has a solution if and only if for
every solution y(x) of the homogeneous problem (3.6.19),

b
/ Ftyy(t) di =

Proof. To prove the necessity, suppose z is a solution of (3.6.18) so that L[z] = f. Let y be any
solution of (3.6.19). Thus L[y] = 0. Since L is self-adjoint, we have

b
/ FOy(t)dt = (f.y) = (Llz)y) = (2, Lly]) = (2,0) = 0.

To prove the sufficiency, let’s consider 2 cases.

(Case 1) The problem (3.6.19) has only the trivial solution. By Theorem 3.9, the problem (3.6.18)
has a unique solution.

(Case 2) The problem (3.6.19) has a nontrivial solution y;. By hypothesis, f; y(t) f(t)dt = 0.
Also y; satisfies both boundary conditions (3.6.20) and (3.6.21). Let y» be any solution of L(y) = 0
such that y; and y are linearly independent. Following the proof of Theorem 3.9, we can verify

that y(x / G(z,t)f(t) dt is a solution to (3.6.18). For the boundary conditions, we have
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b
my(@) +axy' (@) = (o) +at() [ 22 g o, (:631)
because y; satisfies (3.6.20), and
byl (t)f(t
bry(b) + b2y’ (b) = (bry2(D) + bays(D)) / %dt:o, (3.6.32)

because f: y1(t) f(t)dt = 0.

Remark. In case 2, if z is another solution of (3.6.19), then both y; and z satisfy the boundary
conditions of (3.6.19). In particular at the point a, we have a1y (a) + a2y (a) = 0 and a12(a) +
asz'(a) = 0. Since a1 # 0 and as # 0, we have W (y1, z)(a) = 0. This implies that y; and z are
linearly dependent. Thus z is just a multiple of y;, and the problem (3.6.19) has a one-parameter
family of solutions.

Example 3.11 Show that the boundary value problem

y' +y + y f5 y(0) = 04/(3):0

has a solution if and only if
27

/T e? sin(g—x)f(m) dx = 0.
0 2

Solution. Consider the homogeneous boundary value problem y’' 43/ + 5 sy =0; y(0) =0, y(%) =
0. The general solution of the equation y”" + 3’ + 3y = 0isy = e~ 37 (A cos (32) + Bsin (32)).
As y(0) = 0, we deduce that A = 0. Thus y = Be™ 2% sin (32). This also satisfies y(2F) = 0.
Thus the homogeneous boundary value problem has a one parameter family of solutions. Note that
the given equation is not self-adjoint. However it can be converted into a self-adjoint equation by

multiplying throughout by a factor e”. Thus we may write the problem as

Dery = e f(a); y(0) = 0,y(2T) =

x I\/
(ey)+2

By Theorem 3.10, this problem has a solution if and only if

2w

/03<Be 5 sin (50) (¢" () dr = 0.

This is equivalent to the condition

27

/ e sin (22) f(z) dz = 0.

O 2

Exercise 3.9 Using Green’s function, solve the boundary value problem
(zy') = (4/x)y = —2; y(1) = 0,y(2) = 0.

Ans: y = &5(1622In2 — 16272 In2 — 1522 Inz).
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Exercise 3.10 Show that any equation po(x)y” + p1(2)y’ + p2(x)y = 0 can be made self-adjoint
by multiplying throughout by pioef p1/pod,

Exercise 3.11 Consider the regular Sturm-Liouville boundary value problem
y'—ay+ Ay =0, y(0)=0, y(r)=0.

Let A be an eigenvalue and ¢ a corresponding eigenfunction. Show that A > 0.

3.7 Oscillations and the Sturm Separation Theorem
Consider the homogeneous second order linear differential equation.
y' 4+ Pz)y + Q(x)y =0 (3.7.33)

It is rarely possible to solve this equation in general. However by studying the properties of the
coefficient functions, it is sometimes possible to describe the behavior of the solutions. One of
the essential characteristics that is of primary interest to mathematicians is the number of zeros of
a solution to (3.7.33). If a function has an infinite number of zeros in an interval [a, 00), we say
that the function is oscillatory. Therefore, studying the oscillatory behavior of a function means
investigating the number and locations of its zeros.

The familiar equation " 4+ y = 0 has two linearly independent solutions s(x) = sin(x) satisfying
y(0) = 0,9'(0) = 1, and ¢(x) = cos(x) satisfying y(0) = 1,4'(0) = 0 respectively. The positive
zeros of s(z) and ¢(x) are w, 27,3, ..., and /2,37 /2,57 /2, . . ., respectively. Note that the zeros
of s(x) and ¢(z) interlace each other in the sense that between two successive zeros of s(x), there

is a zero of ¢(x), and vice versa. This property is described by the Sturm separation theorem.

Theorem 3.11 (Sturm Separation Theorem) If y1(x) and yo(x) are two linearly independent so-

lutions of
"+ P(x)y' + Qx)y =0,

then the zeros of these functions are distinct and occur alternatively in the sense that y (x) vanishes

exactly once between any two successive zeros of ya(x), and conversely.

Proof. Let x; and =2 be two consecutive zeros of y; with 1 < x5. Since y; and yo are linearly
independent, their Wronskian W (y1,y2)(x) = y1(x)ys(z) — vy (z)y2(x) never vanish. It follows
that yo(z1) # 0 and y2(z2) # 0, otherwise their Wronskian is zero at these points.

Assume that the conclusion is false, that is yo(z) # 0 for all x € [z1,x2]. Then the function
f(z) = y1(x)/y2(x) is well-defined and continuous on [z, 2], and continuously differentiable on
(21,22). Since y1(x1) = y1(x2) = 0, we have f(z1) = f(x2) = 0. By Rolle’s theorem, there
exists z € (x1,x2) such that f'(2) = 0. Computing f’(z), we find that

n(2)y2(2) = (2ya(z) Wiy, 42)(2)

0=F== e O
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But this means W (y1,y2)(z) = 0, which contradicts the fact that y; and y- are linearly independent.

Therefore yo must have a zero in (x1, x2).

By interchanging the roles of y; and y2, we see that between any two consecutive zeros of s, there
is a zero of y;. Consequently, there cannot be more than one zero of y, between two consecutive

zeros of 1. O

Figure 3.1: Interlacing of zeros of two linearly independent solutions

Corollary 3.12 Suppose one nontrivial solution to y" + P(x)y’ + Q(x)y = 0 is oscillatory on

[a,00). Then all solutions are oscillatory.

Proof. Let y; be a nontrivial solution that has an infinite number of zeros on [a, c0). By the Sturm
separation theorem, if ys is any other solution such that y; and y, are linearly independent, then
1o must have a zero between each consecutive pair of zeros of i, and hence it must also have an
infinite number of zeros on [a, 00). If y; and yo are linearly dependent, then y2 = Ay; since y; is

nontrivial. Thus ys also has an infinite number of zeros on [a, ). ]

Theorem 3.13 Let y be a nontrivial solution of y" + P(x)y’ + Q(z)y = 0 on a closed interval

[a,b]. Then y has at most a finite number of zeros in this interval.

Proof. We assume the contrary that y has an infinite number of zeros in [a, b]. By the Bolzano-
Weierstrass theorem, there exist in [a, b] a point x, and a sequence of zeros x,, not equal to z such
that lim x,, = x¢. Since y is continuous and differentiable at z, we have

n—oo

y(wo) = lim y(zyn) =0

and

J/(20) = lim y(zn) —y(zo) _

n—00 T, — To

By the existence and uniqueness theorem (Theorem 2.1), y must be the trivial solution which is a

contradiction. Therefore, y has at most a finite number of zeros in [a, b]. ]
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3.8 Sturm Comparison Theorem

The equation
y" + P(x)y' + Qz)y =0 (3.8.34)

can be written in the form
w4+ q(x)u=0 (3.8.35)

by putting y = uv, where v = e~z / P47 and ¢(z) = Q(x) — 1P(z)? — 1 P'(z). Itis customary to
refer to (3.8.34) as the standard form, and to (3.8.35) as the normal form, of a homogeneous second
order linear equation. Since v(x) > 0 for all z, the above transformation of (3.8.34) into (3.8.35)
has no effect on the zeros of the solutions, and therefore leaves unaltered the oscillation behavior of

the solutions. Next we shall restrict our discussion on (3.8.35).

Exercise 3.12 Using the substitution y = efﬁu , find the general solution of the equation
y" + 222y + (z* + 22 + 1)y = 0.

Show that the distance between two consecutive zeros of any nontrivial solution is 7.

Ans: y = A% sin(x — 0).

The Sturm Separation Theorem compares the zeros of two solutions to the same equation. For
solutions of two different equations, it may still be possible to relate their zeros. For example,
consider the equations
y" +m?y =0 and v + n’y =0.

The first has a general solution of the form y; () = Aj; sin(m(z — 6;)); and the second, y»(z) =
As sin(n(z — 02)). The distance between consecutive zeros of y; is 7/m, and of yo is 7/n. There-
fore, for n > m, the distance between two zeros of y; is greater than the distance between two zeros
of yo. Thus for n? > m?2 (equivalent to n > m), between two consecutive zeros of y;, there is a

zero of y3. A similar result holds when the constants m? and n? are replaced by functions of z.

Theorem 3.14 (Sturm comparison theorem) Let iy, be a nontrivial solution to

Y +a(r)y=0, a <z <b, (3.8.36)
and let yo be a nontrivial solution to

Y +q@(@)y=0, a<z<b. (3.8.37)

Assume qa(x) > q1(x) for all x € (a,b). If v1 and x5 are two consecutive zeros of yy on (a, b) with
X1 < X9, then there exists a zero of yo in (x1, x2), unless qa(x) = q1(x) on [x1, x2] in which case

y1 and yo are linearly dependent on [x1, z3].

Proof. Suppose y2(z) # 0in (z1, z2). We wish to show that g1 (z) = g2(x) and y;, y2 are linearly
dependent on [z1,x2]. Without loss of generality, we may assume y;(z) > 0 and y2(x) > 0 in

(21, x2). First we have
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L (W (y2,1))= £ (y21 — vhy1) = ¥hyl + vyt — y¥y1 — yhu
=yt — Y3 y1 = va(—qy1) — (—q2y2)1
=y192(¢2 —q1) > 0,
for all z in (x1,22). Hence, W (ya,y1) is non-decreasing on (1, x2). However, since y1(x1) =
y1(z2) = 0 and y; is positive on (z1,x2), we must have i (x1) > 0 and y}(z2) < 0. Therefore,

W (y2,y1)(z1) = y2(z1)y1(w1) > 0 and W (ya, y1)(z2) = ya(w2)y; (v2) < 0.

Since W (y2, y1)(x) is non-decreasing, the only way for it to be nonnegative at 21 and nonpositive
at 2 is W (ya,y1)(z) = 0 for all z in [z1, z2]. This also implies =W (ya,y1)(z) = 0 in [z, 22).
That means ¢, () = g2(z) in [z1, 22]. Then y; and y» satisfy the same equation on [z1, x2], and
their Wronskian vanishes on this interval. Hence, y; and y5 are linearly dependent. |

Remark. The Sturm comparison theorem 3.14 asserts that either y, has a zero between x; and x5

or ya(x1) = ya(x2) = 0 (since y; and y- are linearly dependent in the later case).

Corollary 3.15 Suppose q(z) < 0 for all x € [a,b]. If y is a nontrivial solution of y"' + q(x)y = 0

on [a,b], then y has at most one zero on [a, b).

Proof. Since u(x) = 1 is a solution to the equation ¢’ +0-y = 0 and ¢(z) < 0, it follows from 3.14
that if y has two or more zeros in [a, b], then u must have a zero between them. Since u is never

zero, y can have at most 1 zero in [a, b]. O

Example 3.12 The equation

22y +ay + (@2 —py=0, >0 (3.8.38)

is called Bessel’s equation of order p. For a > 0, let’s discuss the number of zeros in the interval
[a,a + 7). The substitution y = uz ™2 transforms equation (3.8.38) into the following form.

du p? — i

dl‘2+(1_§c2 u=0, x>0. (3.8.39)
Since y = ux~ 3, the distribution of zeros of a solution y to (3.8.39) is the same as the corresponding

solution u to (3.8.39). Let’s compare the solutions of (3.8.39) with those of u” + u = 0. Observe

that u(x) = Asin(x — a) is a solution of v” 4+ v = 0 and has zeros at a and a + 7.

2
Case 1. (p > 1/2). In this case, 4p> — 1 > 0 so that 1 — pm—;i < 1for x in [a,a + 7). By the
Sturm comparison theorem 3.14, a solution to (3.8.39) cannot have more than one zero in [a, a 4 7)
because u(x) = Asin(x — a) does not have a zero in (a, a + ).

2
Case 2. (0 < p < 1/2). In this case, 4p*> — 1 < 0 so that 1 — Px—zi > 1 for z in [a,a + 7). By the
Sturm comparison theorem 3.14, a solution to (3.8.39) must have a zero in (a, a + 7), since a and

a + m are consecutive zeros of u(z) = Asin(z — a).

Case 3. (p = 1/2). In this case, (3.8.39) reduces to " + « = 0, which has the general solution

u(z) = Asin(z — a). Consequently, it has exactly one zero in [a,a + 7).

For further discussion of Bessel’s equation, see section 5.5.
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Exercise 3.13 Show that any nontrivial solution to 4" + (22 — 1)y = 0 has at most one zero in
[—1, 1] but has infinitely many zeros in (—oo, —1) and in (1, 00).

Exercise 3.14 Let y(z) be a nontrivial solution of y” + ¢(z)y = 0, > 0. Suppose ¢(z) > 1/2>
for z > 0. Show that y(x) has an infinite number of positive zeros.

Exercise 3.15 Let g(z) be a continuous increasing function on [0, 00), and ¢ () a nontrivial solution
to
y' +qx)y=0, 0<z<oo0.

Prove that if x;_1, x; and x4 are three consecutive positive zeros of ¢ with ;1 < =y < X441,

then Tip1l — Tt < Tt — Tp—1.-

Exercise 3.16 Show that if w(z) and ¢(z) are continuous on [a, b] and ¢(x) < 0 on [a, ], then a
nontrivial solution ¢ of the equation

Y +w(x)y +q(x)y =0

can have at most one zero in [a, b].

Exercise 3.17 Show that the solution to the boundary value problem

5 2m
vy oy =1 y(0) =0, y(5) =0,
3 4
where f(z) = e~ 3% sin 3z, is y = Be™ ¥ sin (—x) — —¢ 3% sin3x.

2 27



Chapter 4

Linear Differential Systems

4.1 Linear Systems

The following system is called a linear differential system of first order in normal form:

x; =ap(t)xy +---+ ann(t)xn + gn(t),

where a;;(t) and g;(t) are continuous functions of ¢ and * denotes differentiation with respect to ¢.

Denote

z1(t) g1(t) a1 (t)

x)=| | sm=| - |. Aw=

Tn (t) gn(t) Gnl (t)

We call g(t) a continuous vector field, or a continuous vector-valued function, if all its components

are continuous functions. We call A (¢) a continuous matrix, or a continuous matrix-valued function,

if all its entries are continuous functions. Define

2 (t) [z (t)dt

xl (t) [ @ (t)dt

Then the linear system can be written in the matrix form:
x' = A(t)x +g(t).

When g = 0, (4.1.1) is reduced to

4.1.1)

4.1.2)

(4.1.2) is called a homogeneous differential system, and (4.1.1) is called a non-homogeneous system
if g(t) £ 0. We shall also call (4.1.2) the homogeneous system associated with (4.1.1), or the

associated homogeneous system.

51
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Example 4.1

xp = 2my 4 3xo+ 3t

Ty = —x]+x9— T7sint

() =(2 (2 )-(m)

Example 4.2 Given a second order system

is equivalent to

d2
£:x+2y+3t,
d2

it can be expressed into an equivalent first order differential system by introducing more variables.

For this example, let u = 2’ and v = 3’. Then we have

~

u
x4+ 2y + 3t
v
4z 4 5y + 6t

~

~

SRS

Next, we begin with the initial value problem

{ x' = A(t)x +g(t), (4.1.3)

X(to) = X0,

where X is a constant vector. Similar to Theorem 2.1 we can show the following theorem.

Theorem 4.1 Assume that A(t) and g(t) are continuous on an open interval a < t < b containing
to. Then, for any constant vector Xo, (4.1.3) has a solution x(t) defined on this interval. This
solution is unique.

Especially, if A(t) and g(t) are continuous on R, then for any ty € R and xo € R", (4.1.3) has a

unique solution x(t) defined on R.

4.2 Homogeneous Linear Systems

In this section we assume A = (aij(t)) is a continuous n by n matrix-valued function defined on

the interval (a, b). We shall discuss the structure of the set of all solutions of (4.1.2).

Lemma 4.2 Letr x(t) and y(t) be two solutions of (4.1.2) on (a,b). Then for any numbers c1, ca,
z(t) = e1x(t) 4 coy(t) is also a solution of (4.1.2) on (a, b).



4.2. HOMOGENEOUS LINEAR SYSTEMS 53

Definition 4.1 x;(t), - - -, x,(t) are linearly dependent in (a, b), if there exist numbers ¢y, - - -, ¢,
not all zero, such that

axi(t)+- - +ex(t) =0 forall ¢ € (a,b).

x1(t), - - -, x,-(t) are linearly independent on (a, b) if they are not linearly dependent.

Lemma 4.3 A set of solutions x1(t), -+, X.(t) of (4.1.2) are linearly dependent on (a,b) if and
only ifx1(to), -+, X.(to) are linearly dependent vectors for any fixed ty € (a,b).

Proof. Obviously “=>" is true. We show “<=". Suppose that, for some ty € (a,b), x1(to), -,
x,-(to) are linearly dependent. Then there exist constants ¢1, - - , ¢, not all zero, such that

Clxl(to) + -+ CTXT(to) =0.
Lety(t) = e1x1(t) + - - - + ¢ x,-(t). Then y(¢) is the solution of the initial value problem
x'=A(t)x, x(tg)=0.

Since x(t) = 0 is also a solution of the initial value problem, by the uniqueness we have y(¢) = 0
on (a,b), i.e.
axi(t)+--+ex(t) =0

on (a, b). Since ¢;’s are not all zero, x; (t), - - -, X, (t) are linearly dependent on (a, b). O
Theorem 4.4 (i) The differential system in (4.1.2) has n linearly independent solutions.

