P,
M&nematical Models & Numerical Simulation

for Bose-Einstein Condensation

NUS

Mational University

ef Singapore We | Z h u B aO

BE &

%

BEC@JILA, 95°

Department of Mathematics
National University of Singapore
Email;
URL.

Vortex @ENS


mailto:matbaowz@nus.edu.sg
http://www.math.nus.edu.sg/%7Ebao
http://jilawww.colorado.edu/bec/hi_res_pic_album_macromedia/images/BEC_peaks_jpg.jpg
http://jilawww.colorado.edu/bec/hi_res_pic_album_macromedia/images/BEC_peaks_jpg.jpg

&

Outline

& Part | Predication, Experiment & Mathematical Models

— Theoretical predication

— Physical experiments and results
— Applications

— (Gross-Pitaevskii equation (GPE)

& Part Il Analysis & Computation for Ground States

— Existence & uniqueness
— Energy asymptotics & asymptotic approximation
— Numerical methods

— Numerical resultS
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& Part lll: Analysis & Computation for Dynamics of BEC
— Dynamical laws
— Numerical methods
— Numerical results

& Part IV: Rotating BEC & Multi-component BEC

— BEC in a rotational frame

— BEC with nonlocal dipole-dipole interac
— Two-component BEC

— Spinor BEC

— Conclusions & Future challenges BEC@MIT, 00’
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Theoretical predication

& Particles be divided into two big classes

— Bosons: photons, phonons, etc
« Integer spin
« Like in same state & many can occupy one obit
e Sociable & gregarious

— Fermions: electrons, neutrons, protons etc
« Half-integer spin & each occupies a single obit
« Loners due to Pauli exclusion principle



e _ 2

Theoretical predication

* ! e Tamngii:.lmT:
& For atoms, €.d. bosons S 227 | Tompmre:
S De‘Briﬁ:mTﬁlﬂgth
—  Get colder: TN Z | avpuses
« Behave more like waves & less like particles
— Very cold:
% «  Overlap with their neighbors
oo Extremely cold:
A « Most atoms behavior in the same way, I.e gregarious
M +  quantum mechanical ground state,
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‘super-atom’ & new matter of wave & fifth state
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Theoretical predication of BEC

& S.N. Bose: ;. Phys. 26 (1924)

—  Study black body radiation: object very hot _
—  Two photons be counted up as either identical or different
—  Bose statistics or Bose-Einstein statistics

E‘f A ElnStem Sitz. Ber. Kgl. Preuss. Adad. Wiss. 22 (1924)

—  Apply the rules to atoms in cold temperatures
—  Obtain Bose-Einstein distribution in a cold gas

& 1
;= e(gi—,u)/kBT _1

=1(¢), 1=012,..., u<g<g<-



T<T,

Number of particles n

Cm——

Energy &£; Energy £;

Fig. 2. Schematic diagram ol the Bose-Eimnstem distribution for a system of particles at a temperature ¥, The
formula shows the average number of particles » occupving a state 7 ol energy €. The parameter g i1s the
chemical potential. which 1s the energyv required to add an additional parucle to the svstem. The left frame
depicts the general behavior ol this distribution above the transinon temperature 7.0 the right panel shows the

macroscopic occupancy ol the lowest state ol the system when 7= T,

& Einstein’s prediction on BEC: At zero or 'low’ temperatures,
most particles behavior in the same way (at qguantum mechanical ground
state)! —gregarious behavior----- quantum phase transition happens at
extremely low temperatures --- degenerate quantum gas -- ‘super atom’ —--
fifth matter of state.
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a I e Temperature T:
tharmal velocity v
l:c, density d
“Billiard balls™

Z Temperature T:
De Broglie wavelength
.."'-.'I"-' :'-Ef Aep=himw = T2

Agn = d
"Matter wave overlap”™

T=0:
Pure Bose
condensate
“Glant matter wawva"

FIG. 2. Crntenon for Bose-Einstein condensation. At high

temperatures, a weakly interacting gas can be treated as a sys-
tem of “billiard balls.” In a simplified guantum description, the

atoms can be regarded as wave packets with an extension of

their de Broglie wavelength A g5 . At the BEC transition tem-
perature, Ayp becomes comparable to the distance between

atoms, and a Bose condensate forms. As the temperature ap-
proaches rero, the thermal cloud dizsappears, leaving a pure
Bose condensate.
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Experimental difficulties

& Low temperatures, almost absolutely zero (nK)
& Low density In a gas

Vapor e
g | t— |
.'__E_E Forbidden )
B s
E -‘.'_-
— Non BEC _.-"
E ' L BEC

Log Density

FIG. 1. Generic phase diagram common to all atoms: dotted
line, the boundary between non-BEC and BEC; solid line, the
boundary between allowed and forbidden regions of the
temperature-density space. WNote that at low and intermediate
densities, BEC exists only in the thermodynamically forbidden
regime.
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Experimental techniques

& Laser cooling BEC Apparatus

& Magnetic trapping
& Evaporative Cooling

<;  q

($100k—300K)
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Experimental results

& JILA (95', RDb, 5,000): science 269 (1995)

—Anderson et al.,
Science, 269 (1995),

198: JILA Group; Rb

—Dauvis et al., Phys.
Rev. Lett., 75 (1995),

3969: MIT Group; Rb

3 —Bradly et al., Phys.
Rev. Lett., 75 (1995),

1687, Rice Group; Li
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BNMOLECULE OF THE YEAR

RVAAAS

A New Form of Matter Unveiled

Physicists create the long-sought Bose-Einstein condensate, allowing easier exploration of quantum
mechanics, while other researchers celebrate a new planet, a gene for eyes, brain images, and more

Back in 1924, Albert Einstein predicted the
exlstence of a new phase of matter, an exotic
state in which atoms defied the laws of clas-
sical physics and followed only the dicoums
of quanmum mechandes, [n 1995, by chilling
wisps of gas roulrecold remperamines, phy.n-
cigts finally got their first good look ac this
state, named the Bose-Einstein condenzate
after Einstein and Indian physicist Saryendra
Brose, This year's work ends an arduous quest
and ushers in a new age of exploration in
aromic and condensed-marcer physics,

We mlure the condensare as Molecule of
the Year for 1995, but this peculiar form of
marter is not a moelecule. Indeed, this year's
magnificent achievement was to elude the
everyday forces that bind atoms ogether
into molecules and so unmask the more
subtle powers of quantum mechanics. While
atoms in an ordimary gas dart about in all
direcrions, the atoms in the condensate
move in lock step, ar identical speed and
dipection. They have relmguished their indi-
vidual identicies o become a single, colle:-
tive entity, and their organized condirion is
expected 1o give rise to bizire properties.

The condensate’s ursual maruee makes i
an ideal workshop for exploring the coun-
erituative fealim of quantum mechanics. So

Cuanlurm porirail

6 months after the first dramaric report, ex
perimentalise are mshing o creare and ex-
plore this mew phase, while theorists calou-
late its properties. Physicists are already an
glimg vo apply the new knowledge, hoping to
capiralize on che condensare’s unique aspects
to creare a laser that shoots beams of anoms
anstead of lighe. Understanding the lvas that
govern matcer in this cold, coherent stare
may help physiciss understand the mysteries
of supercomducrivity and perhaps even the
early universe.

FPhysicists have glimpsed Bose-Einsein
condensation before, but never in a system

in A EATTHEAS

where they could study all i properies.
For example, pairs of electrons and elecoron
husles, kmeovwn as excitons, have been ob-
served to form condensates in semicon-
ductors, but these Last only a few millionths
of a secomd. 1n ultracold liquid helivm, up to
1% of che amoms are thought o be Bose-
condensed, and this is intimately linked to
sartlimg  properties such o superfluidiey,
whiich allows chis fluid vo cosep up the sides of
a beaker, But in liquid helivm, the conden-
sate is modified by the classical forces be
racch atomns, S0 Che quantum-mechanical
signature is muddied,

Tov create a pure condensate, physicists
need supercold aroms, whese no heart veils the
quamnitum forces. Vet the atoms muest be kepe in
agasenus phase and prevented from callapsing
imieo & solid or liguid. In July, by cooling atoems
of rubidium to within & whisper of shsolure
zero, researchers at o lab un jointly by the
Marional Instioure of Standands and Technol-
ogy ared the Liniversity of Colorade managed
this feat. In an ultracold cloud of pas, they saa
their boldest dreasms come true, as a texebook
example of Bose-Einstein condensation nook
shape. When they graphed the distribution of
the atoms’ velocies, they saw a now-classic
portrait, with & dramacic peak close o zero
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Experimental results

& Experimental implementation
— JILA (95'): First experimental realization of BEC in a gas
— NIST (98’): Improved experiments
— MIT, ENS, Rice,
— ETH, Oxford,
— Peking U., NUS, ...

& 2001 Nobel prize in physics:
— C. Wiemann: U. Colorado

— E. Cornell: NIST ETH (02°, Rb, 300,000)
— W. Ketterle: mIT
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Properties of BEC In experiments

Kinds of atom  *'Rb, 'Li, “Na, *Cr, “He,...
Temperatures  S50nK ——-2uK
Density 10* - --10"cm™
#ofatoms  100('Li)---10°(*Na) —-10°(*He)
Sphere at diameter 10--15um
cigar-shaped at length 300m & diameter 15um
Life span A few seconds to several minutes

Spatial size



P,
/QﬁefBEC research history

& Milestones
- 1924 ----- Prediction of BEC by A. Einstein
— 1938-----London & Tisza linked BEC & superfluidity in liquid helium 4
— 1995 --- Experiments of BEC in ultracold gas of alkali atoms

— Since then--- Bec begins a new era in atomic, molecular & optical (AMO) physics &
quantum optics; attracts interests of computational, applied & pure mathematicians.

& Some famous physicists in BEC research

— Nobel Laureates: . Einstein (1921), L. D. Landau (1961), L. Onsager (1968), R. Feynmann
(1965),T.-D. Lee&C.N. Yang (1957), A. Leggett (2003), E. Cornell, C. Weimann&W. Ketterle (2001),

— Others: s. Bose, F. London, L. Tisza, N. Bogoliubov, R. Penrose, K. Huang, D. Beliaev, L.
Pitaevskii, E. Gorss, A. Fetter, P. Zoller, D. Jaksch, I. Bloch, R. Hulet, J. Yngvason, S. Stringari, E.H..
Lieb, .....
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Mathematical models

e 1 =gt

O = I=Te
o -\I

—— 3\ BEC

-

A=
“Matber wanee ovarlag”

& N-body problem T
— (3N+1)-dim linear Schroedinger equation /\ Gmm?
& Mean field theOry--zeor or “extremely’ low temperatures
— Gross-Pitaevskii equation (GPE): T < T, = O(nK)
— (3+1)-dim nonlinear Schroedinger equation (NLSE)
& Quantum kinetic theory-- high temperatures
— High temperature: QBME (3+3+1)-dim - ng‘,';',:"?
— Around critical temperature: QBME+GPE [, -5 % &modl
— Below critical temperature: GPE S 37| Tempersurer.