(ii) Let x1, -+, X, be any set of n linearly independent solutions of (4.1.2) on (a,b). Then the
general solution of (4.1.2) is given by

X(t) = (1X1 (t) + o+ Cnxn(t)a (421)
where c;’s are arbitrary constants.

Proof. (i) Lete;, ---, e, be a set of linearly independent vectors in R™. Fix to € (a,b). For each

7 from 1 to n, consider the initial value problem
x'=At)x, x(to) =e;.

From Theorem 4.1, there exists a unique solution x;(t) defined on (a,b). From Lemma 4.3,
x1(t), -+, X, (t) are linearly independent on (a, b).

(ii) Now let x1(¢), -+, X, (t) be any set of n linearly independent solutions of (4.1.2) on (a, b).
Fix ty € (a,b). From Lemma 4.3, x1(t), - - -, X, (to) are linearly independent vectors. Let X(t)
be any solution of (4.1.2). Then X(to) can be represented by a linear combination of x; (¢g), - - -,

x5, (to), namely, there exist n constants ¢, - - -, ¢, such that

i(to) = 61X1 (to) + 4 5nxn(t0).
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As in the proof of Lemma 4.3, we can show that
X(t) = e1x1(t) + - - + Cuxp(t).

Thus ¢1x1 (t) + - - - + ¢ %, (¢) is the general solution of (4.1.2). O

Recall that, n vectors

a; = R , a, =

ap1 Ann

are linearly dependent if and only if the determinant

aix - QAin
=0.

ap1 Apn

In order to check whether n solutions are linearly independent, we need the following notation.

Definition 4.2 The Wronskian of n vector-valued functions

x11(¢) Z1p (1)
X1(t)= , e Xn(t):
21 (t) Tpn (1)
is the determinant
Ill(t) Ilg(t) e Iln(t)
.’EQl(t) I22 (t) e xgn(t)

Tn1(t) Tpa(t) - Zpn(t)

Using Lemma 4.3 we can show that

Theorem 4.5 (i) The Wronskian of n solutions of (4.1.2) is either identically zero or nowhere zero
in (a,b).
(ii) n solutions of (4.1.2) are linearly dependent in (a,b) if and only if their Wronskian is identically

zero in (a,b).

Definition 4.3 A set of n linearly independent solutions of (4.1.2) is called a fundamental set of

solutions, or a basis of solutions. Let

xn(t) xln(t)
xl(t): , e Xn(t):
T (1) Tnn(t)
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be a fundamental set of solutions of (4.1.2) on (a, b). The matrix-valued function

l‘u(t) l‘lg(t) e xln(t)
B(t) To1(t)  wa2(t) - wan(t)
Tn1(t) Zpa(t) - Xpn(t)

is called a fundamental matrix of (4.1.2) on (a, b).

Remark. (i) From Theorem 4.5, a fundamental matrix is non-singular for all ¢ € (a, b).

(ii) A fundamental matrix ®(t) satisfies the following matrix equation:
' =A)D. 4.2.2)

(iii) Let ®(¢) and W(t) are two fundamental matrices defined on (a, b). Then there exists a constant,

non-singular matrix C such that

Theorem 4.6 Let ®(t) be a fundamental matrix of (4.1.2) on (a,b). Then the general solution of
(4.1.2) is given by
x(t) = ®(t)c, (4.2.3)
€1
where ¢ = e is an arbitrary constant vector.

Cn

4.3 Non-Homogeneous Linear Systems

In this section we consider the solutions of the non-homogeneous system (4.1.1), where A =
(aij (t)) is a continuous n by n matrix-valued function and g(¢) is a continuous vector-valued

function, both defined on the interval (a, b).

Theorem 4.7 Let x,,(t) be a particular solution of (4.1.1), and ®(t) be a fundamental matrix of the

associated homogeneous system (4.1.2). Then the general solution of (4.1.1) is given by
x(t) = ®(t)c + x,(t), 4.3.1)
where c is an arbitrary constant vector.

Proof. For any constant vector ¢, x(t) = ®(t)c + x,(t) is a solution of (4.1.1). On the other hand,
let x(¢) be a solution of (4.1.1) and set y (¢) = x(t) — x,(¢). Then y’ = A(¢)y. From (4.2.3), there
exists a constant vector € such that y(t) = ®(t)¢. So x(t) = ®(¢)€ + x,(t). Thus (4.3.1) gives a
general solution of (4.1.1). O



56 CHAPTER 4. LINEAR DIFFERENTIAL SYSTEMS

Method of variation of parameters.

Let @ be a fundamental matrix of (4.1.2). We look for a particular solution of (4.1.1) in the form
uy (t)

Un (t)

Plugging into (4.1.1) we get
®'u+ Pu' = AdPu+g.

From (4.2.2), ® = A®. So $u’ = g, and thus u’ = &~ 'g.

u(t) = / & !(s)g(s)ds. (4.3.2)

to

So we obtain the following:
Theorem 4.8 The general solution of (4.1.1) is given by

x(t) = ®(t)c+®(t) | B '(s)g(s)ds, (4.3.3)

to

where ®(t) is a fundamental matrix of the associated homogeneous system (4.1.2).

¥ = 3mp—ax9+t

Exercise 4.1 Solve ,
Ty = 2%1 +1

Lol

Ans: 1 = c1et + coe?t — % — i, To = 2c16t + coe?t — % —

4.4 Homogeneous Linear Systems with Constant Coefficients

Consider a homogeneous linear system

x' = Ax, 4.4.1)

where A = (a;;) is a constant n by n matrix.
Let us try to find a solution of (4.4.1) in the form x(t) = ek, where k is a constant vector, k #0.
Plugging it into (4.4.1) we find

Ak = )\k. 4.4.2)

Definition 4.4 Assume that a number A and a vector k # O satisfy (4.4.2), then we call A an
eigenvalue of A, and k an eigenvector associated with \.
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Lemma 4.9 ) is an eigenvalue of A if and only if
det (A—A)=0 (4.4.3)

(where 1 is the n x n unit matrix), namely,

aip — A a2 te A1n
a2y Qg2 — A --- a2n
= 0.
anl an2 S App — A
Remark. Let A be an n by n matrix and A1, Ag, - - -, Mg be the distinct roots of (4.4.3). Then there
exist positive integers my, ma, - - - , my, such that

det(A — AT) = (—1)"(A = A))™ (A — A)™2 - (A — Ap)™,

and

mi+mo+ -+ mg =n.

my; is called the algebraic multiplicity (or simply multiplicity) of the eigenvalue \;. The number of
linearly independent eigenvectors of A associated with A; is called the geometric multiplicity of the

eigenvalue A; and is denoted by p();). We always have
(Ag) < my.

If (X;) = m; then we say that the eigenvalue \; is quasi-simple. Especially if m; = 1 we say that

A; is a simple eigenvalue. Note that in this case \; is a simple root of (4.4.3).

Theorem 4.10 If A is an eigenvalue of A and k is an associated eigenvector, then
x(t) = eMk

is a solution of (4.4.1).
Let A be a real matrix. If )\ is a complex eigenvalue of A, and Kk is an eigenvector associated with
A, then

x; = R(eMk), xp = 3(eMk)

are two linearly independent real solutions of (4.4.1).

In the following we always assume that A is a real matrix.

Theorem 4.11 If A has n linearly independent eigenvectors K1, - - -, k,, associated with eigenval-

ues A1, - -+, A respectively, then

d(t) = (eMky, -, e Mlk,)
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is a fundamental matrix of (4.4.1), and the general solution is given by

x(t) = ®(t)c = c1eMlky + - - + cpelky, (4.4.4)
C1
where ¢ = e is an arbitrary constant vector.
Cn
Proof. We only need to show det ®(t) # 0. Since kg, ---, k,, are linearly independent, so

det ®(0) # 0. From Theorem 4.5 we see that det ®(¢) # 0 for any ¢. Hence ®(¢) is a funda-
mental matrix. If one of the \’s is complex, then replace e*'k and e*'k by Re 'k and Se*'k. The

resulting set of solutions is a linearly independent set over R. ]

Remark. Under the conditions of Theorem 4.11, the eigenvalues A1, -- -, A, of A need not to be
distinct. In fact we only assume that all the eigenvalues of A are quasi-simple.
If A has n distinct eigenvalues A1, -- -, A,, and let kq, - - -, k;, be the associated eigenvectors, then

they are linearly independent. Hence the general solution is given by (4.4.4).
, -3 1
Example 4.3 Solve the system x' = 1 5 X

-3 1
Solution. The matrix A = ( 1 5 has eigenvalues A\; = —2, and Ay = —4.

1
For Ay = —2 we find an eigenvector k; = ( 1 > .

1
For Ay = —4 we find an eigenvector ky = ( . ) .

The general solution is given by

x(t) = cre” ( 1 > + coe™ < _11 ) .

Example 4.4 Solve the system

, -3 1
X = X
1 -3

—2t —4t
and find two linearly independent solutions x; (t) = < ¢ ) , Xa(t) = ( ¢ L ) . The fun-
—e

damental matrix is
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(I’—l - 1 _e—4t _8—475 - 1 €2t th
—De—61 767215 672t 2 e415 764t ’

The general solution is
1 1 1 -1
—2t —4t —2t —2t
= - 2t 2 .

0 1
Example 4.5 Solve x’' = ( 40 )x.

0

Solution. The matrix A = ( A

1
0 ) has eigenvalues £2i.

1
For A\ = 2i, we find an eigenvector k = ( o ) .
i

. 1 1 2t in 2t
et .| =(cos2t + isin 2t) ) COS. +1 St .
24 23 —2sin 2t 2cos 2t
The general solution is given by

) cos 2t n sin 2t
x(t)=c c .
! —2sin 2t 2 2cos 2t

' = =3z + 4y — 2z,

Example 4.6 Solve

Yy =v+z,
2 =6z — 6y + 5z.

Solution. The matrix A = 1 0 1 has eigenvalues Ay = 2, Ao = 1, A3 = —1.
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0
For A\; = 2 we find an eigenvector k; = 1
2
1
For A = 1 we find an eigenvector ko = 1
0
1
For A3 = —1 we find an eigenvector k3 = 0
-1
The general solution is given by
x 0 1 1
Y = ce?t 1 + cqet 1 + cget 0 ,
z 2 0 -1

namely
t

z(t) = coe’ + cze?,
y(t) = c1e®® + coel,

2(t) = 2c1€* — cze".

Example 4.7 Solve x' = Ax, where

2 1 0
A= 1 3 -1
-1 2 3

Solution. The matrix A has eigenvalues \; = 2, A\s = A3 =3 £ 4.

1
For A1 = 2, we find an eigenvector k; = 0
1
1
For A\ = 3 + ¢, we find an eigenvector ko = 1414
2—1

We have
cost +isint
ety = 3 cost —sint + i(cost + sint) ,
2cost + sint 4 i(2sint — cost)
cost
%(e(gﬂ)tkg) =3t cost —sint
2cost +sint
sint
F(eBHiky) = e cost +sint

2sint — cost
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The general solution is

1 cost sint
_ 2t 3t . 3t .
x(t) = cre 0 | +coe cost —sint + c3e cost +sint
1 2cost +sint 2sint — cost

Example 4.8 Solve x’ = Ax, where

1 -2 2
A= -2 1 2
2 2 1

Solution. We have
det(A — AI) = —(A — 3)%(\ + 3).

A has eigenvalues A\ = Ay = 3, A3 = —3 (We may say that, A\ = 3 is an eigenvalue of algebraic
multiplicity 2, and A = —3 is a simple eigenvalue).
For A = 3 we solve the equation Ak = 3k, namely

-2 -2 2 k1
-2 -2 2 ko =0.
2 2 =2 k3
v—u 1 -1
The solution is k = U . So we find two eigenvectors k; = 0 | andky = 1
1 0
1
For A3 = —3 we find an eigenvector k3 = 1
-1
The general solution is given by
1 -1 1
x(t)=c1e® [ 0 | + cpe® 1 +cge 3t 1
1 -1

Now we consider the solutions of (4.4.1) associated with a multiple eigenvalue \, with geometric
multiplicity p()) less than the algebraic multiplicity. The following lemma is proved in appendix 1.

Lemma 4.12 Assume ) is an eigenvalue of A with algebraic multiplicity m > 1. Then the following
system

(A = \)"v =0 (4.4.5)

has exactly m linearly independent solutions.

By direct computations we can prove the following theorem.
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Theorem 4.13 Assume that \ is an eigenvalue of A with algebraic multiplicity m > 1. Let vo # 0
be a solution of (4.4.5). Define

vi=(A=A)vi—y, 1=1,2,--- ,m—1, (4.4.6)
and let

2 tmfl

t
x(t) = M |vo +tvy + §V2 +---+ mvm—l (4.4.7)

Then x(t) is a solution of (4.4.1).

Let v(()l), e V(()m) be m linearly independent solutions of (4.4.5). They generate m linearly inde-

pendent solutions of (4.4.1) via (4.4.6) and (4.4.7).

Remark. In (4.4.6), we always have
(A= A)v,,—1 =0.
If v,,,_1 # 0 then v,,,_; is an eigenvector of A associated with the eigenvalue .

In practice, to find the solutions of (4.4.1) associated with an eigenvalue A of multiplicity m, we first
solve (4.4.5) and find m linearly independent solutions

1 2 m
V(())v V(())’ T V(()L)'

For each of these vectors, say v(()k) , we compute the iteration sequence
v — A -apv®, 1=1,2,-
There is an integer 0 < 57 < m — 1 (j depends on the choice of v((Jk)) such that

vt 2o, (A-2viP =o.

Thus v is an eigenvector of A associated with the eigenvalue . Then the iteration stops and yields

a solution ) )
t . tJ
x®) (1) = M |viF) 4 v 4 Evg’” ot ﬁvg’“) : 4.4.8)
Example 4.9 Solve x' = Ax, where
-1 1 0
A= 0o -1 4
1 0 —4

Solution. From det(A — A\I) = —A(\ + 3)? = 0, we find eigenvalues \; = —3 with multiplicity 2,
and Ay = 0 simple.

For the double eigenvalue A\; = —3, we solve
4 4 4
(A+30)*v=| 4 4 4 |v=0,
1 1 1
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1
and find two linearly independent solutions V(()l) = 0 , V(()2) = 1 . Plugging vél) ,
-1 -1
vi? into (4.4.6), (4.4.7) we get
2
Vgl) =(A+ 3I)V(()1) =| -4 |,
2
1 2
x = e*St(vél) + tv&l)) =e 3 0 +t]| —4 )
-1 2
1
V§2) =(A+ 3I)v(()2) = -2 |,
1
0 1
x® =P vy = || 1 | +t| -2
-1 1
4
For the simple eigenvalue Ay = 0 we find an eigenvector ks = | 4
1
So the general solution is
x(t) = e1xM + eox@ + e3ks
1 2 0 1 4
=cre” 0 |+t =4 || +ce™ 1|+t -2 || +es]| 4
-1 2 -1 1 1

Example 4.10 Solve the system
2 =2x+y+ 2z,

4 —

Yy =—x+4y+ 2z,

2 = 3z.
Solution. Let
2
A= -1 4
0 0 3

The eigenvalue of A is 3 with multiplicity 3. Solving the linear system:

(A —31)%v =

o o o
o o o
o o o
<
I
=
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we obtain 3 obvious linearly independent solutions

1 0
vél) =10 |, VéQ) =| 11, V(()B) =10
0 1

Plugging véj) into (4.4.6), (4.4.7) we get

-1
viV=@a-snvi! = | 1 |,
0
0
vil = -3ty =1 o |,
0
1 -1
x = (v p vy = || o [+t -1 ||
0 0
1
v§2) =(A - 3I)V(()2) =11,
0
0
véQ) =(A - BI)VEQ) = o[,
0
0
x@ = v p vy = || 1 [+t 1 ||
0 0
2
v — a3y = | 2 |,
0
0
v =@Aa-3nvi¥ = 0o |,
0
0 2
x®) = (v vy = || 0 |+t 2
1 0
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The general solution is

x(t) = e1xM + e;x® 4 ¢3x®)

1 -1 0 1
=cet 0o |+t]| -1 + cge3t 1|+t
1\ 0 0 0 0
/0 2
+ C3€3t 0 +t| 2
[\ 1 0

Remark. It is possible to reduce the number of constant vectors in the general solution of x’ = Ax
by using a basis for the Jordan canonical form of A. For details of the Jordan canonical form, see

appendix 1. However the following algorithm usually works well if the size of A is small.

Consider an eigenvalue A of A with algebraic multiplicity m.
Start with r = m. Let vo be a vector such that (A — A\I)"vy = 0 but (A — AXI)""lvy # 0. vq
is called a generalized eigenvector of rank 7 associated with the eigenvalue \. If no such v exists,

reduce 7 by 1. Then
Vo, V1 = (A — )\I)Vo, cer Ve 1 = (A — AI)T_1V0,

form a chain of linearly independent solutions of (4.4.5) with v,._; being the base eigenvector asso-
ciated with the eigenvalue \. This gives  independent solutions of x’ = Ax.

r—1
Xl(t) = 6>\t(V0+tV1 +"‘+ﬁv7~_1).
x—1(t) = eM(vp_a+tv,_1),
x. (1) = eMv,_;.

Repeat this procedure by finding another v which is not in the span of the previous chains of vectors

and the resulting base eigenvectors are linearly independent. Do this for each eigenvalue of A.

Results of linear algebra shows that

(1) Any chain of generalized eigenvectors constitutes a linearly independent set of vectors.

(2) If two chains of generalized eigenvectors are based on linearly independent eigenvectors, then
the union of these vectors is a linearly independent set of vectors (whether the two base eigenvectors
are associated with different eigenvalues or with the same eigenvalue).