Lap=himmy = T-12

T k density d?
= ) Billiard balls”
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MBdel for a BEC at zero temperature

—with N identical bosons

& N-body problem -3N+1 dim. (linear) Schrodinger equation

10, (X, %,y X ) = H W (R, Ry Xot),  With

H, =ZN:£—7’—2V +V (X, )] > V(X - X,

o\ 2m

& Hartree ansatz ¥v(u%...., XN,t)=ﬁw(i-,t),z.eR3 /\

& Fermi interaction Vi.(x,-x)=gs(x, - X)W.thg_4frha

& Dilute guantum gas -- two-body elastic interaction
E,(Yy) = j ¥ H, P,dX--dX, ~ NE(y)--energy per particle

''''''''''''''''''
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Model for a BEC - with N identical bosons

& Energy per particle - mean field approximation (Lieb et al, 00)

E(y) = j { V| +V(X)|y| + (N;ngy@d)‘(’ with v =y (X,1)

& Dynamics (Gross, Pitaevskii 1961; Erdos, Schlein & Yau, Ann. Math. 2010

2
ihatw()?,t):5E(_W) { f — V2 +V(X)+ (N — 1)g‘l//‘ }w, X e R
oy 2m
47z(N 1a, 47zNa

& PrOper non-dimensionalization & dimension reduction— GPE/NLSE ~ #= .

105 1 ) 3
i 0w (X,t) = —EVZW +VX)w+Blyly, XeR




P,
Mtaevskii equation (GPE)

& The 3D Gross-Pitaevskil equation ( % =(x,y,z) )

2

| h%l//(i,t) = —gl—m Vi (X, 1) +V (X)) (X, + (N =1) g |w (X 1) [ w(Xt)

-V Is a harmonic trap potential
— m 2 2 2 9 2 _9
V(X) = E(C‘)XX tw,Y tw, )
— Normalization condition
. lwExHFd = 1
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Gross-Pitaevskii equation

& Scaling (w.lo.g. o,<0,<w, )
— Dimensionless variables

X

= 32, h
X,1)= X, 1), =
" (X, 1) =¥, w(X?) X, .

— Dimensionless Gross-Pitaevskil equation
0 1

| P w(X,1) = —EVZW(YJ) +V Xy (X1 + By (X ) [ w(X,t)

— With

fza)xt, X =

)y Q, ﬂ:47z(N —-1)a, z47zNaS

V) =20+ 7° 2+ 9" 22) _
_2 7/yy 7/2 ! 7/y_a)x’ z a)x’ Xs XS
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Gross-Pitaevskii equation

& Typical parameters ( n=1.05x10*[3s] )
—"Rb Used in JILA

m=144x10"[kgl, ,=e,=10x27[1/s], ,=8 @,

47N
" 03407x10°[m], B=—2"8&:_00188IN
M, X,

as:5'l[nm]’ Xs:

— 23NadJsed in MIT
m=38x10"[kgl, @, =, =360x27[1/s], ,=35x2x[l/s]

47N
h o 11209x10°[m], B=—""8s_0003083N

M@, Xs

a.=275[nm], x. =



e 2

Gross-Pitaevskii equation

& Reduction to 2D (disk-shaped condensation)
— Experimental setup o~ o,, o,> o, < y,~1 y,>>1
— Assumption: No excitations along z-axis due to large energy
(XY, 2.0 = v, (X, Y0 4(2)  with
3,2 = (], 1#,(x,y,2) F ckdy)”* = g,,(2) - (gj o'

% 2D Gross-Pitaevskii equation ( X=(X,y), ¥ =y, )

0 1
i — (X ) =——Aw+
mW( ) S AV

2 2,2
y

v+p, vy,

[ o [ V2 ._ pa
fr= | # @)z~ | gz =B =
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Mathematical model for BEC—mean field theory

& The Gross-Pitaevskil equation (GPE/NLSE)

YOTEh 1 )
i 0w (X,1) = —EVZW +V(X)w+ By w

- t:time & X (eR") :spatial coordinate (d=1,2,3)
- w(X,1) :complex-valued wave function
- V(X) :real-valued external potential
— ,3 . dimensionless interaction constant

 =0: linear; >0(<0): repulsive (attractive) interaction
- IB — () :Schrodinger equation (E. Schrodinger 1925')
X ,B # 0 :GPE (E.P. Gross 1961"; L.P. Pitaevskii 1961
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Gross-Pitaevskii equation

& Two kinds of interaction
— Repulsive (defocusing) interaction
a. >0 = B =20
— Attractive (focusing) interaction
a. <0 = B <0
& Four typical interaction regimes:
— Linear regime: one atom in the condensation
p= 0
— Weakly interacting condensation

1] << 1
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Gross-Pitaevskii equation

— Strongly repulsive interacting condensation

s> 1

— Strongly attractive interaction

<0 & |[p] > 1

& Other potentials
— Box potential
— Double-well potential
— Optical lattice potential
— On aring or torus



P,
/Q()the/raqoplications of GPE/NLSE

& For laser beam propagation .
& In plasma physICS: wave interaction between electrons and ions

—  Zakharov system---NLSE +wave equation, .....

& In gquantum chemistry: chemical interaction based on the first principle

—  Schrodinger-Poisson system

— First principle computation, DFT, ...
— Semiconductor industry

n nonlinear (quantum) optics
n biology — protein folding © 2H,+0, - 2H,0
N superfluids — flow without friction, liquid 4 He

,::Ef_"

,::Ef_"

,::Ef_"
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Conservation laws

() =2V Y (Qw + By Fy
& Dispersive
& Time symmetric: t— -t & take conjugate = unchanged!!
& Time transverse (gauge) invariant
V(X) >V (X)+a=y >we ™ = p=|y[ --unchanged!!

& Mass conservation
N (t) == N (i (s t))—_Hr,u(x ) dx = _Ht,u(x 0)dx=1 t>0
& Energy conservation

E(t):= E(p(s,1)) = jbvw\ +V(X)‘z//‘2+§‘l/f‘4}dX’EE(O), t>0

Rd
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Stationary states

WD =— Vi V(R + Blw
& Stationary states (ground & excited states)
w(X,t)=g(X)e "
¥ Nonlinear eigenvalue problems: rind (4, @) S.t.

HP(X) = —%Vzcﬁ(?) +V(X)(X) + B 1K) [ ¢(X), XeR’

with 4" =] , [$®)F dx =1
& Time-independent NLSE or GPE:

& Eigenfunctions are
— Orthogonal in linear case & Superposition is valid for dynamics!!
— Not orthogonal in nonlinear case !!!'! No superposition for dynamics!!!
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Ground states

& The eigenvalue Is also called as chemical potential

= (@) =E@+L [ 191 dx

— With energy
E@) =], VAR F VRGO F +2 1601143
& (Ground states -- nonconvex minimization problem
E(g,) = Teisn E(¢)  S={sl|d|=1 E(g)<x}

— Euler-Lagrange equation -> nonlinear eigenvalue problem
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Existence & uniqueness

C = inf ||Vf||L2(R2)|| ||L2(R2)
b =

02 f eHL(R?) ” f

L*(R?)

& Theorem (Lieb, etc, PRA, 02'; Bao & Cai, KRM, 13) If potential is confining
V(X)>0 for XeR* & IlimV(X)=w

|X|—>0

— There exists a ground state if one of the following holds
(1)d=3&4>0; (N)d=2&L>-C,; (I)d=1&LeR

i0,

— The ground state can be chosen as nonnegative \qﬁg\, Le. g, = \¢g e
— Nonnegative ground state is unique if 8 =0

— The nonnegative ground state is strictly positive if V (X) e L2
— There is no ground stats if one of the following holds

(i) d=3&p<0; (i) d=2&p<-C,

loc
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Key Techniques in Proof

& Positivity & semi-lower continuous

E($)>E(I¢)=E(p), VgeS  with p=[gf
% The energy E(p):=E(Jp) is bounded below if
conditons (1) or (it) or (i) and strictly convex it 5 >0
& Confinement potential implies decay at far field
& The set s={p| j p(R)dx=1 & E(p)<oo} s convex in P
& Using convex minimization theorem

& Non-existence result X
. 1 X I .
X) = exp| — . XeR" with ¢—-0
¢g( ) (272'5)dl4 p[ 25’ j S

c—0

E(g,) »>—c0
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Excited & central vortex states

¥ Excited states: &, @,, @,

% Central vortex states: w(x.y.)=g " g.(xy) =g " g, (r) e
, ¢()——i1( 2, “’j L— —jqﬁ ()4 B, 16, F b O<r<cx

2r dr dr 2r°
2 [[fOf rar=1,  4,(0)=0
% Central vortex line states in 3D:
& Open question: (Bao & W. Tang, JCP, 03"; Bao, F. Lim & Y. Zhang, TTSP, 06’)
By, @, &,
E(4,) <E(4) <E(d) <= wud,) < @) < ) <--- 7722777
& Fundamental gaps
5:(B)=E(#)-E(¢,)>C,2C>0, 5,():=pul¢) - u(¢)>C,2C>0, >0
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Approximate ground states

& Three Iinteracting regimes

— No interaction, I.e. linear case

— Weakly Interacting regime

— Strongly repulsive interacting regime
& Three different potential

— Box potential

— Harmonic oscillator potential
— BEC on aring or torus
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Energies revisited

& Total energy:
E@) =], [ZVARF VR0 F L1000 1107 = B, (0)+ E o)+ E (@)
~ Kinetic energy:  E@)=3], IV6(F cx
— Potential energy: g =] voisxr ox
— Interaction energy: Eint(¢):§de|¢(z) [* dx

& Chemical potentlal
p(p) = de [ VAR [ +V (X)X [ +8 18(X) [] dX

‘E(¢) + Eini(9) = Eyin (9) + B (9) + 2, (9)
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Box Potential in 1D

_ 0, 0<x<],
& The potential: V(X>={Oo otherwise.