Example 4.11 Solve x’ = Ax, where A =

o O O W
O = W O
= w o O
w o o O
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Solution. A has an eigenvalue A\ = 3 of multiplicity 4. Direct calculation gives (A — 3I) =
0 0 00 0 0 0O

0 0 0 00O
(A —3I)2 = , (A —3I)3=0,and (A — 3I)* = 0.
01 0 0 0 00O
0 01 0 01 0 O
1 0
0 0 . . .
It can be seen that vq = 0 and vq = 0 are two linearly independent eigenvectors of A.
0 1
0 0
) 1 0 . 4 4
Together with vo = 0 and vg = L they form a basis of {v | (A — 3I)*v = 0} = R*.
0 0

Note that (A—3I)ve = v3, and (A—3I)vs = v4. Hence {va, v3, v4} forms a chain of generalized
eigenvectors associated with the eigenvalue 3. {v1} alone is another chain. Therefore the general

solution is

2

t
X(t) = e3t <C1V1 + C2(V2 +tvg + 5V4) + Cg(V3 + tV4) + C4V4> .

That is

cqe3t
Ccoe™"
(cat + c3)e3!

(% + c3t + cq)edt

Exercise 4.2 Solve x' = Ax, where

A =
12 10 -5 4
-4 -4 2 -1
1 1 -1 —t—1
— 0 1
Ans: x(t) = cie”! + cqet + cqet + cqet
-2 —2t
-1 2 0 0

4.5 Higher Order Linear Equations
Consider the n-th order linear equation

Y™ +ar )y ot an ()Y + an(t)y = £(2), 4.5.1)
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k
where y(*) = %. We assume that a;(t)’s and f(¢) are continuous functions defined on the interval

(a,b). The associated homogeneous equation is
Y™ +ar(t)y " 4 a1 (0 + an(t)y = 0. 4.5.2)

The general theory of solutions of (4.5.1) and (4.5.2) can be established by applying the results in
the previous sections to the equivalent system.

Recall the initial value problem

y(") +aq (t)y("_l) s an(t)y = f(t)’
y(to) = Yo,
) = 4.5.3)

Ifweletz) =y, 20 = ¢/, 23 = ¢y &1 = y™ 2, x, =y, then (4.5.3) is equivalent to
the following linear system:

)
xh = x3
= ay
x;z—l Tn
xl —an(t)x1 — an_1(t)x2 - — a1 (t)z, + f(¢)
That is
!/
1 0 1 0 0 1 0
T2 0 0 R 0 0 T2 0
z3 = x3 + 0
: 0 0 o0 1 : :
T —an(t) —an-1(t) - —a2(t) —ai(t) T, £t

The initial values can be expressed as

z1(to) Yo
za(to) Y1
z3(to) | = Yo
xn(tO) Yn—1

Thus the first component x1 of each solution of this system corresponds to a solution of the original
nth order linear ODE (4.5.1). In fact a solution of this system gives rise to a vector-valued function

where the ith component is the (i — 1)th derivative of a solution of (4.5.1). That is
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T Yy
T y'
T3 _ "
T y(nfl)

Remarks.

1. The existence and uniqueness theorem for first order differential systems implies the existence
and uniqueness theorem for higher order linear ODEs.

2. The linear structure of the solution space of the homogeneous linear system translates to the linear

structure of the solution space of the homogeneous higher order linear ODE.

y1(t) yn(t)
() Yn(t) , : .
3. Ifx1(t) = . N NOES . are n linearly independent solutions
n—1 n—1
w0 yi' ) (0)
of the equivalent linear system of (4.5.2), then the first components y; (t), . . . , y, (t) of these vector-

valued functions form n linearly independent solutions of (4.5.2).

4. In particular the Wronskian of n solutions of (4.5.2) is the same as the Wronskian of the corre-
sponding n solutions of the equivalent linear system.

That is

W(y17'-~7yn) = W(Xl,...,Xn),

Variation of parameters.
From (4.3.3) we can derive the variation of parameter formula for higher order equations. Consider

a second order equation
y' )y +a(t)y = f(1). 4.5.7)

o ) . Then (4.5.7) is written as

0 1 0
x' = X 458
(—q —p) +(f) 4

Assume y; (t) and y»(t) are two linearly independent solutions of the associated homogeneous equa-

Letz1 =y, 22 =9y, x =
X2

tion
y' +p(x)y + qx)y = 0.

Eventually, we look for a solution of (4.5.7) in the form
Y = u1y1 + u2ya.

Y1 Y2
/

Y1 Yo

matrix version), the corresponding solution of (4.5.8) is in the form x = ®u. That is

D B I B I R B B (4.5.9)
y vio¥ U2 Y1u1 + YoU2

Choose a fundamental matrix ®(¢) = . By the method of variation of parameters (the
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- 1 Y Y2
a(t)"! = ,
Wi\ —vi n
where W () is the Wronskian of y; (¢) and y»(¢). Using (4.3.3), we have
/ —
up \ _ / 1 yz/ Y2 0\ 4
() W)\ -yi wn f

_ [n®)
W)

Now

Thus
Y2 (t)

“O== ]

f)dte, us(t)

ft)de. (4.5.10)
Note that, (4.5.9) implies
! ! / / / / !
YUl T Youz =Y = Y1u1 + Youz + y1u; + yaus.

Hence yyu} + y2uh = 0. Plugging ¥ = yju1 + yhus into (4.5.7) we find yju} + yhusy = f. Solving
these two equations, we find that

/ Y2 /:yil

=Tyl Ty

Again we get (4.5.10).

Linear equations with constant coefficients.

Now we consider linear equations with constant coefficients
Y +ary™ Y+t an Y +any = f(1), (4.5.11)

and the associated homogeneous equation

Y™ +ary Y ey +any =0, (4.5.12)
where a1, - - -, a,, are real constants. Recall that (4.5.12) is equivalent to a system
x' = Ax,

where

0 1 0 0

0 0 0 0

A_ =
0 0 0 1
—0Qp —Qn—-1 e —az —ax

The eigenvalues of A are roots of the equation
detO\I — A) = \"+a \" '+ +a, 1A +a, =0, (4.5.13)

which is the same as the characteristic equation of (4.5.12).

Thus the eigenvalues of A are the same as the characteristic values of (4.5.12).
Then the following result can be deduced using the theory of linear differential system with constant

coefficients.
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Theorem 4.14 Let A1, - - -, Ag be the distinct eigenvalues for (4.5.12), with multiplicity mq, - - -, m
respectively. Then (4.5.12) has a fundamental set of solutions

e)‘lt, te)\lt7 e tml_le)\lt;
........................ : (4.5.14)
oret potst gme—l At
4.6 Introduction to the Phase Plane
Consider a system of two first order equations
/ —

It is called an autonomous system since f and g are independent of ¢. This property implies that if
the pair (z(t), y(t)) is a solution of (4.6.1), then the pair (z(t + ¢), y(t + ¢)) is also a solution of
(4.6.1) for any constant c.

Let the pair (z(t), y(t)) be a solution to (4.6.1). If we plot the points (z(¢),y(t)) on the zy-plane,
the resulting curve is called an integral curve of the system (4.6.1), and the zy-plane is called the
phase plane.

Let F(z,y) = (f(x,y), g(x,y)) be the vector field on the xy-plane defined by f and g. If we plot
the unit vectors defined by those nonzero F(z, y) at various points of the phase plane, we get the so
called direction field of (4.6.1). For any point p(t) = (x(t), y(¢)) on an integral curve of (4.6.1), we
have

p'(t) = (' (t),y'(t)) = (f(z,9), 9(z,y)) = F(z,y).
Thus F(z, y) is everywhere tangent to the integral curve p(t). See figure 4.1.

By eliminating ¢ in (4.6.1), it leads to the equation

dy _ g(z,y)
de  f(z,y)

It is called the phase plane equation. Thus any integral curve of (4.6.1) satisfies the phase plane

equation.

Exercise 4.3 Solve the system /() = 1,y/(t) = 32? + x — 1. Sketch a few integral curves of the
system.

4.7 Linear Autonomous System in the Plane

A linear autonomous system in the plane has the form

2'(t) = anz + apy + by
Y'(t) = az1x + azy + by
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Figure 4.1: Direction field and an integral curve of 2% d = f(=z,y), d—lt’ =g(z,y)

where a;;’s and b;’s are constants. We assume a;ja22 — as1a12 7 0. By a simple translation the
system can always be put in form
2'(t) = ax + by
Yy (t) = cx + dy,
where ad — be # 0. The point (0,0) is called a critical point of (4.7.2) since both ax + by and
cx + dy are zero at x = 0,y = 0. (In general a critical point of (4.6.1) is a solution of the system

(4.7.2)

of equations f(z,y) = 0,g(x,y) = 0.) Corresponding to the critical point (0,0) of (4.7.2), we
have x(t) = 0, y(t) = 0 for all ¢ is a constant solution of (4.7.2). Our interest is to investigate the
behavior of the integral curves near the critical point (0, 0). The behavior of the solutions to (4.7.2)
is linked to the nature of the roots 1 and r, of the characteristic equation of (4.7.2). That is r; and

ro are the roots of the quadratic equation

X2 —(a+d)X + (ad — bc) = 0. (4.7.3)

Case 1. If 1, r5 are real, distinct and of the same sign, then the critical point (0, 0) is a node.

Suppose 1 < rg < 0. The general solution to (4.7.2) has the form

z(t) = c1 Are™t + cg Age™?

4.7.4
y(t) = ClBlerlt + CQBQ@TQt, ( )

where A’s and B’s are fixed constants such that By /A; # By /A5 and ¢, co are arbitrary constants.
When ¢ = 0, we have the solution z(t) = c; A1e™t y(t) = c1Bie™t. For any ¢; > 0, it gives
the parametric equation of a half-line A;y = Bjx with slope B1/A;. Ast — oo, the point on
this half-line approaches the origin (0,0). For any ¢; < 0, it represents the other half of the line
A1y = Byz. Ast — oo, the point on this half-line also approaches the origin (0, 0).

When ¢; = 0, we have the solution x(t) = coA2e™!, y(t) = caBoe™!. In exactly the same way,
it represents two half-lines lying on the line Aoy = Box with slope By/As. The two half-lines
approach (0,0) as t — oco.
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The two lines A1y = Byx and Ayy = Bsx are called the transformed axes, usually denoted by &
and g on the phase plane.

If ¢; # 0 and co # 0, the general solution (4.7.4) are parametric equations of some curves. Since
r1 < 0 and 7o < 0, these curves approach (0, 0) as ¢ — oo. Furthermore,

y i Bie"! +cyBoe™! (1 By/cp)e™ T + By

x cpAjertt +cgdgemt  (cyAy/ep)eriTrt £ Ay’

Asry — 1y <0, we see that £ — % as ¢ — oo so that all the curves enter (0, 0) with slope %.

A critical point is called a node if it is approached and entered (with a well-defined tangent line) by
each integral curve as ¢ — oo or t — —o0. A critical point is said to be stable if for each R > 0,
there exists a positive » < R such that every integral curve which is inside the circle 22 4 y? = r?
for some t = t( remains inside the circle 22 + 32 = R? for all t > t,. Roughly speaking, a critical
point is stable if all integral curves that get sufficiently close to the point stay close to the point. If
the critical point is not stable, it is called unstable. A critical point is said to be asymptotically stable
if it is stable and there exists a circle 22 4+ y? = 73 such that every integral curve which is inside this
circle for some ¢ = ¢ approaches the critical point as ¢ — co. A node is said to be proper if every

direction through the node defines an integral curve, otherwise it is said to be improper.

In our situation, we have (0, 0) is an asymptotically stable improper node. See figure 4.2(i).

If 1 > ro > 0, then the situation is exactly the same except that all curves now approach and enter
(0,0) as t — —oo. So all the arrow showing the directions are reversed. See figure 4.2(ii). The
point (0, 0) is a unstable improper node.

Case 2. If 11, r5 are real, distinct and of opposite sign, then the critical point (0, 0) is a saddle point.
Let’s suppose 71 < 0 < 73. The general solution is still represented by (4.7.4). The two half-line
solutions z(t) = ¢y Aje™, y(t) = ¢1 Bie™" (for ¢; > 0 and ¢; < 0) still approach and enter (0, 0)
as t — oo, but the other two half-line solutions x(t) = coAze™*, y(t) = coBae™! approach and
enter (0,0) ast — —oo. If ¢; # 0 and co # 0, the general solution (4.7.4) defines integral curves
of (4.7.2), but since ; < 0 < ro, none of these curves approaches (0,0) as t — oo ort — —o0. So
(0,0) is not a node. Instead, as t — oo, each of these curves is asymptotic to one of the half-lines
of the line Aoy = Byx; whereas as t — —o0, each of these curves is asymptotic to one of the half-
lines of the line A;y = Bjx. In this case, the critical point is called a saddle point and is certainly
unstable. See figure 4.2(iii).

Case 3. If 1, ry are real and equal, then the critical point (0, 0) is a node.
Let 7y = ro = r. In this case, the general solution may or may not involve a factor of ¢ times €.
Let’s consider first the subcase where ¢ is not present. Then the general solution is

z(t) = cre™, y(t) = coe™,
where ¢; and ¢, are arbitrary constants. The integral curves lie on the lines ¢;y = cox. Whenr > 0,
the integral curves move away from (0,0), so (0,0) is unstable. See figure 4.3(i). When r < 0,
the integral curves approach (0,0) and (0,0) is asymptotically stable. See figure 4.3(ii). In either
situation all integral curves lie on lines passing through (0,0). Because every direction through

(0,0) defines an integral curve, the point (0, 0) is a proper node.
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Now let’s discuss the case where a factor of ¢ times €™ is present. Suppose r < 0. The general

solution can be written in the form

z(t) = c1 Ae™ + ca(Aq + At)e™

4.7.5
y(t) = c1 Be™ + co(By + Bt)e™, ¢ )

where A’s and B’s are definite constants and ¢y, ¢y are arbitrary constants. When ¢, = 0, we obtain
the solutions z(t) = c¢; Ae™, y(t) = ¢; Be™. These are solutions representing the two half-lines (for
¢1 > 0and ¢; < 0) lying on the line § with equation Ay = Bz and slope B/A; and since r < 0,
both approach (0, 0) as t — oco. Also since y/x = B/A, it is clear that both of these half lines enter
(0,0) with slope B/A.
If ¢ # 0, the solutions (4.7.5) are curves. As r < 0, these curves approach (0,0) as t — oc.
Furthermore,

y cBe™ +co(By + Bt)e™  ¢1B/ea+ By + Bt

r c1Ae™ 4+ co(Ag + At)et - c1A/eo + A + At
approaches B/A as t — oo; so these curves all enter (0,0) with slope B/A. We also have y/x —

B/A ast — —oo. Therefore each of these curves is tangent to ¢ as ¢t — +oo. Consequently (0, 0)
is a node that is asymptotically stable. See figure 4.2(iv).

If » > 0, the situation is unchanged except that the directions of the curves are reversed and the
critical point is unstable.

Exercise 4.4 Find and classify the critical point of the system 2’ = 2z +y+ 3,3’ = —3x — 2y — 4.

Case 4. If r1, 75 are conjugate complex but not purely imaginary, then the critical point (0, 0) is a
spiral.

Letr; = a+ i and ro = o — /5. First observe that the discriminant of (4.7.3) is negative. That is
(a+d)? —4(ad — be) = (a — d)? + 4be < 0. (4.7.6)
The general solution of (4.7.2) is given by

x(t) = e™[c1 (A cos Bt — Ag sin Bt) + co(A; sin St + A cos Bt)],

y(t) = e*t[cy (B cos Bt — By sin Bt) + co(By sin Bt + Bs cos St)], 47.7)

where A’s and B’s are definite constants and ¢’s are arbitrary constants.

Suppose o < 0. Then from (4.7.7) we see that x — 0 and y — 0 as ¢ — oo. That means all integral
curves approach (0,0) as t — oco. Next we shall show that the integral curves do not enter (0, 0)
as t — oo. Instead they wind around like a spiral towards (0, 0). To do so, we shall show that the
angular coordinate § = tan~!(y/x) is always strictly increasing or always strictly decreasing. That
is df/dt > 0 forall t > 0, or df/dt < 0 for all t > 0. Differentiating § = tan~!(y/z), we have

df _ zdy/dt — ydz/dt

dt x2 +y?

Using (4.7.2), we get
do  cx® + (d—a)xy — by?

av _ 47.
dt 22 4 2 478)
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Since we are interested in solutions that represent integral curves, we assume x2 + y? # 0. Now
(4.7.6) implies that b and ¢ have opposite signs. Let’s consider the case b < 0 and ¢ > 0. When
y =0, (4.7.8) gives df/dt = ¢ > 0. If y # 0, df/dt cannot be 0. If it were, then by (4.7.8) we have
cx? + (d — a)zy — by? = 0 or c(z/y)? + (d — a)(z/y) — b = 0, for some real number z/y. But
this contradicts the fact that its discriminant also given by (4.7.6) is negative. Thus we conclude that
df/dt > 0 for all t > 0 when ¢ > 0. Similarly in case b > 0 and ¢ < 0, df/dt < 0 for all t > 0.
Since by (4.7.7), x and y change sign infinitely often as ¢ — oo, all integral curves must spiral in to
(0,0) (counterclockwise or clockwise according to ¢ > 0 or ¢ < 0). The critical point in this case is
a spiral, and is asymptotically stable. See figure 4.3(iii).

If @ > 0, the situation is the same except that the integral curves approach (0,0) as t — —oo and
the critical point is unstable. See figure 4.3(iv).

Exercise 4.5 Classify the critical point at the origin and sketch the phase plane diagram for the
system ' = x — 4y, 3y’ = 4x + y. See figure 4.3(v).

Case 5. If 11, 1 are purely imaginary, then the critical point (0, 0) is a centre.
The general solution is given by (4.7.7) without the exponential term. Thus z(¢) and y(¢) are periodic
functions of period 27 so that each integral curve is a closed path surrounding the origin. These

curves can be shown to be ellipses by solving the phase plane equation

dy _cx+dy
dr  ax+by’
See figure 4.3(vi).
Exercise 4.6 Show that integral curves of the system 2’ = — Sy, y’ = S« are circles.

The following result summarizes the above discussion.

Theorem 4.15 Assume (0,0) is an isolated critical point of the linear system ¥’ = ax + by,y’ =
cx + dy, where a,b,c,d are real and ad — bec # 0. Let 71,712 be the roots of the characteristic
equation X? — (a + d)X + (ad — be) = 0. The stability of the origin and the classification of the

origin as a critical point depends on the roots 11,12 as follows.