& The nonllnear eigenvalue problem
u¢(X)———¢”(X)+ﬂI¢(X)I #(x),  O<x<1,

JO=p0=0  with  [1600 ax=1
% Case I: no interaction, i.e. =0

— A complete set of orthonormal eigenfunctions
4(x) = V2 sin(lzx), M:%ma 1=123...
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Box Potential in 1D

2

— Ground state & Its energy:
T

8,(x) = g2(x) =~/2sin(zx),  E,=E(¢)= == Hy = uldy)
— |-th-excited state & its energy

¢j(X) = ¢JO(X) = \Esin((j +1)7X), Ej - E(¢JO) _ (] +1)27zz

S =y = u(d)
& Case II: weakly interacting regime, i.e. | 8=0(1)
— Ground state & Its energy:
8,(X) = g2(x) =~/2sin(7x), E, = E(¢g)zE(¢§)=%2+37ﬂ, Hq 1=ﬂ(¢g)zﬂ(¢§)=%2+3ﬂ
— |-th-excited state & its energy

4,00 =400 =2sin(( +D7x),  E; = Eg) =E() =L

RN

py = u(gy) = (g 5

+ 30
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Box Potential in 1D

& Case lll: Strongly interacting regime, 1.e. g>1
— Thomas-Fermi approximation, I.e. drop the diffusion term

4 FF ) =BT (P 4T (X, 0<x<l, = ¢;F(x>=,/“7§
U 14T (0 dx=1
5 (x) ~ 47 (0 =1, Eng;F=§, u~ =B

» Boundary condition is NOT satisfied, 1.e.  4;7(0)=¢, (1) =10
 Boundary layer near the boundary
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Box Potential in 1D

— Matched asymptotic approximation
« Consider near x=0, rescale x- fx, #X) =
Hy
« We get
@(X)z—%(l)”(X)+CD3(X), 0<X <o, ©0)=0, limd(X)=1
* The inner solution
d(X)=tanh(X), 0<X <o = ¢ (X)=~ H tanh(,/z,X), 0<x=0(l)

¢ I\/Iatched asymptotic approximation for ground state
8, (X) ~ 4" (x) = / [tanh(, [ ) + tanh( [ (1— x)) - tanh( /yg”A)J 0<x<1

1
1=I|¢$”A(x)|2dx = gy py =21+ 2=p +2B+1+2, f>1.
0

Hy

Dd(x)
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Box Potential in 1D

* Approximate energy

Engé\ﬂA:£+ﬂ p+1+2, E, inmAé:E-l—g«/ﬁ-l-l,
2 3 ’ 2 3
Eving = Exin g :é L+1+2 15 . . . .
o Asymptotic ratios: | = LN
E E. E, (
|im—9=3, lim—22 =1 im0, =,
B0 Ing 2 S0 Eg L0 Eg =

o Width of the boundary layer:

O/\/B) S TR r

—



_ D

L /134 L/25 2{25 L /25 sl L/ 100 [ /00
max g — g+  S.ATE-3 9.24E-4 46TE-5  RE-T

log — OMA |2 6.84E-3 S05E-4 411E-5  GE-7

[Fing — Fring 13018 00479 0.6464 04340 0.2946  0.1399
[ate OLASTT 0.5525 05747 0L555U (L5572
|Eintg — Epis 1504 04605 0.521s 02171 01475 0.070]
[ ate ) (. absa OA1I=0 0L56Ts  (.55896 (L5356
|Eg — EJM 0.7071 04871 03245 02171 0.1472  0.0608
[t e 0.5377 (5860 0L.57909  0.5606 (1.5382
ljig — jig "] 01124 0.0263  0.0027  0.0001

Eqllig (.G85 0.6234 05813 05543 0.5368  (0.5175
Fint.g/ Eq ().459] (.60 2 D.720 08042 08628 10.9323
Fxin.g/Eq 0.5400 03958 02796 01958 0.1372  0.0677

& Numerical observations:
6, - . =0, |g, - )"
E,=EY+0@/{JB),  Euy=Ewr +O@/\B),  Ey,=ENs+0(1/{B)

2=0E™) gy = 1O
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Box Potential in 1D

 Matched asymptotic approximation for excited states

[(J+1)/2]

H; [Z

¢j (X) = ¢jMA(X) =

[i/2]

tmﬂ«J}?K(

 Approximate chem|cal potent|al & energy

—,B+2(j+l)\/,3+(j+1) +2(j+1)%,
E, ~EM = ﬂ+ (j+1)\/,8+(j—|—1)
p

Hi~

MA
EntJ

E.

int, j

+§U+nJﬂ+U+n,

MA
Ekln j

E ——(j+1)\/ﬂ+(j+1)2+2(j+1)2

kin, j

2| +1

"))~ C, tanh( )]




Fifth excited states
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Energy & Chemical potential

-.} ._|

[N

L)

1600

SELN

-']-_.:l|'.i|: || |

.

1.O34=
LU Al

F413

o

7= 006
123.37

TT.65

21.623
AT.6x
62,765
07473
| 41.97
| L 5Ll

5. 547
=G, 403
| 1445
| 500,76
106,17
25106

345.97
AUT.094

|57 =M

®H5.38
U150
074 42
()]s~
|123.5
1 2003.9

a30=.7
Ad21.5
an3R. T
a660.3
ATRG.G
SO17.7

13015
| 3235
13458
| 3686
13017
14153

19348
[, 734
L1413
7= U506
123,37

TT.65

A7.201
5404910
= ThRS
|51.77
| Gib.42
21453

122, 10)
| 4= =i
| =0 G
210,96
G706
423.03

112,05
| == ]
53934
50521
SITI N
723.84

| GR2 0]
| 768.2
| 858.7
| 953,06
2531
21574

GRG0
GT72x.1
sl o
TOT2.8
T251.6
T4 T

25029
26248
2065TH
26012
27251

27505

I
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Box potential in 1D

 Boundary layers & interior layers with width
O(1//B)

* Observations: energy & chemical potential are in the same order

E(d)) <E(#) <E(g) < = uldy) <uld) <puld) <

 Asymptotic ratios:

. E E
|im—1=1, lim —20 —1 lim =0 — o,
oo /Llj 2 oo EJ L—o EJ

E. . E.
im—t=1 lim&-1 lim—L=0
S0 Eg Lo lng S0 lng

o Extension to high dimensions
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Harmonic Oscillator Potential in 1D

X2

& The potential: vey==
2 The nonlinear eigenvalue problem

HP(X) = —%W(X) +V (X)) + B d(X) [ #(x), with T | ¢(x) [fdx =1
% Case |: nointeraction, i.e. =0

— A complete set of orthonormal eigenfunctions
Q(X)Z(ZI |!)_l/2ie_)(2/2 HI(X)’ y2 :l—l—%, |:O’1’2’3,...