Roots Type of critical point Stability
distinct, positive improper node unstable
distinct, negative improper node asymptotically stable
opposite signs saddle point unstable
equal, positive proper or improper node  unstable
equal, negative proper or improper node  asymptotically stable
complex value with positive real part  spiral point unstable
complex value with negative real part  spiral point asymptotically stable

purely imaginary centre stable
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//,

(i) Asymptotically stable improper node: roots are real, (ii) Unstable improper node: roots are real, distinct and

distinct and negative positive

75

Z /

(iv) Equal roots r with a factor of ¢, » < O stable. Tra-
jectories are tangent to ¢ at the origin, and parallel to g
when ¢ approaches F-oo.

—

(iii) Unstable saddle point: roots are real and of opposite
sign

Figure 4.2: Improper node and saddle point
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76

(i) Proper node: equal positive roots with no factor of ¢,

unstable

(iii) Spiral curve corresponding to complex roots, real
part of the root o < 0, asymptotically stable, ¢ > 0

Y

7

ﬁ@ m
\F A

(v) Integral curves for ' = = — 4y, y' = 4z + y

(ii) Proper node: equal negative roots with no factor of ¢,

stable

(iv) Spiral curve corresponding to complex roots, real
part of the root & > 0, unstable, ¢ < 0

) .

RN

(vi) A stable center corresponding to pure imaginary

roots

Figure 4.3: Stable and unstable nodes
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4.8 Appendix 1: Proof of Lemma 4.12

Lemma 4.12 Let A be an n x n complex matrix and A an eigenvalue of A with algebraic multiplicity
m. Then
dim{x e C" | (A\I - A)"x =0} =m.

Proof. The proof consists of several steps. Let 7' = {x € C" | (A\I — A)™x = 0}. The space T is
called the generalized eigenspace corresponding to the eigenvalue A.

Step 1. T is a subspace of C™. This is just direct verification.

Step 2. T is invariant under A meaning A[T] C T. This is because if we take a vector x in T,
then (A\I — A)™x = 0 so that A(AI — A)™x = 0, which is the same as (A\I — A)™(Ax) = 0.
Therefore, Ax is alsoin 7.

Step 3. By Step 2 which says that A[T] C T, we may consider A as a linear transformation on
the subspace 7T'. In other words, A : T" — T. Let u be an eigenvalue of A : T — T. That
is Av = pv. Then v € T implies that (A\I — A)™v = 0. Since Av = pv, this simplifies
to (A — u)™v = 0. Being an eigenvector, v # 0 so that u = \. Therefore, all eigenvalues of
A : T — T are equal to \.

Step 4. Let dimT = r. Certainly 7 < n. Then by Step 3, the characteristic polynomial of
A:T — Tis(\—z)". Since T is an invariant subspace of A : C* — C", one can choose a
basis of T" and then extend it to a basis of C™ so that with respect to this new basis of C”, the matrix
A is similar to a matrix where the upper left hand r x r submatrix represents A on 7" and the lower
left hand (n — r) X r submatrix is the zero matrix. From this, we see that (A — z)" is a factor of the

characteristic polynomial of A : C* — C™. Hence r < m.

We also need the Cayley-Hamilton Theorem in the last step of the proof.
Cayley-Hamilton Theorem Let p(z) be the characteristic polynomial of an n X n matrix A. Then

p(A)=0.
Step 5. Let p(z) = (A — 2)™ -+ (A — 2)™* be the characteristic polynomial of A, where
A1, Ag, ..., A are the distinct eigenvalues of A : C* — C”. For each i from 1 to k, let

Ty ={xeC"| (\I—A)™x = 0}.

By Step 4, we have dim7; < m;.
Let f;(z) = (A — 2)™ and g;(2) = f1(2)--- fi(2)--- fu(2), where f;(z) means the polynomial
fi(2) is omitted. Note that f;(2)g;(z) = p(z) for all i.

Resolving ™ into partial fractions, we have the identity

1
—2)" L (Mg —2) "k

1 h h h
Y €O R 1O I 1 C) 7
M —z)m - (MNg—2)™ (A —2)™  (Ag—z)™ (A — z)™*
where hi(z),...,hg(z) are polynomials in z. Finding the common denominator of the right hand

side and equate the numerators on both sides, we have 1 = g1 (2)h1(2) + - - - + gr(2)hi(z). Substi-
tuting the matrix A into this polynomial identity, we have

91(A)h1(A) + -+ ge(A)hi(A) = 1T,
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where I is the identity n X n matrix.

Now for any x € C", we have
g (A)h(A)x+ -+ gr(A)he(A)x = x.

Note that each g;(A)h;(A)x is in T; because f;(A)[g;(A)h;(A)x] = p(A)h;(A)x = 0 by the
Cayley-Hamilton Theorem. This shows that any vector in C" can be expressed as a sum of vectors

where the i-summand is in 7;. In other words,
Cr=T1+To+ -+ 1T

Consequently, my + - --mg =n < dimTj + - - - + dimTy < mq + - - - + my so that dim7; = m;.

Remarks.

1. In fact
C =T @ 0T,

which is the primary decomposition theorem. To prove this, we know from the dimension theorem
that dim7y +dim (7o +- - -+ 7)) = AimC" +dimTy N (T2 +- - - +T%). Thus, n = mq + (ma+- - -+
mg) > my+dim(To+- - -+T%) = n+dimTy N (Ta+- - -+ T} ) so that dimTy N (Ta+- - -+T)) = 0.
That is Ty N (T + - - - + T3) = {0}. Similarly, T; N (T} + - - - + T} + - - - + T}) = {0}, where the
summand ﬁ is omitted for ¢ = 1, ..., k. This proves that 77 + - - - + T} is a direct sum.

2. If A is a real matrix and X is a real eigenvalue of A of algebraic multiplicity m, then 7T is a real
vector space and the real dimension of 7" is . This is because for any set of real vectors in R”, it is
linearly independent over R if and only if it is linearly independent over C.

3. If A is a real matrix and X is a complex eigenvalue of A of algebraic multiplicity m, then X is

also an eigenvalue of A of algebraic multiplicity m. In this case, if {v1,...,Vv,,} is a basis over
C of T, where T}, is the generalized eigenspace corresponding to A, then {¥,...,V,,} is a basis
over C of T5. It can be shown that the 2m real vectors Rvy, ..., Rvy,, Svy, ..., v, are linearly

independent over R and form a basis of (T @ T5) N R™.

Jordan canonical form.

Consider an eigenvalue A of A with algebraic multiplicity m. Let T = {x € C™ | (\I-A)™x = 0}.
We give an algorithm for finding a Jordan basis for 7" such that the matrix representing A on 7" is
in Jordan form. There are many possible choices of the Jordan basis, though the Jordan form will
always consist of the same number of blocks of each size. For instance, the matrix [ is in Jordan
form in any basis.

Definition. Let W be a linear subspace of V. We say that {vy, ..., v;} in V is linearly independent
mod W if ). a;v; € W implies o; = O for all 5. We say that {v,...,v;} is a basis of V mod W
if it is linearly independent mod W and V- = W + span{vy,...,v;}.

To find a basis of V mod W, we can simply choose a basis {vy, ..., vy} for W and extend it to a

basis {v1,...,Vg,V1,...,v;} for V. Then {vy,...,v;} is a basis of V mod W.
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We begin by finding a “cyclic vector” for each Jordan block which generates the Jordan basis for that
block. Let t; = dimKer(A\I— A)%, i = 1,...,m. Note that ;1 — t; is the number of Jordan blocks
of size greater 4, and thus the number of Jordan blocks of size exactly i is s; = (t;—t;—1)— (t;11—1;)
for 0 < @ < k. Here t( is taken as 0. Start with the largest k such that ¢;_; < t;. Note that
1<k<m.

1. Choose a basis {v},...,v;*} of T = Ker(\I — A)* mod Ker(AI — A)*~!. These are the

cyclic vectors for the Jordan blocks of size k. There are sy, = t; — t—1 of them.

2. If k =1, stop. Otherwise, apply AI — A to the cyclic vectors from the previous step to obtain
(AL — A)vi in Ker(AI — A)*~1. The important point is that
{AL=A)vp,...,\I-A)vyF}
k=2

is linearly independent mod Ker(A\I — A)

If k = 2, stop. Otherwise, extend to a basis of Ker(A\I — A)*~! mod Ker(A\I — A)*~2 by
adding {v,lc_17 . ,vZ’ff}, which are then the cyclic vectors for the Jordan blocks of size
k — 1. Since we have extended a list of size si to reach a length ¢, — t;_o, there are

Sg—1 = (tk—1 — tg—2) — (tx — tx—1) of these new cyclic vectors.
3. Repeat step 2, with k replaced by k — 1.

Once the algorithm terminates, we may arrange the basis vectors as follows:

vi, (AL = A)vi, ... vz, (AL — A)vi?,

1 S1
vi,...,vi'}

This puts the Jordan form of A on T into blocks of decreasing size down the diagonal.

(2 0 0 =1 0 0 0 ]
02 -1 0 0 0 O
o0 2 0 -1 -1 0
Example4.12 LetA=| 0 0 0 2 -1 0 -1 |.FindaJordan basis for A.
oo o 0 2 -1 0
00 0 0 O 2 0
L0 o 0o 0 0 0 2 |]




80 CHAPTER 4. LINEAR DIFFERENTIAL SYSTEMS

Solution. 2I — A = has rank 5, so that t; = 2.

S O = O = O O
O O O = O O O

(2l - A)? = has rank 3, so that to = 4.

(2l - A)3 = has rank 1, so that t3 = 6.

O 00000 OO0 00000 QLo o oo oo
O 0O 0O 000 OO0 OO0 O RKE OO0 oo~ O
O 00 000 00000 o R OO0 o m = oo

O O O O OO O o o o o o o

O O OO OO0 OO0 o0 oo oo
O 0O 0O 00 00 OO0 00000 oo oo oo

O O 0O OO0 = H O 00O K MH MO OO oo o o

00 0 0 0 |

(21 — A)* is the zero matrix so that t4 = 7, and so t5 = tg = t7 = 7. Thus k = 4.

As (tqy — t3) — (t5 — t4) = 1, there is 1 Jordan block of size 4.
As (t3 — to) — (ta — t3)

As (ta — t1) — (t3 — t2) = 0, there is no Jordan block of size 2.
As (t1 —to) — (t2 — t1)

= 1, there is 1 Jordan block of size 3.

= 0, there is no Jordan block of size 1.

Lete;, i = 1,...,7 be the canonical basis vectors. From the matrix 2I — A , we know that e, e,
are eigenvectors. Let’s follow the algorithm to find a Jordan basis for A. Start with k = 4.

(k = 4) A basis for Ker(2I — A)* mod Ker(2I — A)? is {eg}. Then (2I — A)(eg) = e3 + es,
which is in Ker(2I — A)3. Extending it to a basis mod Ker(2I — A)?, we get {e3 + e5, e7}. Here
ey is the added vector.

(k=3)(2I — A)(e3 + e5) = ez + ez + e, and (2I — A)(e7) = ey, which are in Ker(2I — A)2.
Extending it to a basis mod Ker (21— A), we get itself {e2 +e3 + €4, €4 }. That is no more extension
is necessary.

(k=2)(2I—A)(ea+e3+es) =e; +e2, (21 — A)(es) = e1. So we choose {e; + ez, e; } to be
the basis for the eigenspace Ker(2I — A).

(k = 1) Stop.
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Therefore, a Jordan basis is

{es,e3 + €5,€2+ €3+ ey, e1 +e3,€7,€4,€1}.

Consequently, the Jordan form of A is

O O O O O O N
O O O O O N
o O O O N = O
SO O O NN = OO
O O N O O O O
SO N = O O O O
N = O O O O O

2 0 0 -1 0 0 0 7
02 -1 0 0 0 O
00 2 0 -1 -1 0
Example4.13 Let A= | 0 0 0 2 -1 0 —1 |.Solvethesystemx' = Ax.
0 0 O 0 -1 0
00 o o 0 2 0
L0 0 0O 0 0 0 2 |

Solution. A has an eigenvalue 2 of algebraic multiplicity 7. We use the Jordan basis {eg, es +
€5,€2 + €3 + e4,€e1 + €3, e7,ey4, e} for A. Thus

x(t) =€e* [ c1(e + t(es +e5) + %(ez +e3+eq)+ %(el +e3))
+co((es +e5) +t(ea +e3+eq) + %(el +e3))
+Cg((€2 +e3+ 84) + t(e1 + 62))
+cy(er + e2)
+es(er +teg + %el)
+cg(eq + teg)
+ereq].

3 0 -1 0 -1
03 0 -1 0
Exercise 4.7 Find a Jordan basis of the matrix A = | 0 0 3 0 —1 |. Hence solve the
0 0 O 3
0 0 O 0 3

system x’ = Ax.

Ans: There is 1 block of size 3 and 1 block of size 2. A Jordan basis is {e5,e; + e3,€1,e4,€3}.
x(t) = e (cl(e5 +t(e; +es)+ gel) + co((e1 +e3) +ter) + cser + ca(eq + tes) + 0562).
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Chapter 5

Power Series Solutions

5.1 Power Series

An infinite series of the form

oo

Z an(x — 20)" = ag + ay(x — x0) + az(x — 29)* + - - (5.1.1)

n=0

is a power series in * — zo. In what follows, we will be focusing mostly at the point 2y = 0. That is

o)
Zanx":ao+a1x+a2x2+~-- (5.1.2)
n=0

m

(5.1.2) is said to converge at a point x if the limit lim Z anx” exists, and in this case the sum of
m—r0o0

the series is the value of this limit. It is obvious that (5717.%) always converges at z = 0. It can be
showed that each power series like (5.1.2) corresponds to a positive real number R, called the radius
of convergence, with the property that the series converges if |x| < R and diverges if |z| > R. It
is customary to put R equal to O when the series converges only at x = 0, and equal to oo when it
converges for all z. In many important cases, R can be found by the ratio test as follow.

If each a,, # 01in (5.1.2), and if for a fixed point = # 0 we have

Qpyrx"tl

apx™

anJrl
an

= lim
n—oo

lim
n— oo

[ =L,

then (5.1.2) converges for L < 1 and diverges if L > 1. It follows from this that

R = lim

n—oQ

An+1
if this limit exists (we put R = o0, if |an/an+1| —> 00)
The interval (—R, R) is called the interval of convergence in the sense that inside the interval the
series converges and outside the interval the series diverges.

Consider the following power series

Zn!x":1+x+2!m2+3!x3+~~ (5.1.3)

n=0

&3
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" 2 3
7'—14‘.%‘-1—*-1-?4‘ (5.1.4)

ot

n=0

It is easy to verify that (5.1.3) converges only at x = 0. Thus R = 0. For (5.1.4), it converges for all

x so that R = oco. For (5.1.5), the power series converges for |z| < 1 and R = 1.

Suppose that (5.1.2) converges for |z| < R with R > 0, and denote its sum by f(z). That is
:Zanx”:a0+a1m+a212+~~ (5.1.6)

Then one can prove that f is continuous and has derivatives of all orders for || < R. Also the series
can be differentiated termwise in the sense that

—Znan "= ay + 2a02 + 3azx? + -,
n=1

oo

Z (n—1Dapz"™ :2a2+3~2a3x+-~-,

and so on. Furthermore, the resulting series are still convergent for |z| < R. These successive
differentiated series yield the following basic formula relating a,, to with f(z) and its derivatives.

_1o

' (5.1.7)
n!

n

Moreover, (5.1.6) can be integrated termwise provided the limits of integration lie inside the interval

of convergence.

If -
x):anaﬁ":bo+b1x+b2m2+~-~ (5.1.8)
n=0
is another power series with interval of convergence |z| < R, then (5.1.6) and (5.1.8) can be added
or subtracted termwise:

o0

flz) £ g(x) = Z(an +b,)x" = (ag £ bo) + (a1 £ by)x + (ag + bo)a® 4 - - (5.1.9)
n=0

They can also be multiplied like polynomials, in the sense that

oo

F@)ga) = car™,

n=0
where ¢,, = agb,, + a1b,—1 + - - - + a,bo.
Suppose two power series (5.1.6) and (5.1.8) converge to the same function so that f(z) = g(x) for

|x] < R, then (5.1.7) implies that they have the same coefficients, a,, = b,, for all n. In particular, if
f(z) = 0forall |z| < R, then a,, = 0, for all n.
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Let f(z) be a continuous function that has derivatives of all orders for |z| < R. Can it be represented
by a power series? If we use (5.1.7), it is natural to expect

F(0)

fa) =3 LW p(0) 4 0+ L2

o1 s (5.1.10)

n!

to hold for all |x| < R. Unfortunately, this is not always true. Instead, one can use Taylor’s

expansion for f(x):

" fk)
py =3 00y m ),
k=0

where the remainder R,, () is given by

fo@) L,
(n+1)! "

for some point T between 0 and x. To verify (5.1.6), it suffices to show that R,(x) — 0 as

R, (z) =

n —» OQ.

Example 5.1 The following familiar expansions are valid for all z.

A T
e = _—= x —_ _— ..
o n! 21 " 3!
© o gp2ntl 23 25
i = —1 n____ = _ — —_ ..
e 7;]( Ve T T E T
s . z2n 22 gt
cose =2 D g =gt

A function f(z) with the property that a power series expansion of the form

f@) =" an(z —x)" (5.1.11)
n=0

is valid in some interval containing the point x¢ is said to be analytic at x¢. In this case, a, is

necessarily given by

(o)
N nl
and (5.1.11) is called the Taylor series of f(x) at (.

Thus e”, sin x, cos x are analytic at all points. Concerning analytic functions, we have the following

Qn )

basic results.

1. Polynomials, e”, sin x, cos = are analytic at all points.

2. If f(x) and g(x) are analytic at z, then f(x) £+ g(x), f(x)g(z), and f(z)/g(x) [provided
g(xg) # 0] are also analytic at xo.

3. If f(z) is analytic at zg, and f~!(z) is a continuous inverse, then f~*(z) is analytic at f(z¢) if
f'(xo) # 0.
4. If g(x) is analytic at xo and f(x) is analytic at g(z¢), then f(g(x)) is analytic at z.

5. The sum of a power series is analytic at all points inside the interval of convergence.
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5.2 Series Solutions of First Order Equations

A first order differential equation y’ = f(x,y) can be solved by assuming that it has a power series

solution. Let’s illustrate this with two familiar examples.

Example 5.2 Consider the differential equation ¢y’ = . We assume it has a power series solution
of the form
y=ag+a1z+ax® +--+az" + - (5.2.1)

that converges for || < R. That is the equation ¢y’ = y has a solution which is analytic at the origin.
Then
"—a;+ 291+ -+ naz” 4+ (5.2.2)

has the same interval of convergence. Since y' = y, the series (5.2.1) and (5.2.2) have the same
coefficients. That is
(n+1)ap+1 = an, allforn=0,1,2,...
1 1

Thus a, = La,_1 = ATy An—2 =+ = urao. Therefore

z2 x> "
y:ao(1+:r+2!+3!+~~-+n!+...>7

where ag is an arbitrary constant. In this case, we recognize this as the power series of e”. Thus the

general solution is y = age”.
Example 5.3 The function y = (1+xz)?, where p is a real constant satisfies the differential equation
(1+2)y =py, y(0)=1. (5.2.3)
As before, we assume it has a power series solution of the form
y=ag+ a1z +axx®+ - +az" +---

with positive radius of convergence. Then

Y = a1+ 2aex+3a3x®+ -+ (n+Dapa™+ -,
vy = ax + 2a22% 4 -+ + A
py = pap+ paix + pasw? + -+ panx™ + -,
Using (5.2.3) and equating coefficients, we have
(n+ 1)ant1 + na, = pan, foralln =0,1,2,...
That is
—-n
an = ———0Qn,
H= T
so that
1 “D(p-2 —1)-(p-n+1
w=pay == o _pre-Dp=2 - _pp-1)---p )
2 2-3 n!
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In other words,

3
I’+ 23 x+...+ n! x +..._

By ratio test, this series converges for || < 1. Since (5.2.3) has a unique solution, we conclude that

—1 —1)(p-2 — 1) (p—n+1
(=1 > pp=V=2) 5 pe-b p-n+t )xn+m7
2 2.3 n!

for || < 1, This is just the binomial series of (1 + z)?.

y:1+px+p(p;1) >, plp—1(p-2) pp—1)--(p—n+1)

(1+a:)p:1—|—px+p

5.3 Second Order Linear Equations and Ordinary Points

Consider the homogeneous second order linear differential equation
y" + P(x)y’ + Qx)y =0 (5.3.1)

Definition 5.1 The point xg is said to be an ordinary point of (5.3.1) if P(z) and Q(x) are analytic
at xo. If at z = xo, P(x) and/or Q(z) are not analytic, then zg is said to be a singular point of
(5.3.1). A singular point x( at which the functions (x — x¢) P(z) and (x — 2¢)%Q(x) are analytic is
called a regular singular point of (5.3.1). If a singular point x is not a regular singular point, then
it is called an irregular singular point.

Example 5.4 If P(z) and Q(«) are constant, then every point is an ordinary point of (5.3.1).

Example 5.5 Consider the equation " + 2y = 0. Since the function Q(z) = z is analytic at every
point, every point is an ordinary point.

Example 5.6 In the Cauchy-Euler equation 4" + %Ly 4 224 = 0, where a; and a; are constants,
the point x = 0 is a singular point, but every other point is an ordinary point.

Example 5.7 Consider the differential equation

1 n 8 _
(ac—l)Qy x(ac—l)yi

v+ 0.

The singular points are 0 and 1. At the point 0, zP(x) = x(1 —x)~2? and 22Q(x) = —8x(1 — )L,
which are analytic at z = 0, and hence the point 0 is a regular singular point. At the point 1, we
have (z — 1)P(z) = 1/(x — 1) which is not analytic at z = 1, and hence the point 1 is an irregular

singular point.

To discuss the behavior of the singularities at infinity, we use the transformation = 1/¢, which con-
verts the problem to the behavior of the transformed equation near the origin. Using the substitution
x = 1/t,(5.3.1) becomes

d?y 2 1 _1\dy 1 _1

— - —=P(-)| —+5Q(-)y=0 532

dt2+<t 2 (t)> a tal (53:2)
We define the point at infinity to be an ordinary point, a regular singular point, or an irregular singular
point of (5.3.1) according as the origin of (5.3.2) is an ordinary point, a regular singular point, or an

irregular singular point.
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Example 5.8 Consider the differential equation

By 1(1 1\dy 1
y+< + >y+y=().

dz? 2\ 22 "2 ) dr ' 223

The substitution z = 1/t transforms the equation into

d?y 3—t\dy 1
T (i e )
dt2+< o )dt+2ty

Hence the point at infinity is a regular singular point of the original differential equation.
Exercise 5.1 Show that the hypergeometric equation
z(l—2)y" +c—(a+b+1)z]y’ —aby =0,

where a, b, c are constants has precisely 3 regular singular points at 0, 1, co.

Theorem 5.1 Let xy be an ordinary point of the differential equation
y' + P(z)y’ + Qz)y =0,

and let ag and a1 be arbitrary constants. Then there exists a unique function y(x) that is analytic
at xg, is a solution of the differential equation in an interval containing x, and satisfies the initial
conditions y(xo) = ag,y (o) = a1. Furthermore, if the power series expansions of P(x) and
Q(z) are valid on an interval |x — xo| < R, R > 0, then the power series expansion of this solution

is also valid on the same interval.

Proof. Let z( be an ordinary point of (5.3.1). That is P(z) and Q(x) are analytic at xy. For

oo

simplicity, we take ©o = 0. Thus P(z) = an:v" and Q(z) = Z gnz™, for |z| < R, with

n=0 n=0
oo
R > 0. We look for a solution of (5.3.1) in form of a power series: y = Z anx" with radius of
n=0

convergence at least R. Here ag and aq are the two given numbers for the initial value problem.

y = Z(n + Dapy12™ = ay + 2a97 + 3azz® + - -

n

Il
o

(n+1)(n 4 2)ans20™ = 2az + (2)(3)azx + (3)(4)agz® + - --

@t
I
NE

n=0

Thus P(x)y’ = <Z pnx") Z(n + Dappr2”
n=0 n=0

= Z lank(k + 1)ak+1] x™.

n=0 Lk=0

Q= (zqnx") (z ) =S [z q]

= n=0 Lk=0
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Substituting these into (5.3.1), we have

Z (n+1)(n+2)ani2 + an,k(k + Dagy1 + an,kak " = 0.
n=0 k=0 k=0

Equating the coefficient of 2™ to 0, we get the following recursion formula for a,,.

n

(n+1)(n+2)ant2 =— Y [(k+ 1)pn_krr1 + Gn_na] (5.3.12)
k=0

For example,

2a3 = —(poa1 + qoao),
(2)(3)az = —(pra1 + 2poaz + qrao + qoar),
(3)(4)as = —(p2a1 + 2p1az + 3poas + q2a0 + qra1 + qoaz),

and soon ...

The formula (5.3.12) determines all as,as, ... in terms of ay and a; so that the power series
o0

Yy = Z an,x” formally satisfies the DE and the given initial conditions. It remains to prove the

n=0
series Z anz", with a,, defined by (5.3.12) converges for |x| < R. Recall R is the radius of
n=0

convergence for

P(x) = anx" and Q(z) = anx". (5.3.13)
n=0

n=0
Let r be a positive number such that » < R. The two series (5.3.13) converge at x = r so that the
terms approach zero and are therefore bounded. Thus there exists a constant M/ > 0 such that

[pnlr™ < M and |g,|r" < M foralln.

Therefore

n

(n+ 1)+ Dlania] < o (ko] +lael) r*

k=0
n

M
< — k+1 kg . .
= rn];)[( + D|ags1] + |ag|] 7™ + M|ansa|r

Let’s consider a sequence {b,, }22 , defined as follow: by = |ag|, b1 = |a1]|, and b, 2 given by

n

M
(n+ D+ 2)bpi2 = — > [k + Dbggy + bl 7% + Mbygar (5.3.14)
k=0
Observe that 0 < |a,| < b, for all n. Now we try to prove that Z byz™ converges for |z| < r.
n=0

o0
Then by comparison test, Z anx™ also converges for |x| < r. Since r is an arbitrary positive

n=0



90 CHAPTER 5. POWER SERIES SOLUTIONS

number less than R, we conclude that Z anx™ converges for |z| < R. We shall apply ratio test to
n=0

show Z bnx"™ converges. From (5.3.14), replacing n by n — 1 and then by n — 2, we obtain

n=0
nn+ )b, = 7% 4+ Mb,,r, and
k=0
M n—2
(n —1)nb,, = 3 ;; [(k + 1)bpy1 + b ¥ 4+ Mb,, 7.

Now multiplying the first equation by 7 and by the second equation, we obtain

n—1

M
rn(n + 1)bn+1 = 7'7747*2 Z [(k —+ 1)bk+1 + bk] 'rk + MbnT‘2

=
= D [k + Dbggr + be] 7 + 1M (nby, + by—1)
k=0

+Mb,,r?
=(n — 1)nb, — Mby,_1r +rM(nb, + b,_1) + Mb,r?
=[(n — 1)n+rMn + Mr?)b,.

Therefore
bny1  (n—1)n+rMn+ Mr?
bn rn(n+ 1)
b1zt . b x L =
Thus lim [~ | = lim —Fg| = u, and the series Z bpz" converges for |z| < r.
n—o0 b,xm n—oo b, T ‘
n—
o0
Consequently, by comparison test the series Z anx™ converges for |z| < r. ]
n=0

Exercise 5.2 Find two linearly independent solutions of 3 — zy’ — 2%y = 0
Ans: yy(z) = 1+ f5a* + g52° + 1o52® + -+ and yo(2) = 2 + §a° + Sa° + ™ + -

Exercise 5.3 Using power series method, solve the initial value problem (1+z2)y” +2xy’ —2y = 0,
y(0) =0,9'(0) = 1.

Ans: y = .

Legendre’s equation
(1=a*)y" — 22y’ + p(p+ 1)y = 0,

where p is a constant called the order of Legendre’s equation.

2
solution of the form y = Y a,x™. Thus the left hand side of the equation becomes

That is P(z) = —12%; and Q(z) = %. The origin is an ordinary point, and we expect a

oo

(1- x2) Z(n + 1) (n+2)apioz™ — 2z Z(n + Dapt12” +p(p+1) Z anT",
n=0 n=0 n=0
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or
Z(n + 1D(n+2)apq0z" — Z(n — Dnapz™ — Z 2nan,x” + Zp(p + Dayz™.
n=0 n=2 n=1 n=0

The sum of these series is required to be zero, so the coefficient of 2" must be zero for every n. This
gives
(n+1)(n+2)apt2 — (n — Vna, — 2na, +p(p + 1)a, =0,

forn = 2,3, ... In other words,

(p*n)(p+n+1)a
(n+1D(n+2)

Ap42 = —

This recursion formula enables us to express a,, in terms of a or a; according as n is even or odd.
In fact, for m > 0, we have

mPp—=2)p—4)---(p—2m+2)(p+H(P+3)---(p+2m—1)

agm = (_]‘) (Qm)' ap,
a _ (_l)m(p— D=3 @p=2m+)p+2)p+4)---(p+2m)
2m+1 — (2m n 1)' 1.

With that, we get two linearly independent solutions

o0 (oo}
Y1 (1’) = Z ang2m and yQ(I) = Z a2m+1x2m+1,
m=0 m=0
and the general solution is given by

y=aq {1 B p(p;!r D2, o= 2)(}94—;- Dp+3)

=2 =Y+ DE+3)p+5) }
6!

x° + x

i [ =D +2) 5, -DE-3)(p+2)(P+4) ;
aT 3! 51

=D =3 -5+ +4)@+6) 7
7! '
When p is not an integer, the series representing ¥; and y» have radius of convergence R = 1. For

example,

_(p—2n)(p+2n+1)
2n+1)(2n+2)

as n —> oo, and similarly for the second series. In fact, by Theorem 4.1, and the familiar expansion

1
1— 22

j2?| — Jal?

=1+22+2*+--- ) |z <1,

shows that R = 1 for both P(x) and Q(x). Thus, we know any solution of the form y = >_ a,z"

must be valid at least for |z| < 1.
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The functions defined in the series solution of Legendre’s equation are called Legendre functions.
When p is a nonnegative integer, one of these series terminates and becomes a polynomial in zx.
For instance, if p = n is an even positive integer, the series representing y; terminates and y; is a
polynomial of degree n. If p = n is odd, y» again is a polynomial of degree n. These are called
Legendre polynomials P, (z) and they give particular solutions to Legendre’s equation

(1—2?)y" —2zy +n(n+1)y =0,

where n is a nonnegative integer. It is customary to choose the arbitrary constants ag or a; so that
the coefficient of 2™ in P, () is (2n)!/[2™(n!)?]. This implies P, (1) = 1. Then

e L1 [—

The six Legendre polynomials are

P() = ]., Pl(CC) =
Py(z) = $(32% — 1), Ps(z) = $(52% — 3x)
Py(z) = $(35z* — 3022 + 3), Ps(z) = (632 — 7023 + 152)

There is also a Rodrigues’ formula for the Legendre polynomial given by

L
nl2n dx™

P, (z) = (2 —1)".

Hermite’s equation
y" —2zy’ + 2py =0,

where p is a constant. The general solution of Hermite’s equation is y(x) = aoy1 () + a1y2(x),

where 2 ) 0 Y )
2p 2°p(p—2 2°p(p—2)(p—4

y(z) = —ﬁxQ—i— ! zt — ol x6+~--,

2(p—1 22(p—1)(p—3 2B(p—-1)p-3)(p-5

By Theorem 4.1, both series for ; and y» converge for all z. Note that y; is a polynomial if p is an

even integer, whereas ¥s is a polynomial if p is an odd integer.

The Hermite polynomial of degree n denoted by H,,(x) is the nth-degree polynomial solution of
Hermite’s equation, multiplied by a suitable constant so that the coefficient of ™ is 2". The first six

Hermite’s polynomials are

H()(.’E) = ]., Hl(.’E) = 2.’E,
Hy(z) = 422 — 2, H3(z) = 823 — 12u,
Hy(z) = 162* — 4822 + 12, Hs(z) = 322° — 16023 + 120z

A general formula for the Hermite polynomials is

H, = (—1)"@"52 d (e_'”z) .

dz™
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5.4 Regular Singular Points and the Method of Frobenius
Consider the second order linear homogeneous differential equation
2*y" +ap(@)y +q(z)y =0, (5.4.1)

where p(x) and ¢(z) are analytic at = 0. In other words, 0 is a regular singular point of (5.4.1).
Let p(x) = po + prz + p2a® + p3a® + -+, and q(2) = go + 12 + g22® + gsz® + - --. Suppose
(5.4.1) has a series solution of the form

y=ua" i anz" = i ananrT 5.4.2)
n=0 n=0

An infinite series of the form (5.4.2) is called a Frobenius series, and the method that we are going
to describe is called the method of Frobenius. We may assume ay # 0 because the series must have
a first nonzero term. Termwise differentiation gives

oo
y = Z an(n +r)z™ (5.4.3)
n=0
and -
y' =Y an(nr)(n e = 1am R 544
n=0

Substituting the series of ¥, ¥’ and " into (5.4.1) yields

[r(r — Dagz” + (r + Draja™ + -] + [pox + pra? + -] - [ragx™ t + (r + Daga” + - - -]
+lgo +qz+ -] [apx” + ayz™t 4 -] = 0.
(5.4.5)
The lowest power of z in (5.4.5) is «”. If (5.4.5) is to be satisfied identically, the coefficient r(r —
1)ag + porag + goag of =" must vanish. As ag # 0, it follows that r satisfies the quadratic equation

T’(T’ — 1) + por + qo = 0. (5.4.6)

This is the same equation obtained with the Cauchy-Euler equation. Equation (5.4.6) is called the
indicial equation of (5.4.1) and its two roots (possibly equal) are the exponents of the differential
equation at the regular singular point x = 0.

Let r; and 75 be the roots of the indicial equation. If r; # ro, then there are two possible Frobenius
solutions and they are linearly independent. Whereas r; = r3, there is only one possible Frobenius
series solution. The second one cannot be a Frobenius series and can only be found by other means.

Example 5.9 Find the exponents in the possible Frobenius series solutions of the equation
20%(1 4+ 2)y” + 3z(1 4+ 2)*y — (1 — 2*)y = 0.

Solution. Clearly = = 0 is a regular singular point since p(z) = 2(1 + 2)? and ¢(z) = —1(1 — z)
are polynomials. Rewrite the equation in the standard form:

3 1
y//+ 5(1+2$+$2) ’ _i(l_x)

Yy +

- = y=0.
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We see that py = 3 and gy = — 3. Hence the indicial equation is
3 1 1 1 1
r(r—1)+§7“—§=7‘2+§r—§=(r+1)(r—§)20,

with roots 7y = % and ro = —1. The two possible Frobenius series solutions are of the forms

oo o0

1
y1(z) = x2 Z anz™ and yo(x) =27 " Z anx"”.
n=0 n=0

Once the exponents r; and ro are known, the coefficients in a Frobenius series solution can be found
by substituting the series (5.4.2),(5.4.3) and (5.4.4) into the differential equation (5.4.1). If vy and
ro are complex conjugates, we always get two linearly independent solutions. We shall restrict our
attention for real solutions of the indicial equation and seek solutions only for x > 0. The solutions
on the interval < 0 can be studied by changing the variable to ¢ = —z and solving the resulting

equation for ¢ > 0.

Let’s work out the recursion relations for the coefficients. By (5.4.3), we have
1 oo (oo}
%p(x)y’ = E <Z pnajn) [Z an(n + T)l‘n+r_1‘|
n=0 n=0
=2 (Z pnx”> lz an(n+r)z"
n=0 n=0
<3 (St )] o

n=0 Lk=0

00 n—1

=g 2 Z [Z Pn—kak(r + k) + poan(r +n)

n=0 Lk=0

z".

Also we have

=$T72E E Gn—kap | 2"

n=0 \k=0
oo

-1
Ly (z A q)
n=0 \k=0

Substituting these into the differential equation (5.4.1) and canceling the term =" ~2, we have

oo n—1
Z {an[(r +n)(r+n—1)+ (r+n)po + qo] + Z ag|(r + k)pn—k + an]} 2= 0.

n=0 k=0
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Thus, equating the coefficients to zero, we have for n > 0,

n—1
an[(r+n)(r+n—1)4 (r+n)po + qo] + Z ar[(r + k)ppn—k + gn—i] = 0. (5.4.7)
k=0
When n = 0, we get 7(r — 1) + rpo + go = 0, which is true because r is a root of the indicial
equation. Then a,, can be determined by (5.4.7) recursively provided

(r+n)(r+n—1)+ (r+n)po +qo # 0.