72_1/4

[ o—X2

H,(x) = (-1)' e* ddel . Hermite polynomials with
X

H,(x)=1 H,(x)=2x, H,(X)=4x*-2, -




e -

Harmonic Oscillator Potential in 1D

— Ground state & Its energy:
BOO=H00 ==z € E, = E) =5 =ty = )
— J-th-excited state & its energy

§,() = () = (21 1) },4 SR (x),  E=E()=

& Case II: weakly interacting regime, i.e. | 8= 0(1)
— Ground state & Its energy:
4,00~ 800 =~ €%, E, = E(g) ~E() ==+ 2C
T 2 2
— |-th-excited state & its energy
$ =800, E=E@)=E@) =12 Le,
=) < ) =D e, with ¢ =[lg00 o

(J+1)

= ;= (@)

o = ) = () =S+ B,
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Harmonic Oscillator Potential in 1D

& Case lll: Strongly interacting regime, 1.e. g>1

— Thomas-Fermi approximation, I.e. drop the diffusion term
Iu;'F ¢;’F(X) —V (X) ¢;’F(X) +ﬂ | ¢;’F(X) |2 ¢;’F(X) — ¢;’F(X) _ {\/(IL[;—F — X2 /2)/ﬂ1 | X |S JZ/JJF

0, otherwise

2 2 TF\3/2
( lug ) — ,Ug ~ ,U;—F — E(%)ZB
34 2% 2

1= {1470 dx=

1/3)

— Characteristic length: O(S
— Itis NOT differentiable at x==y24;"

— The energy Is infinite by direct definition:
E(dy ) =0, Egn(dy )=



E

int,g

E

pot, g
E, =

E

kin,g

&

D

Harmonic Oscillator Potential in 1D

— A new way to define the energy
Emt(¢TF)__(3ﬂ 2/3’

35213
10(2)
TF _ Bﬂ 2/3 .
mtg_lO(Z)
=0

ETF

int,g

NETF _

pot,g

SNCADE

TF

Emt g ~ :ug

TF

Mg~
E TF

pot,g

ETF

int,g

N ETF

— Asymptotic ratios

E
Iim—g:E,
ﬁ—)oo ll’lg 5

0.3+




—

1/ /% L /100 1 /200 1400 1/800  1/1600  1/6400
max [og — ot | 0788 0.0605  0.0464  0.0355  0.0272  0.0150
Rate (0.3807 (L3836 03840 03852 (.3872
g — g " || 2 0.0571  0.04230  0.0312  0.0230  0.0170  0.0092
Rate 0.4350 04371 04389 04404 04427
|fﬁmtg"fﬂﬁﬂy| 0.0246  0.0171 00118 0.0080 00054 0.0023
Rate (L5238 0.5383 05528 (L568T (L6196

Eintg — fon o) 0.0204 00144 0.0101 0.0070 0.0047  0.0021
Rate 0.40=0  (0.5167  0.534% 05531 0.6051
fﬁnng — 1 (1.0350 (.01245 LOLT0 L0117 (s inay
Rate 0.5134  0.5267 05381 05478 0.55499
|,F-,'g — fGTF| (1.0502 2T (LO1ST (L0125 (LONsT (.03
Rate 05280 00,5394 05492 (0.5582  0.5725
||'" “' D.01=% 00125 0.0086 00055 (0.0039 00019
Rate (.0613  0.5651  0.5659 (0.563%  0.5329

Eq/itq
J'r'*jnt.g:}." ‘{"_f,'
'IJI"]:II.-It._ q .I{I.- f.||

0.60210
2 06643
(.3347

661

IR AL

).333Y

# Numerical observations:

H¢9 _¢9TF L

E

g

. :O(Inzg
p
Mﬂ)

2/3

MA 1+ 0O(

),

E

MA
H¢g o ¢g 12

=EMA

kin,g ~—

kin,g

(6004
(1L.GGRG
(13530

+O(

:OUnﬂ

0G0
(1.6G66G2
i1.3334

575

mﬂ)

2/3

(La00
(Lhbhh
i1.3334

Hy =

E.

int,g

RSN
[ t“l'ifiﬁ
1Aadaa

EMA

int,g

A 1+0(

+O(

In 3

D

2/3)

In g3

2/3

)
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Harmonic Oscillator Potential in 1D

— Thomas-Fermi approximation for first excited state
g )=V 4" (x)+Bla" () 4 (x)

o () = {sign(x) JuF=x212)1 8, 0<| x| 24"

0, otherwise

2(2/Ll1TF)3/2
3p

1= [ 147 () dx=

« Jump at x=0!
e Interior layer at x=0

. x}
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Harmonic Oscillator Potential in 1D

— Matched asymptotic approximation
A" (X) = E[tanh(mx) —sign(x)] +{5i9”(x) \/(M“:)A -x*12)/ 3, O <L:h|§rv\\//i2;;W
— Width of interior layer: |
OW/ ™) =0QI ) = ™ =0(5*")