This would be the case if the two roots of the indicial equation do not differ by an integer. Suppose
r1 > 1o are the two roots of the indicial equation with r; = ro + N for some positive integer N.
If we start with the Frobenius series with the smaller exponent 75, then at the N-th step the process
breaks off because the coefficient ay in (5.4.7) is zero. In this case, only the Frobenius series
solution with the larger exponent is guaranteed to exist. The other solution may not be a Frobenius
series or does not exist. The proof of the following theorem is similar to theorem 4.1, see [4].

Theorem 5.2 Assume that x = 0 is a regular singular point of the differential equation (5.4.1) and
that the power series expansions of p(x) and q(x) are valid on an interval |x| < R with R > 0. Let
the indicial equation (5.4.6) have real roots r1 and ro with r1 > ro. Then (5.4.1) has at least one
solution
oo
Yy =2 Z anz”, (ag #0) (5.4.8)
n=0

on the interval 0 < x < R, where a.,, are determined in terms of ay by the recursion formula (5.4.7)
with r replaced by r1, and the series ZZO:O anx™ converges for |x| < R. Furthermore, if 11 — 79 is

not zero or a positive integer, then equation (5.4.1) has a second independent solution

yi=2"Y ana", (ag#0) (5.4.9)
n=0

on the same interval, where a,, are determined in terms of ag by the recursion formula (5.4.7) with

7 replaced by 15, and again the series Y, a,z" converges for |z| < R.

Remark. (1) If r; = ry, then there cannot be a second Frobenius series solution. (2) If r; —ro = n
is a positive integer and the summation of (5.4.7) is nonzero, then there cannot be a second Frobenius
series solution. (3) If 1y — ro = n is a positive integer and the summation of (5.4.7) is zero, then
an, 1s unrestricted and can be assigned any value whatever. In particular, we can put a,, = 0 and
continue to compute the coefficients without difficulties. Hence, in this case, there does exist a
second Frobenius series solution. In many cases of (1) and (2), it is possible to determine a second
solution by the method of variation of parameters. For instance a second solution for the Cauchy-

Euler equation for the case where its indicial equation has equal roots is given by =" In z.

Exercise 5.4 Find two linearly independent Frobenius series solutions of the differential equation
22%y" + 222+ 1)y —y = 0.

Ans:ylzx(l—%x—F%xQ—i—n-), y2:]}_%(1—x—|—%x2+...).

More precisely, y1 =z Y oo ( @nT3)! z

1
z™and yo = x" 2",
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Example 5.10 Find the Frobenius series solutions of xy” + 2y’ + zy = 0.

Solution. Rewrite the equation in the standard form z2y” + 2xy’ + 2%y = 0. We see that p(x) = 2

and ¢(x) = 2. Thus py = 2 and qo = 0 and the indicial equationis 7(r — 1) +2r =r(r+1) =0

so that the exponents of the equation are r; = 0 and 7o = —1. In this case, r; — r9 is an integer

and we may not have two Frobenius series solutions. We know there is a Frobenius series solution

corresponding to r; = 0. Let’s consider the possibility of the solution corresponding to the smaller
0o )

exponent 7, = —1. Let’s begin with y = 27! Z cpx’ = Z c,x"~!. Substituting this into the

. . . n=0 n=0
given equation, we obtain

Z(n —1)(n—2)cpz" % 42 Z(n — ez 2+ Z cpx =0,
n=0 n=0 n=0

or equivalently

oo oo
Z n(n —1)e,z" % + Z cpz” =0,
n=0 n=0
or
oo oo
Z n(n — 1)cn:£”*2 + Z Cnox" 2 = 0.
n=0 n=2

The casesn = 0andn = 1 reduceto 0 - cyp = 0 and O - ¢; = 0. Thus ¢y and ¢y are arbitrary and
we can expect to get two linearly independent Frobenius series solutions. Equating coefficients, we

obtain the recurrence relation
Cn—2

Cp=————, forn > 2.
nin—1)
It follows from this that for n > 1.
(_1)n 0 (—1)”01
n = "8 N1 d n =
“n = Ty AC 2 T )
Therefore, we have
_ -1 = n _ €0 = (=) 5, 2 - (D" oni1
y=® HZ:OCMC _xngo(Zn)!x +a:n;)(2n—|—1)!$ ’

We recognize this general solution as
1 .
y = —(cocosx + ¢y sinx).
x
If we begin with the larger exponent, we will get the solution (sinz)/x.

Exercise 5.5 The equation 2y’ + (1 — z)y’ + ay = 0, where « is a constant is called the Laguerre
equation. Find a Frobenius series solution of the Laguerre equation. Show that if « = k is a
nonnegative integer, the Laguerre equation has the monic polynomial solution

k
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5.5 Bessel’s Equation

The second order linear homogeneous differential equation

22y + oy + (22 = p*)y =0, (5.5.1)

where p is a constant is called Bessel’s equation. Its general solution is of the form
y = c1dp(z) + oYy (2). (5.5.2)

The function J,(x) is called the Bessel function of order p of the first kind and the Y, (z) is the
Bessel function of order p of the second kind. These functions have been tabulated and behave
somewhat like the trigonometric functions of damped amplitude. If we let y = u/+/x, we obtain

d?u p? — %
) + <1 - > u=0. (5.5.3)

In the special case in which p = :t%, this equation becomes

d*u
— 4+ u=0.
dx?
Hence © = ¢y sinx + ¢5 cos ¢ and
sinx cosT

y=e e (5.5.4)

Also we see that as x — oo in (5.5.3), and p is finite, we would expect the solution of (5.5.1) to

behave as (5.5.4). For the distribution of zeros of the solutions of Bessel’e equation, see section 3.8.

It is easy to see that & = 0 is a regular singular point of Bessel’s equation. Here p(z) = 1 and

q(z) = —p? + x2. Thus the indicial equation is r(r — 1) + 7 — p? = r? — p? = 0. Therefore, the
o0

exponents are p. Let r be either —p or p. If we substitute y = Z cmx™1" into Bessel’s equation,

m=0
we find in the usual manner that ¢; = 0 and that for m > 2,

[(m+7)* = p?lem + e =0 (5.5.5)

The case r = p > 0. If we use r = p and write a,, in place of c,,, then (5.5.5) yields the recursion

formula
Am—2
am == 5.5.6
m(2p +m) ( )
As a; = 0, it follows that a,, = 0 for all odd values of m. The first few coefficients a,, for m even
are
ag ago
g = — = - )
2(2p+2) 22(p+1)
ag agpn
a4 = — = ;
ToAp+d) 2020+ 1)+ 2)
aq agp

T T62p+6)  26-2.3(p+ D(p+2)(p+3)
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In general, one can show that

_ (_1)m,a0
22mml(p+1)(p+2)--- (p+m)

a2m
Thus we have a solution associated with the larger exponent p

_ - (_1)m m—+p
D TR T

m=0

If p = 0, this is the only Frobenius series solution. In this case, if we choose ap = 1, we get a

solution of Bessel’s equation of order O given by

x €T €T X

(o]
J = ——— _—— —— e,
o) mz::() 22m ()2 1 "1 2300 "

(71)m 2m 2 4 6

This special function Jy(z) is called the Bessel function of order zero of the first kind. A second
linearly independent solution can be obtained by other means, but it is not a Frobenius series.

The case 1 = —p < 0. Our theorem does not guarantee the existence of a Frobenius solution
associated with the smaller exponent. However, as we shall see, it does have a second Frobenius
series solution so long as p is not an integer. Let’s write b,,, in place of ¢, in (5.5.5). Thus we have
by = 0 and form > 2,

m(m — 2p)by, + b2 =0 (5.5.7)

Note that there is a potential problem if it happens that 2p is a positive integer, or equivalently if p
is a positive integer or an odd integral multiple of % Suppose p = k/2 where k is an odd positive
integer. Then for m > 2, (5.5.7) becomes

m(m — k)b, = —by_o (5.5.8)

Recall by = 0sothatbs =0,b5 =0, ---, by_2 = 0 by (5.5.8). Now in order to satisfy (5.5.8) for
m = k, we can simply choose by, = 0. Subsequently all b,,, = 0 for all odd values of m. [If we let
by, to be arbitrary and non-zero, the subsequent solution so obtained is just biy; () if we also take
bo = 0. Thus no new solution arises in this situation.]

So we only have to work out b,,, in terms of by for even values of m. In view of (5.5.8), it is possible
to solve by, in terms of b, _o since m(m — k) # 0 as m is always even while k is odd. The result is

the same as before except we should replace p by —p. Thus in this case, we have a second solution

R (=™
ve=bo ) 22mml(—p+1)(=p+2)--- (—=p+m)

m=0

x2m—p.

Since p(x) = 1 and q(x) = 2% —p? are just polynomials. The series representing y; and yo converge
for all x > 0. If p > 0, then the first term in y; is agx?, whereas the first term in g5 is bpx~P. Hence
y1(0) = 0, but yo(z) — 400 as x — 0, so that y; and y, are linearly independent. So we have

two linearly independent solutions as long as p is not an integer.
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If p = n is an nonnegative integer and we take ag = ﬁ, the solution y; becomes
oo
-1 m T 2m—+n
J=3 =) (L),
m!(m +n)! \2
m=0

Jy, 1s called the Bessel function of the first kind of integral order n.

Remarks.
1. For Bessel’s equation of order p, if p is not an integer, the factorials in J,, can be replaced by the
so called Gamma functions and the general solution is Y = ¢; J}, + c2.J_;. Here

B e (_]_)m x\ 2m=Ep
Jipizmll“(min—i—l) (5) '

m=0
If p is an integer, (5.5.7) can still be used to get a solution J_,, but it turns out it is just (—1)?.J,,
so there is only one Frobenius series solution. A second solution can be obtained by considering the

function
Jp(x) cospm — J_p(z)

sin pm

Yy(z) =

If p is not an integer, Y), is a solution of Bessel’s equation of order p as it is a linear combination of
Jp and J_,,. If p approaches to an integer, the expression of Y}, gives an indeterminate form as both
the numerator and denominator approach zero. To get a second solution when p = n is an integer,

we take limit as p tends to n to get a solution Y,.

Yo (x) = lim 22005 = (@) 1[0y gy
" p—n sin p p—=n 7w | Op

n 8‘]—10
op |’

This limit was first evaluated using L’Hopital’s rule by Hankel in 1868. Y, is called a Bessel function

of the second kind, and it follows that y = ¢;J,, + c2Y, is the general solution of Bessel’s equation

in all cases, whether p is an integer or not. For a general form of Y, see [2].

2. The case r; = 73. Let L(y) = x2y” + xp(z)y’ + q(x)y. We are solving L(y) = 0 by taking
a series solution of the form y(z) = =" Y~  ja,z™. If we treat r as a variable, then a,’s are
functions of r. Thatis y(x,r) = " Y " ; a,(r)z™. Substituting this into L(y) and requires it to be
a solution, we get (5.4.7), which can be used to determine a., (1) recursively provided

(r+n)(r+n—1)+ (r+n)po+ qo # 0.

When 7 is near the double root r; = ro, this expression is nonzero so that all a,, can be determined
from (5.4.7). This means
L(y(z,r)) = ao(r —r1)*a".
So if ag # 0, we take r = r1, we get one Frobenius series solution y; (). Now let’s differentiate
the above equation with respect to . We get
oy _ 0
or’  or
Evaluating at » = 71, we obtain
Jy
L(== = —L
(5] )= 2L

T="r1

L( L(y) = ao[(r — r1)?z" Inz + 2(r — ry)a"].
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Consequently, we have the second solution

yo(z) = ?(m, r)=x"Inz Z an(r)z"+z" Z a'n(ri)z™ =y (x) Inz+a™ Z a'y(ry)z™.
r

n=0 n=0 n=1

Note that the sum in the last expression starts at n = 1 because q is a constant and af, = 0.
If we apply this method to Bessel’s equation of order p = 0, we get by choosing ag = 1 the solutions

yi(z) = i ((nll)): (g)Qn, and

ya(z) = y1(2) Inz — Z Y H(n) (g>2n’

where H(n) =37 1.

3. The case r; — 75 is a nonnegative integer
Consider
ey +ap(x)y +q(x)y =0, >0,

where p(z) = Y7 ppx™ and q(z) = 377 gna™. Let 71 and o be the roots (exponents) with
r1 > 19 of the indicial equation r(r — 1) 4+ por + go = 0.

Write 71 = ro + m, where m is a nonnegative integer. Let y; = 2" > ", a,z" be a Frobenius
series solution corresponding to the larger exponent 7;. For simplicity, we take ag = 1.

Letu = 2" % >  b,2" and make a change of variable:
y(z) = u(z) — bpyi(z) Inz.

We get

?u” + xp(z)u’ + q(z)u = by [22y) + (p(x) — D).

Now let’s substitute u = =" ZZOZO b, xz™ to see if we can determine the b,,’s. Note that the first term
in the power series expansion of by, [2zy| + (p(x) — 1)y1] is mb,, with m > 0.
Hence after substituting the power series of « into the above equation, we have

(ro(ra — 1) + pora + qo)box™ + Ayz™ ™ 4o+ Apa™ ™ 4o = mbya™ - . (5.5.9)

The first term on the left hand side is O as r5 is a root of the indicial equation. This means by can
be arbitrary. The coefficients A;, Ao, ... are given by the main recurrence relation (5.4.7). Thus by
equating Ay, ..., A,,_1 to 0, one can determine b, . . . b,,, 1. The next term on the left hand side of
(5.5.9) is the coefficient A,,, of ™. In the expression of A,, given by (5.4.7), the coefficient of b,,
is 0. Previously, this forbids the determination of b,,, and possibly runs into a contradiction. Now
on the right hand side of (5.5.9), if m > 0, then one can determine b,,, by equating the coefficients
of ™ on both sides. From then on, all the subsequent b,,’s can be determined and we get a solution
of the form y(x) = u(z) — byy1(z) Inz. Note that if b,, = 0 in this determination, then a second

Frobenius series solution in fact can be obtained with the smaller exponent 5.
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Example 5.11 Consider 22y” + 2y = 0. Here p(z) = 0,q(x) = z. The exponents are 0 and 1.

Hence m = 1. Corresponding to the exponent 1, the recurrence relation is n(n + 1)a, + a,—1 =0
forn > 0.

‘We have the solution

Now by[2a9] + (p(@) — D] = bi(20(1 — 2 + La? — ) — (& — La? + 2P — )] =
bilr — 322 + Za% — ).

2

Substituting u = 2% Y7 b, 2" into z?u” + zu = by [2zy] + (p(x) — 1)y1], we get

0-(0—1)bo+[(1)(0)by 4+bo]z4[(2) (1)ba+-b1 ]2 4+[(3) (2)b3+-bo] x> 4 - - = by [x— =a® 4+ —ax3—---].

Comparing coefficients, we have by = by, 2b5+b; = —%bl and 6b3+by = %bl, ---. Thus by = by,
by = *%bo, by = %bo, ... Therefore u = bo(1 +x — %xz + 1—58:):3 —--+). By taking by = 1, we

get the solution y = (1 + 2 — 22 4+ Za® — -+ ) —y1 () Inz.

If m = 0, then 7y = r5 and the first terms on both sides of (5.5.9) are 0. Thus we can continue to

determine the rest of b,,’s. In this case, the In term is definitely present.
Exercise 5.6 Find the general solution of the differential equation
221+ 2%)y” — 2(1 + 22 + 32%)y’ + (z + 52%)y = 0.

Ans:yy = 2*(1+a+5a?+--+), yo = (1+2+222+ §2% +- -+ ) — 21 In 2. The general solution
is a linear combination of y; and ys.
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5.6 Appendix 2: Some Properties of the Legendre Polynomials
The Legendre polynomial P, (x) is a polynomial of degree n satisfying Legendre’s equation
(1—2?)y" = 2zy + n(n+ 1)y =0,

where 7 is a nonnegative integer. It is normalized so that the coefficient of ™ is (2n)!/[2"(n!)?].
Explicitly it is given by

L Coren -2k

There is also a Rodrigues’ formula for the Legendre polynomial given by
1 dr

2 n
nl2n dzn (2 = 1)

P, (z) =

Note that in Rodrigues’ formula, the coefficient of ™ is (2n)!/[2"(n!)?]. We can use Rodrigues’
formula to show that P, (1) = 1. By this formula, we have 2" P, (1) is the coefficient of (z — 1)" in
the Taylor polynomial expansion of (2% — 1) atz = 1. As (22 — 1)" = (z — 1)"(z — 1+ 2)" =
(x—1)"[(x —1)" +n(z—1)""12+...42"],itis clear that the coefficient of (z — 1)™ is 2™. Thus
P,(1)=1.

The Legendre polynomial P, (z) has the generating function ¢(Z) = (1 — 22Z + Z2)~2 = (1 +
Z% — 2zZ)~%. Thatis P,(z) is the coefficient of Z” in the expansion of ¢. To see this, let’s
expand ¢ as a power series in Z. It can be shown under the condition that |x| < 1, this power series

converges to ¢(Z) for |Z] < 1. That is

6(2) =" A,2", for|Z| < 1,]a| < 1. (A1)

n=0
Using Binomial expansion,
(-3)(=3-1)

2!
we see that A,, is a polynomial in z of degree n. If we let z = 1, we obtain

1
(1+ZQ—2:CZ)—%:1—5(22—2x2)+ (22 —222)% 4 -+,

W D)oe1 =(1 =224+ 2 3 =(1-2) ' =142+ 22+ 23+, |Z]<1.