- Ordering:  E(4,) < E(4) = u(4,) < u(4)

i ( 25 1400 i) | GO SR DRG0
Fg 05000 34402 85085 21.360 55786 13551 341.46
Fqpo 15000 42115 92419  22.07= 54497 13622 34217
jig 05000 56421 14134 35578 80,632 22585 569.10
pig L5000 623732 148500 36.255 00340 22656 56980
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Harmonic Oscillator Potential

& Extension to high dimensions
& |dentity of energies for stationary states in d-dim.
2k, -2E,+dE,=0
— Scaling transformation
w(X) = 1+v)" %, (A+v)X) with w,(X): a stationary state

— Energy variation vanishes at first order in

E(w (X)) = (L+v)* Eyy (o) + L+ V) * By (o) + L+ V) Ejye (W)

diE(w(X)) 0= 0
Vv



T BEC on a ring

& The potential: v(x)=0 on an interal

& The nonlinlear eigenvalue problem
H(0) = —§¢”(<9) +p140) ¢(6), 0<0<2r,

H0+27) = $(6), with 2f| #(0)[Pd6 =1

& For linear case, 1.e. =0

— A complete set of orthonormal eigenfungtions
¢o (‘9) = E’ ¢2| (‘9) = TCOS(|9)1 ¢2|+1(0) = ﬁsm(le)’

VA
|2

o =0, ﬂ2|:ﬂ2|+125' =123,



S BEC on a ring

— Ground state & its energy:
B, (x) = 4, (x) = ﬂ E, =E(¢,)=0=u, = u(dy)
— J-th-excited state & Its energy 3
#(x) = #(x) = ﬁcos(le) E, = E() =1 = 1 = ()
& Some properties | Bl=0()
— Ground state & ItS energy
Ny

B, (x) = 4, (x) = \/Z’ By =E(d) =5
— With a shift:

#(0) is a solution = ¢(0+6,) Is also a solution

oy B
Hy = 1(dy) = o

— Interior layer can be happened at any point in excited states



P,
Numerical methods for ground states

& Runge-Kutta method: (. edwards and k. Bumet, Phys. Rev. A, 95)

& Analytical expansion: (. podd, J. Res. Natl Inst. Stan., 96)

& Explicit imaginary time method: (s. succi, MPp. Tosiet. al, PRE, 00)
& Minimizing e(g) by FEM: (gao & w. tang, icp, 02)

& Normalized gradient flow: (sao & q. bu, siam sci. comput., 03)

— Backward-Euler + finite difference (BEFD)
— Backward Euler + spectral method (BESP): (Bao, Chern & Lim, JCP, 06")

& Gauss-Seidel iteration method: w.w. Linetal, 3cp, 05)
& Spectral method + stabilization: ao, 1. chem & F. Lim, acp, 06)
& Reguarized Newton method: ao, wen & xu, 15)
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Imaginary time method

& |dea: Steepest decent method + Projection

_ 16 E 1 _
sz =—9E@ Lo viyg-plere 1 <t<t,
2 S¢ 2 ¢
& 6 A
¢()—(>’t 1) — ¢(X1tn+1) ’ n = 0’1’ 2,. .. ¢2 ,ﬂ/_ﬂl \\"\I E(¢1)< E(¢0)
s | ¢(X ’t;+1) | :\ EEZI;< Egzl)) )
#(X,0)=4(X) with |4 (X)|=1. \__¢__/ wE

& Physical institutive In linear case
— Solution of GPE:  w(x0=Ya,e™ ¢, with y(X 0=y, ()=, ¢,(7
— Imaginary time dynamics: 7 =1t

¢5(>‘<’,r):w(>‘<’,t):2aj g it ¢;(X) #Ozﬂ;m j()e(ii)f j ¢, (X) : grond state
j=0 0
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Normalized gradient flow

& |dea: (a0 0. bu, SIAM Sci. Comput., 03)

— The projection step is equivalent to solve an ODE
RO =g, CADIRD, & <t<ty, with a0 =-——hpRL) & RL) =gt

— Gradient flow with discontinuous coefficients:
(RO =2V29-V (%) g BI9F 9+ 4, AL) 6, 120,
— Letting time step go to 0

) ==V (X) f—

#(X,0)=¢(X)  with |4 (X)]=1.

— Mass conservation & Endergy diminishing
I#CO= L —E(@D) <0, 120
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Fully discretization

& Consider in 1D:
D =24 -V (IP-PIOF 4, XxeQ=(@b) t,5t<ty d@an=4b.)=0

¢(X’t;+l)
Lot )

& Different Numerical Discretizations
— Physics literatures: Crank-Nicolson FD or Forward Euler FD

¢(X’tn+1) s

#(x,0)=¢(x) with |4 X)]=1.

— BEFD: Energy diminishing & monotone (8ao & Q. bu, SIAM Sci. Comput., 03)

— BESP: Spectral accuracy in space & stable (Bao, I. Cher & F. Lim, JCP, 06)
— Crank-Ncolson FD for continuous normalized gradient flow
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Backward Euler Finite Difference

_b-a

& Mesh and time steps: h=Ax=—"— k=At>0;
x;=a+]jh, j=01--,M; t =nk, k=0,1,2,---; g = p(X;.t,)
& BEFD discretization
Iﬁalﬁ gh'ﬁ+1 2%+ ] - Vi e — 3ot Pes, =1 (V.
(3.4) dh=aohr =0, o =dalag), j=0.1,.. M,
it %%— =0 ... o =10,1.....
where the norm is defined as |62 = B30 (o0)2