Hence A, (1) = 1 for all n. Now, if we can show that A,, satisfies Legendre’s equation, it will be
identical with P, (z) as the A,,’s are the only polynomials of degree n that satisfy the equation and
have the value 1 when x = 1. Differentiating ¢ with respect to Z and x, we obtain
9 _
oz
o¢ o
Z— =(x—2)—.
oz =" D
Substituting (A.1) into (A.2) and equating the coefficients of Z" !, we obtain

(1—2Zx+ 7% (x — Z)o, (A2)

(A3)

nA, — (2n—1)zA,-1 +(n—1)A4,_2=0 (A4
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Also substituting (A.1) into (A.3) and equating the coefficients of Z"~!, we obtain

dAn—l dAn—Q _
P P (n—1)A,_1 (A.5)
In (A.5), replace n by n + 1 to get
Ay _dAny _ oy (A.6)

x dx dx

Now differentiate (A.4) with respect to x and eliminate dA,,_o/dx by (A.5), we have

dAn dAn—l
— X

dx dx
We now multiply (A.6) by —z and add it to (A.7) and obtain

=ndA,_; (A7)

dA,,
dx

Differentiating (A.8) with respect to x and simplifying the result by (A.6), we finally obtain

(1—2?) =n(A,_1 —zA,) (A.8)

d?A,, oy dA,
dx? dx

+n(n+1)A, =0 (A.9)

This shows that A,, is a solution of Legendre’s equation. Using this generating function and Legen-

dre’s equation, it can be shown that P, (x) satisfy the following orthogonal relations.

/_11 Py (2)Po(z) dz = { (:nil iz iz . (A.10)

Yy

Po(x) 1

Pi()
Py(a)
Py()
Py(z)
Py(a)
1l

Figure 5.1: The Legendre polynomials
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Chapter 6

Fundamental Theory of ODEs

6.1 Existence-Uniqueness Theorem

We consider the initial value problem

d
% :f(tax)a l‘(to) = To, (6.1.1)

Definition 6.1 Let G be a subset in R2. f(¢,z) : G — R is said to satisfy a Lipschitz condition
with respect to x in G if there exists a constant L > 0 such that, for any (¢, z1), (t,z2) € G,

|f(t,21) = f(t,22)| < L|z1 — 2.
L is called a Lipschitz constant.
Theorem 6.1 (Picard) Ler f(t,x) be continuous on the rectangle
R:|t—to] <a,|x—29| <b (a,b>0),

and let
|f(t,2) <M

forall (t,x) € R. Furthermore, assume f satisfies a Lipschitz condition with constant L in R. Then

there is a unique solution to the initial value problem

dx
i flt,x), z(to) =0
on the interval I = [ty — o, g + «, where oo = min{a, b/M }.

Proof of the existence of solution will be given in section 6.2 and 6.3. The uniqueness of solution

will be proved in section 6.5.

Example 6.1 Let f(t,2) = 2%¢~" sint be defined on
G={(t,z)eR?:0<x <2}

Let (t,z1), (t,22) € G.

105



106 CHAPTER 6. FUNDAMENTAL THEORY OF ODES

|f(t,@1) — [t 22)]
2

|z2e~ sint — x3e”

¢

t

2 .
sin |
e~ sint||z) + za||z1 — 22|

(D) (4)|z1 —

IA

Thus we may take L = 4 and f satisfies a Lipschitz condition in G with Lipschitz constant 4.
Example 6.2 Let f(t,z) = t/x be defined on
G={(t,x)eR*:0<t<1,0<2<1}.

Consider the two points (1, z), (1,0) € G. We have |f(1,z) — f(1,0)| = vz = ﬁm —0l.
However, as x — 0T, % — 400, so that f cannot satisfy a Lipschitz condition with any finite
constant L > O on G.

Proposition 6.1.1 Suppose f(t,x) has a continuous partial derivative f,(t,x) on a rectangle R =
{(t,z) € R%2:a, <t<ag, by <z< by} in the tz-plane. Then | satisfies a Lipschitz condition on
R.

Proof. Since | f, (¢, z)| is continuous on R, it attains its maximum value in R by the extreme value
theorem. Let K be the maximum value of | f, (¢, 2)| on R. By mean value theorem, we have

[f(t20) = [t 22)| = |fa(t, 0|21 — 22,

for some c between z; and x5.

Therefore,
|f(t, ) — f(t, 22)| < K|z — 22|

for all (t,z1), (t,z2) € R. Thus, f satisfies a Lipschitz condition in R with Lipschitz constant K .[J
Example 6.3 Let f(¢,2) = 22 be defined on
G={(t,x) eR*:0<t<1}.

First

|f(t,21) — f(t,m2)] = 2] — 23] = |21 + 22|21 — 22].

Since z; and x5 can be arbitrarily large, f cannot satisfy a Lipschitz condition on G. If we replace
G by any closed and bounded region, then f will satisfy a Lipschitz condition.

6.2 The Method of Successive Approximations

We will give the proof of Theorem 6.1 in several steps. Let’s fix f(¢, ) to be a continuous function
defined on the rectangle

R:|t—to| <a, |z —x0| <b(a,b>0).
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The objective is to show that on some interval / containing ¢, there is a solution ¢ to (6.1.1). The
first step will be to show that the initial value problem (6.1.1) is equivalent to an integral equation,

namely .
2(t) = 70 + / F(s,a(s)) ds. 62.1)
to

By a solution of this equation on I is meant a continuous function ¢ on I such that (¢, ¢(¢)) isin R
forallt € I, and

o(t) = 0 + /t f(s,0(s))ds.

Theorem 6.2 A function ¢ is a solution of the initial value problem (6.1.1) on an interval I if and
only if it is a solution of the integral equation (6.1.2) on I.

Proof. Suppose ¢ is a solution of the initial value problem on /. Then

¢'(t) = f(t, () 6.2.2)

on I. Since ¢ is continuous on I, and f is continuous on R, the function f(t, ¢(t)) is continuous on
I. Integrating (6.2.2) from ¢ to ¢ we obtain

¢m—¢mn=[f@¢@»w.

Since ¢(tg) = xo, we see that ¢ is a solution of (6.2.1).

Conversely, suppose ¢ satisfies (6.2.1). Differentiating we find, using the fundamental theorem of
Calculus, that ¢'(t) = f(t,¢(t)) for all ¢ € I. Moreover, from (6.2.1), it is clear that ¢(tg) = xg
and thus ¢ is a solution of (6.1.1). O

As a first approximation to the solution of (6.2.1), we consider ¢g defined by ¢o(¢t) = xo. This
function satisfies the initial condition ¢ (tg) = ¢, but does not in general satisfy (6.2.1). However,

if we compute
t t
or(0)=z0+ [ fls,00(0)ds =0+ [ f(s,m0)ds,
to to

we might expect ¢; is a closer approximation to a solution than ¢q. In fact, if we continue the
process and define successively

t
oo(t) = zo, Or+1(t) = xo + / f(s,dx(s))ds, k=0,1,2,... (6.2.3)
to

we might expect, on taking the limit as k — oo, that we would obtain ¢y (t) — ¢(t), where ¢ would
satisfy

t
o(t) =z + | f(s,0(s))ds.
to
Thus ¢ would be our desired solution.

We call the functions ¢q, ¢1, @2, - - - defined by (6.2.3) successive approximations to a solution of
the integral equation (6.2.1), or the initial value problem (6.1.1).

Example 6.4 Consider the initial value problem 2’ = ¢z, x(0) = 1.
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The integral equation corresponding to this problem is

a?(t)zl—i—/ols-x(s)ds,

and the successive approximations are given by
t
¢0(t) = 17 ¢k+1(t) = 1+/ S¢k(8)d87 k:O71727-”'
0

Thus ¢1(t) = 1+ [J sds = 1+ 5, ¢o(t) = 1+ [1 s(1+ 5)ds = 1+ £ + £, and it may be
established by induction that

w1 (B) e (5) e (5)

We recognize ¢ (x) as a partial sum for the series expansion of the function ¢(t) = et’/2. We know
that this series converges for all ¢ and this means that ¢, (t) — ¢(t) as k — oo, for all x € R.
Indeed ¢ is a solution of this initial value problem.

Theorem 6.3 Suppose |f(t,x)| < M for all (t,x) € R. Then the successive approximations ¢y,
defined by (6.2.3), exist as continuous functions on
I+ |t—to| < a=minfa,b/M},
and (t, p(t)) isin R for t € 1. Indeed, the ¢y,’s satisfy
|61 (£) — ao| < M]t — to| (6.2.4)
forallt € I.

Note: Since fort € I, |t — to| < b/M, the inequality (6.2.4) implies that |¢x(t) — 2| < b for all
t € I, which shows that the points (¢, ¢x(t)) are in R fort € 1.

The geometric interpretation of the inequality (6.2.4) is that the graph of each ¢y lies in the region
T in R bounded by the two lines x — g = M(t — ty), * — xg = —M (t — to), and the lines
t—t0:a7 t—t():—Oé.

xo+ b

to —a to+a

to —at-. o+ a

Io—b

Figure 6.1: The graph of each ¢y, lies in the region T"
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Proof. We prove it by induction on k. Clearly ¢q exists on I as a continuous function, and satisfies
(6.2.4) with £ = 0. Now suppose the theorem has been proved for the functions ¢q, ¢1, ..., Ok,
with k& > 0. We shall prove that it is valid for ¢41. By induction hypothesis, the point (¢, ¢y (t))
isin R for t € I. Thus the function f (¢, ¢x(t)) exists for ¢ € I and is continuous on I. Therefore,
@k+1, Which is given by

mﬂ@=%+[f@m@M&

exists as a continuous function on /. Moreover,

|pry1(t) — wo| < < M|t — to,

) £ (s, dx(s))| ds

which shows that ¢ satisfies (6.2.4). O

6.3 Convergence of the Successive Approximations
We now prove the main existence theorem
Theorem 6.4 Let f(t,x) be continuous on the rectangle
R:jt—to| <a, |z —xz0] <b (a,b>0),
and let
[f(t,2)| < M

forall (t,z) € R. Furthermore, assume [ satisfies a Lipschitz condition with constant L in R. Then

the successive approximations

t
¢0(t) = To, st?-‘rl(t) :.T0+/ f(87¢k(5))d57 k2071727"'
to

converges uniformly on the interval I = [tg — o, tg + «] with « = min{a,b/M}, to a solution of

d
the initial value problem o _ f(t,x), z(tg) = zoon L.

dt

Proof. (a) Convergence of {¢i(t)}. The key to the proof is the observation that ¢, may be written
as

b = do + (¢1 — ¢o) + (d2 — ¢1) + - + (o — Pr—1),
and hence ¢ (t) is a partial sum for the series

[e )

Go(t) + > [dp(t) — dp—1(t)]. (6.3.1)

p=

—

Therefore to show that the sequence {¢x(¢)} converges uniformly is equivalent to show that the
series (6.3.1) converges uniformly.
By Theorem 6.3, the functions ¢y, all exist as continuous functions on I, and (¢, ¢,,(t)) is in R for
t € I. Moreover,

61(t) — do(B)] < Mt — o], 632)
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for t € I. Next consider the difference of ¢5 and ¢;. We have
t
Pa(t) — #1(1) :/ [f(s,01(s)) — f(s,90(s))] ds.
to

Therefore

lp2(t) — p1(t)] <

)

t
[ 15,0150 = £, 60(5)) s
to
and since f satisfies a Lipschitz condition
|f(t,.731) - f(t,$2)| < L|JZ1 - $2|,

we have

|¢2(t) — ()| < L

/t 161(5) — do(s)| ds

Using (6.3.2), we obtain
t

h2(t) — o1 (8)] < ML| [ |5 — to| ds|.
to
Thus if t > to, |
— 2
[62(8) = 61.(2)] SML/ (5 — to) ds = M
to

The same result is valid in case ¢ < .
We shall prove by induction that

MLP7L|t — to?
<

|pp(t) — Pp_1(t)] < o (6.3.3)

forallt € I.
We have proved this for p = 1 and p = 2. Let’s assume ¢t > ty. The proof is similar for ¢ < ¢.
Assume (6.3.3) is true for p = m. Using the definition of ¢,,,+1 and ¢,,, we have

Pmr1(t) — Pm(t) =/ [ (s, m(s)) = f (s, dm—1(s))] ds,

to
and thus

|Pm+1(t) — dm ()| <

] |f(sv¢m(s)) - f(s’¢m71(8))| ds

Using a Lipschitz condition, we get

|pmi1(t) — dm(t)] < L

/t Gun(5) — dmas(5)] ds

By induction hypothesis, we obtain

|pm41(t) — dm(t)] <

ML™
m!

t 1
ML™|t — to|™*
/ |S—t0md8’= | ol .
to (m+1)!

Thus, (6.3.3) is true for all positive integer p.

Since |t — to| < a for all ¢ € I, we can further deduce from (6.3.3) that
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MLP~'a? M (La)?

ol =7 (6.3.4)

|0p(t) = dp-1(t)] <

o0
. : M (La)P .
Since the series E f( ') converges to %(eLa — 1), we have by Weierstrass M-test that the
p!
p=1

series

o(t) + Y _[6p(t) — ¢p1(t)]
p=1

converges absolutely and uniformly on I. Thus the sequence of partial sum which is ¢ (¢) converges
uniformly on I to a limit ¢(¢). Next we shall show that this limit ¢ is a solution of the integral
equation (6.2.1).

(b) Properties of the limit ¢. Since each ¢y, is continuous on I and the sequence converges uniformly
to ¢, the function ¢ is also continuous on /. Now if ¢; and ¢, are in I, we have

ty
(Busa(t) ~ dna(t2) = | [ 7(s,0n(5)) ds| < Mlts ~ ],
ta
which implies, by letting k — oo,
|p(t1) — (t2)| < M|ty — ta|. (6.3.5)

It also follows from (6.3.5) that the function ¢ is continuous on /. In fact ¢ is uniformly continuous
on [. Letting t1 = t,t2 = 1o in (6.3.5), we see that

lo(t) — d(to)| < M|t — tol
which implies that the points (¢, ¢(¢)) are in R for all ¢t € I.
(c) Estimate for |(t) — ¢x(t)|. We have

(1) = do(t) + D _[dp(t) = dp-1(D)],

and

(k+1)! = p!
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k+1

Letting €, = ( we see that €, — 0 as k — 0o as ¢ is a general term for the series el In

La)
F+1)!
terms of €;, we may rewrite the above inequality as

M
lp(t) — dn(t)] < feLO‘ek, and €, — 0as k — oo (6.3.6)

(d) The limit ¢ is a solution. To complete the proof we must show that

o(t) = 20 + / F(s.6(s)) ds,

for all t € I. Note that since ¢ is continuous, the integrand f(s, ¢(s)) of the right hand side is

continuous on /. Since

t
Pr41(t) = 0 + t f(s,01(s)) ds,

we get the result by taking limit on both sides as & — oo provided we can show

tf(8,¢k(8))d8—) tf(sv¢(s))dsv as k — oo.
to

to
Now <

/ :f(s,qb(s))ds - /t:f(sa@c(s))ds

t
[ 186060 = (s, 0u()] s
0
t |p(s) — dr(s)|ds
< MeLO“ek|t — to by (6.3.6)
< Mael¢, — 0ask — oo.

<L

This completes the proof of the Theorem 6.4. ]

Example 6.5 Consider the initial value problem 2’ = (sint)z?, 2(0) = 3. Let f(t,z) = (sint)a?
be defined on ) )

|f(t,z)| = |(sint)z?| < 1. Thus we may take M = 1. Therefore by Theorem 6.4 a solution exists
on [—a,a] where = min{1, 3} = 3. In fact z(t) = (1 + cost) ™! is a solution defined on the
maximal domain (—m, 7).

Exercise 6.1 Consider the initial value problem % =tz +2'0, 2(0) = %. Show that there exists

a unique solution on [—3, £].

6.4 Non-local Existence of Solutions

Theorem 6.5 Let f(t, ) be a continuous function on the strip S = {(t,z) € R? : |t — to| < a},
where a is a given positive number, and [ satisfies a Lipschitz condition with respect to S. Then the

initial value problem
2'(t) = f(t,2), z(to) = 0,

where (to, xo) € S has a unique solution on the entire interval [—a + to, a + to].
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Remark. If f is bounded on S, the result can be deduced from Picard’s Theorem by taking b > Ma.
If f is not necessarily bounded, the proof is slightly different.

Proof of Theorem 6.5. First note that the given region S is not bounded above or below. Hence
f(t, z) needs not be bounded in .S. However, as in Theorem 5.4, we shall consider the series

Go(t) + Y (¢p(t) — dp-1(t))

whose n-th partial sum is ¢,,(¢) and ¢,,(t) — ¢(t) giving the solution of the initial value problem.
Since f(t,x) is not bounded in .S, we adopt a different method of estimating different terms of the
series. Let My = |xo| and M7 = max |¢1(¢)|. The fact that M; exists can be seen as follows. Since
f(¢t, ) is continuous in S, for a fixed xg, f(t, zo) is a continuous function on |t — #o| < a.

Thus ¢1(t) = o + |, tto f(s,0) ds is a continuous function in this interval so that |¢; (¢)] attains its
maximum in this interval. We take it to be M4 and let M = My + M;.

Thus, |¢o(t)] = |xo] < M and |¢1(t) — ¢o(t)| < M. If tg <t <ty + a, then we have

62(t) — . (8)] = \ [ ss01(6) = sGsson(sD]ds

< L/ |p1(s) — ¢o(s)|ds < LM(t — ty), where L is the Lipschitz constant.
to

< t £ (s, 01(s)) — f (s, do(s))| ds

Now

|93(t) — ¢2(t)| = / [f (8, 02(s)) = (s, 61(s))] ds

to

t
<L [ [62() ~ onls)l ds < 221 [ [(s )] ds = =
to

to

< / 1£(5,8a(5)) — F(5,61(5))] ds

2

M(ﬁ —t9)2.

Hence, in general, we can prove by induction that

LM M (t —to)"

|¢n(t) - ¢n—1(t)| S (TL _ 1)|

Similar argument is true for the interval ¢ty — a < t < ty. Hence for every ¢ with [t — o] < a,

L' Mttt _ LM

‘gbn(t) - ¢nfl(t)‘ < (n — 1)' < (n — 1)!an—1
Thus N ) B
Do) + D [6n(t) = dua () S M+ M ((f;a)l)'

Hence each term on the left hand side of the above equation is less than the corresponding term
of the convergent series of positive constants. Hence, by Weierstrass M -test, the series on the left
converges uniformly on the whole interval |t — ¢o| < a and let’s denote its limit by ¢(t).

Next we show that ¢(t) is a solution of the initial value problem. We need to show that ¢(t) satisfies
the integral equation

o) —xo— [ f(s,0(s))ds=0. (6.4.1)
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We know that .
bn(t) — 0 — / F(5, bn_r(s)) ds = 0. 64.2)
to
Substituting the value of xg in (6.4.2) into the left hand side of (6.4.1), we get

o(t) — 20 — / F(s5,6(5)) ds = B(t) — lt) — / F(5.6(5)) — F(5, bur(s))] ds.

to

Thus we obtain

(6(0) = 20 = Jj, (s, 6(5)) ds

<[p(t) — du(®)] + | [, [£(5:0(5)) = f (5. pn-1(s))| ds
<I6(t) = Sn(®)] + L | [ 18(5) = du-1(s)] ds| (64.3)

Since ¢y, (t) — ¢(t) uniformly for t € [ty — a, to + a, the right hand side of (6.4.3) tends to zero as
n — 00. Hence

o(t) — o - / f(5,6(s)) ds = 0.

The uniqueness of solution will be proved in section 6.5. (|

Corollary 6.6 Let f(t, ) be a continuous function defined on R?. Let (ty, zo) € R2. Suppose that
for any a > 0, f satisfies a Lipschitz condition with respect to S = {(t,z) € R? : |t| < a}. Then
the initial value problem

a'(t) = f(t,x), =(to) =0

has a unique solution on the entire R.

Proof. If ¢ is any real number, there is an ¢ > 0 such that ¢ is contained in [ty — a, to + a]. For this
a, the function f satisfies the condition of Theorem 5.5 on the strip

{(t,z) e R*: |t — to| < a},
since this strip is contained in the strip
{(t,2) e R?: |t| < a+ [to]}
Thus there is a unique solution ¢(¢) to the initial value problem for all ¢t € R. ]

Example 6.6 Consider the initial value problem 2’ = sin(tz), x(0) = 1.

Let f(t,z) = sin(tz). Let a > 0. Using the mean value theorem, we have for any ¢ € [—a,q],
|f(t,z1) — f(t,z2)| = |sin(tz1) — sin(tze)| = |t cos(t)(z1 — x2)| < |t||z1 — 22| < alz1 — 22).
Thus f satisfies a Lipschitz condition on the strip S = {(t,x) € R? : |t| < a} for any a > 0, and
by corollary 6.6 there exists a unique solution on the entire R.

Exercise 6.2 Let g(t) and h(t) be continuous on the interval I = [tg — a,tg + a], where @ > 0.
Prove that the initial value problem z’ + g(t)z = h(t), x(ty) = ¢ has a solution defined on I.

3t

x
1+ 22

Exercise 6.3 Show that the initial value problem 2z’ = +t% cos z, 2(0) = 1 has a solution

on R.
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6.5 Gronwall’s Inequality and Uniqueness of Solution

Theorem 6.7 Let f, g, and h be continuous nonnegative functions defined for t > tq. If
t
O <0+ [ g f(s)ds. 1210
to
then
t
f(t) < h(t) —|—/ g(s)h(s)eds 9 v gg ¢ > ¢,

to

Proof. First we are given

f@éMﬂ+/g@ﬂ@% 65.1)

to

Let 2(t) = fti) g(s)f(s) ds. Then for t > t,
2'(t) = g(t)f(t) (6.5.2)
Since g(t) > 0, multiplying both sides of (6.5.1) by ¢(t) and using (6.5.2), we get
2'(t) < g(t)[n(t) + 2(1)]
which gives

2'(t) — g(t)z(t) < g(H)h(?).

This is a first order differential inequality which can be solved by finding an integrating factor

— t . .
e Jig 9(w) % Hence the solution is

t t s
z(t)e” Jrp 9(w) du o / g(s)h(s)e” Jiy 9w du g
to
Or equivalently,
t . . t ,
2(t) < / g(s)h(s)e” i 9W duglig s du g / g(s)h(s)els 9 du gg (6.5.3)
to to
Substituting for z(t) in (6.5.3), we get
t t ,
/ g(s)f(s)ds < / g(s)h(s)els 9w du g (6.5.4)
to tO
From (6.5.1), we can replace the left side of (6.5.4) by the lesser inequality to obtain

f(t) = h(t) < / g(s)h(s)els 9 du g,

to
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Theorem 6.8 (Gronwall’s Inequality) Let f and g be continuous nonnegative functions for t > t.

Let k be any nonnegative constant. If

t
ﬂﬂ§k+/g®ﬂ$@,ﬁwt2m

to

then
fit) < kel g(s)ds, for t > ty.

Proof. The result follows by letting h(t) = k for all t > ¢, in 6.7. O

Corollary 6.9 Ler f be a continuous nonnegative function fort > to and k a nonnegative constant.
If
t
o<k [ ss)ds
to

Sorallt > tg, then f(t) =0 forallt > .

Proof. For any € > 0, we can rewrite the given hypothesis as

t
f@®) <e+k | f(s)ds,

to

for all ¢ > ty. Hence applying Gronwall’s inequality, we have
ft) < celo kds

for all t > tg, which gives f(t) < ee*(*~*0) forall t > t,. Since e is arbitrary, we get f(t) = 0 by
taking limit as ¢ — 0. O

Remark. Similar results hold for ¢ < ¢y when all the integrals are integrated from ¢ to ty. For
example, in Corollary 6.9, if

f@ék[0ﬂ®%

forall t < tp, then f(t) = 0 for all ¢ < ¢.

Corollary 6.10 Let f(t,x) be a continuous function which satisfies a Lipschitz condition on R with
a Lipschitz constant L, where R is either a rectangle or a strip. If ¢ and p are two solutions of
¥ = f(t,x), x(te) = xo,

on an interval I containing to, then ¢(t) = @(t) forallt € I.

Proof. Let I = [ty — a, tg + a]. For t € [tg, to + «], we have

¢(t) = xo + t [(s,9(s)) ds,
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and .
o) =0+ [ fop(s) ds
Thus . O .
6(t) — ()] < ; £ (s,¢(s)) = f(s,0(s))| ds < L \ |¢(s) — ¢(s)| ds.
By Corollary 6.9, |¢(t) — ¢(t)| = 0 for t € [to,to + a]. Thus ¢(t) = (t) for t € [to,to + .
Similarly, ¢(¢) = ¢(t) for t € [tg — a, to). O

Remark. If we only assume that f(¢, x) is a continuous function, we can still show that (6.1.1) has
at least one solution, but the solution may not be unique.

Theorem 6.11 (Peano) Assume G is an open subset of R? containing (to, o) and f(t,z) is con-
tinuous in G. Then there exists a > 0 such that (6.1.1) has at least one solution on the interval
[t() —a, t() + a].

The proof of Peano’s theorem uses the Arzela-Ascoli theorem. See [1] or [2].

Example 6.7 Consider the initial value problem z’ = x%/3, £(0) = 0. We find that x(t) = 0 and

(t) = 5-t3 are both solutions.

Example 6.8 Suppose ¢(¢) is a solution to the initial value problem

3
, T —x

- 0=
T e YTy
Show that 0 < ¢(t) < 1 forall ¢ € J, where ¢(t) is defined on the open interval J containing 0.

Solution. Let ¢(t) be a solution defined on the open interval J to the initial value problem, where
0 € J. Suppose there exists s € J such that ¢(s) > 1. Without loss of generality, we may assume
s > 0. Since ¢(t) is continuous and ¢(0) = 1/2, we have by the intermediate value theorem, that
¢(s0) = 1 for some s¢ € (0, s). We may take s to be the least value in (0, s) such that ¢(sq) = 1.
In other words, ¢(t) < 1 forall ¢ € (0, s9) and ¢(sg) = 1.

Now consider the initial value problem

3

,  xC—z
T = x(sp) = 1.
1+ 2227 (s0)
. 22—z . . . .
The function f(t,2) = %557 satisfies the conditions of the existence and uniqueness theorem.

Thus there is a unique solution defined on an interval I = [sy — «, sg + «] for some o > 0. The
above function ¢(t) defined on J is a solution to this initial value problem, and it has the property
that ¢(t) < 1 forall t < sg. However, ¢(t) = 1 is clearly a solution to this initial value problem on
1. But ¢ and ¢ are different solutions to the initial value problem contradicting the uniqueness of
the solution. Consequently, ¢(¢) < 1 forall ¢ € J. Similarly, ¢(¢) > O forall ¢ € J.

Corollary 6.12 Let f(t,x) be a continuous function which is defined either on a strip

R={(t,x) e R*| |t — to| < a},
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or a rectangle
R={(t,z) e R* | [t —to| < a, |z — 20| < b}.

Assume f satisfies a Lipschitz condition on R with a Lipschitz constant L. Let ¢ and ¢ be solutions
defined on I = [—a + to,to + a] of ' = f(t,x) satisfying the initial condition x(ty) = x¢ and

x(to) = 1 respectively on I, then
|6(1) = (t)] < g — a1 |l
forallt € I.

Remark. In particular
[6() = ()] < |zo — 21]e™,

for all ¢ € I. Thus if the initial values =y and z; are close, the resulting solutions ¢ and ¢ are also
close. This gives the continuous dependence on initial value.

The proof of this corollary is by Gronwall’s inequality and is left as an exercise.
Corollary 6.13 Let f(t,x) be a continuous function which is defined either on a strip
R={(t,x) e R*| |t — to| < a},
or a rectangle
R={(t,x) e R? | |t —to| < a,|z — z0| < b}.

Assume [ satisfies a Lipschitz condition on R with a Lipschitz constant L. Let g(t, x) be continuous
on R and
lg(t,x) — f(t,z)| < e, forall (t,z) € R. (6.5.5)

Let ¢ and @ be solutions of the initial value problems ©' = f(t,x), x(tg) = xo, and ' = g(t, x),
x(tg) = xg respectively. Assume both ¢ and ¢ are defined on I = [—a + to,to + a]. Then for all
tel,

6(t) — o(t)] < eae™.

In particular, as g(t, x) approaches f(t, z) uniformly on R, that is, as ¢ — 07 in (6.5.5), the solution
@(t) approaches ¢(t) uniformly on I.

Proof. By the integral representations for ¢(t) and ¢(t), we have

o) = a0+ [ fls.006))ds o) = w0+ [ gls.o(e)) ds.

to

Subtracting these equations gives

o(t) — (t) = / (5, 6(5)) — g5, 0(s))] ds.

Inserting the term 0 = — f (s, ¢(s)) + f (s, ¢(s)) and using triangle inequality, we have for tg < ¢ <
to + a,
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| ( O <[ 1f(s, — f(s,0(s)) ds+ [ [f(s,0(s)) —g(s,¢(s))| ds
[ )

L )| d eds

< /|¢ '5+Z;

<L/ |o(s) s)|ds + ea.

By Gronwall’s inequality, we obtain
t
6(t) — o(t)] < eaelo ¥ < cae™®, for tg <t <ty +a.
The last inequality is also valid for t) — a <t < to. Thus

|p(t) — p(t)| < eael® for t € 1.

]
Exercise 6.4 Prove corollary 6.12.
6.6 Existence and Uniqueness of Solutions to Systems
Consider a system of differential equations
] :fl(t7x17 axn)a
1‘/2:‘]02(2673417 7'rn)a
IE/ :fn(t7.’171, ,l’n),
where x; = % Let us introduce notations
T x) f1(t,x)
X = , X = , £(t,x) = ..
T @ f n (t X)
Then the system can be written in a vector form:
x' = f(t,x). (6.6.1)
Differential equations of higher order can be reduced to equivalent systems. Let us consider
Y e, "y 6.6.2)
dtn vy, Tdgn-t) -
Let
dy dnfly

T1=Y, T2= a’ ﬂfnzw~
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Then (6.6.2) is equivalent to the following system

/

Ty = X2,

I

Loy = I3,

/

.’En = —F(t,$1,$27 »xn)

X2,
Tl
x
x = , ft,x) = &
x
" _F(tvxlv"'axn)
T
T2
Recall that for a vector x = | _ |, its magnitude |x| is defined to be
In

x| = |za] + |wa| + - - + [aal.

The following 2 properties of the magnitude can be proved easily.
1. Triangle Inequality |x +y| < |x| + |y]|.
2.1f A = (ay;) is an n x n matrix and x € R"™, then |Ax| < |A[|x| where [A| = 377 [aj;].

Definition 6.2 Let G be a subset in R, f(¢,x) : G — R™ is said to satisfy a Lipschitz condition
with respect to x in G if there exists a constant L > 0 such that, for all (¢,x), (¢,y) € G,

Example 6.9 Let f : R*2 —; R2 be given by

f(t,x) = 2z cost where x = |
’ xysint |’ o)

2 2 St
Then [£(t,x) — £(t,y)| = |< " t) - ( e €8 )‘

xysint Y1 sint
=[2cost(xe —y2)| + | sint(x; — y1)|
L2z — Y| + |21 — Y1l
<2(|w2 — ya| + 21 — y1)
=2lx —y|.

Thus f satisfies a Lipschitz condition with respect to x in R? with Lipschitz constant 2.
Theorem 6.14 Suppose f is defined on a set G C R'*T™ of the form

|t —to]| <a, |x—x%x0| <b, (a,b>0)
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or of the form
[t —to] < a, x| <oo, (a>0).
Ifof/0xy, (k=1,...,n) exists, is continuous on G, and there is a constant L > 0 such that
of
— | <L, (k=1,...
axk —_ b ( 9 ’n)7

Sorall (t,x) € G, then f satisfies a Lipschitz condition on G with Lipschitz constant L.

fl(tvx)

f2 (tv X)
Proof. Let f(t,x) = . , where each f;(t,x) : R™*" — R.

Thus
9f
2
of e
Ofn
c’)wk

Let (¢,2), (t,y) € G C R Define F : [0,1] — R" by
F(s)=1f(t,sz+ (1 —9)y) =f(t,y +s(z—y)).

The point sz + (1 — s)y lies on the segment joining z and y, hence the point (¢, sz + (1 — s)y) is
in G.

of
53
" Of dop <= | o
/ o o k
Now F(s)—zaixk%—z : (26 — Yk)-
k=1 =1 | -
Ofn
Oz
Therefore,
F'(s)| <> | T[S LY |z —ykl = Llz—yl,
Ll
k=1 k=1
for s € [0,1].
Since .
f(t,z) — f(t,y) =F(1) — F(0) = / F'(s)ds
0
we have |£(t,2) — £(t,y)| < [; |[F'(s)|ds < L|z — y|. O

Theorem 6.15 (Picard) Let (¢, x) be continuous on the set
R:|jt—to] <a, |x—%0| <b (a,b>0),

and let
£(t,z)| < M
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forall (t,x) € R. Furthermore, assume f satisfies a Lipschitz condition with constant L in R. Then

there is a unique solution to the initial value problem
dx
dt

on the interval I = [ty — «, to + @, where o = min{a, b/M }.

=f(t,x), x(to) =xo

Theorem 6.16 Let f(t, ) be a continuous function on the strip S = {(t,x) € R" ™1 : [t—to| < a},
where a is a given positive number, and f satisfies a Lipschitz condition with respect to S. Then the
initial value problem

Xl(t) = f(t,x), x(to) = o,

where (to,Xo) € S has a unique solution on the entire interval [—a + to, a + to].

Corollary 6.17 Let f(t,x) be a continuous function defined on R"*. Let (to, %) € R*""L. Sup-
pose that for any a > 0, f satisfies a Lipschitz condition with respect to

S ={(t,x) e R™: |t| < a}.

Then the initial value problem
x'(t) = f(t,x), x(to) =x%o

has a unique solution on the entire R.

The proofs carry over directly from those for Theorem 5.1 and 5.5 and Corollary 5.6 using the

method of successive approximations. That is the successive approximations

t
bo(t) = o, Prr1(t) = X0 +/ £(s,¢n(s))ds, k=0,1,2,...
to
converge uniformly on the interval I = [tg — «,tg + «] with o = min{a,b/M}, to a solution

d
of the initial value problem d—): = f(¢,x), x(to) = %o on I. Uniqueness is proved by Gronwall’s

inequality as before.
Example 6.10 Find the first 5 successive approximations to the initial value problem
2" = —e'z, 2(0) =1,2(0) = 0.

Solution. The initial value problem is equivalent to the following initial value problem of differential
!
w0\ _( w® 20\ _ (1
y(t) —e'a(t) ) y(0) 0
t 1
zo(t) ) _ . forall eR.
Yo(t) 0

system.

We start with

Then
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za(t) \ [ 1 b 1—e Y 24t—et
<y2<t>>‘<o)+/o<—es>d‘< e >
z3(t) \ [ 1 ¢ 1—e® . 24+t —et
() E it )
zat) \ _ (1 Pl —es —ses 4 Le?s B 34t gt 4 L2t
<y4<t>>‘<o>+/o(2—es<2+s—ﬁs> )ds—(ﬂft_et_;;t )

Example 6.11 Consider the linear differential system x’ = Ax, where A = (a;;) isann x n
constant matrix. Let f(¢,x) = Ax. Forany a > 0 and for all |¢| < a, we have |f(¢,x1) —f(¢,%x2)| =

|A(x1—%2)| < |Al[x1—x%2|, where [A| = Y7, Z?=1 |a;;|, so that f satisfies a Lipschitz condition
on the strip S = {(t,x) € R"*! : |¢t| < a}. Therefore the system has a unique solution for any

initial value and is defined on the entire R.

Example 6.12 Let x’ = A(t)x, where A(t) = (a;;(t)) is an n x n matrix of continuous functions
defined on a closed interval I. Let |a;;(t)| < K forallt € I and all4,j =1,...n.
Thus if £(¢,x) = A(t)x, then

alk(t)
of | az(t)
Ore : ’
Ank (t)
which is independent of x.
Therefore,
of -
5| = > lain(t)| <nK =L, foralltel and k=1,...,n.
g

i=1

By theorem 6.14 the function f satisfies a Lipschitz condition on the strip
S={(t,x) e R"™" |t eI}

with Lipschitz constant L. Thus by corollary 6.17, the system x’ = A (¢)x has a unique solution for
any initial value in S and is defined on all of . Thus if A(t) = (a;;(t)) is continuous on an open
interval I or R, then x’ = A(¢)x has a unique solution for any initial value x(to) = x¢ with t; € I
or R, and is defined on I or R. (See corollary 6.6.) In particular this together with corollary 6.17

prove theorem 2.1 and theorem 4.1.
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