& 2"% order In space; unconditional stable; at each step,
only a linear system with sparse matrix to be solved!
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Backward Euler Spectral method

— M1
El: Dlscretlzatlon iy — (7 ; {,-'j sin{py(r; —a)), [ 1.2 o M — 1.
G- 1. e
: At J 9 D:TU |.':'=.z'._; — Vi Lj :":],.; _ 'ﬁli.}jhl_{.}j' J L2 M — 1.
E:']IEI '::'J‘:L_f Ll [;'_I:i-l | £ I Ji' o1, ---, M.
0y
u:;J:fH J jg=01-- M, n=01,---

|l
o M1

DU, ——— z p(U)g sinlp(zy — a)), jg=12--- M—-1,
A M =

& e m+1 b i ]
A —_ P , " 1 Er 1 ! ¥a 3 2, .~ i
J L — 2 D;T.U"”Hl — agt™t (“‘ — Vi) — -3?|'f=’r"|_) ¢;" m =0,
At 2 = T=T; g ’ ’
ENN L1 : -
. . . 0 cee ]
¢, &7, g e M

& Spectral order in space, efficient & accurate
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Ground states

& Numerical results (Bao&W. Tang, JCP, 03"; Bao, F. Lim & Y. Zhang, TTSP, 06))

—In1d

« Box potential: V(x)=0 0<x<1; o otherwise
- . excited states:
 Harmonic oscillator potential:  v(x) = x%2
- & &
 Double well potential :  V(x)=(4-x*)*/2
- &
o Optical lattice potential: Vv (x)=x*/2+12sin?*(4x)
- &
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p
0

3.1371
31.371

156.855

313.71

E(4,)
0.5000
1.0441
3.9810
11.464
18.171

Observations

E(4)
1.5000

1.9414
4.7438
12.191
18.891

E(4,)
2.5000

2.8865
5.5573
12.944
19.629

E(4,)
3.500

3.8505
6.4043
13.719
20.383

1(9,)
0.5000

1.5266
6.5527
19.070
30.259

()
1.5000

2.3578
7.2802
19.784
30.971

()
2.5000

3.2590
8.0432
20.512
31.691

D

()
3.500

4.1919
8.8349
21.252
32.419

E(4,) <E(4) <E(s) <= wuld,) <) <uld)< -,
jim =2 g
o= E(4,)

for any fixed g
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Ground states

& Numerical results (Bao&W. Tang, JCP, 03'; Bao, F. Lim & Y. Zhang, BIM, 07")

- In2d
 Harmonic oscillator potentials:

« Optical lattice potential:

— In3D
« Optical lattice potential:



back




L

E
1.'1;

1
> he

E.1

BB

AR

I

1E

1E
-

1E

iE
-5

sh e
e

L L

-
- aF

=

- -1 05

-0.15
-0
025



al

1£




et e
- ﬁ_ a
iﬂ_ .ﬁ

B PN .

l.v + l.v 4
.V.___}/A wn
. V\}/A . .!....Q\ﬁ e
. —.rrll.ll |.l|



Analysis & Computation
for
Dynamics in BEC
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/Q/Dynamics of a BEC

& Time-dependent NLSE / GPE

6, w()‘(’,t):—%V2W+V(Y<)w+ﬂ|w|2¢//, ReR’, t>0

W()_(” O) — WO()_() _
& Well-posedness & dynamical laws

— Well-posedness & finite time blow-up

— Dynamical laws
« Soliton solutions
 Center-of-mass
 An exact solution under special initial data

— Numerical methods and applications




~ Dynamics with no potential
V(X)=0, XeR®

_ J)=Im |y Vydx=J(0) t=0
& Momentum conservation I

. " . V2 _ i(KeX—ot i 1=
& Dispersion relation  ¥(%:0=A¢"“"" = o= Zk[ + pA
i (v %(vz—az)t+¢90)
& Bright soliton in 1D; ¥*!= msech@'ﬂx Vi-x,)) e

4

| -
2
e |
o~
L amms |
—
{ emme |
Lemme. |

0.




/Q/ )
Dynamics with harmonic potential

. ( yox? d=1

& Harmonic potential V(X)=7y  7X +7yy"  d=2

F X Ay Yyt d=3

2
& Center-of-mass: %)= [ Xy (x.t[dx
Rd
X.(t)+diag(y?,72,72)%.(t) =0, t>0= each component is periodic!!
% An analytical solution if ¥,(X) =@, (X —X,)

(X, t)=e " g (X=X (1)) "™, X (0)=% &AW(X,t)=0
W S C C 0

= p(X,1) =|w(X,1) =g (X=X (1)) [ -- moves like a particle!!
() ==V Y (04, + 16, F
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Well-posedenss

Eﬂ Theorem (T. Cazenave, 03"; C. Sulem & P.L. Sulem, 99”) Assumptions

(i) V(X)eC*(R"), V(X)=20,vXxeR’ & DVX)elL'(R"Y) |alx2

T .. €(0,], s.t. the problem has a unique solution € C([0,T ... ), X)

(i) y, e X —{UEH (Rd)|HuH —Hu

— Local existence, I.e.

— Global existence, I.e. T =00 if

d=1 or d=2 with >-C /Hl//o

or d=3&42>0

12(RY)



& _ E

Finite time blowup

Eﬂ Theorem (T. Cazenave, 03’; C. Sulem & P.L. Sulem, 99’) ASSUFﬂptiOﬂS
<0 & V(X)d+X-VV(X)=0, VXxeR® with d=2,3

vy X with finite variance 8, (0):= [ [%]" |wo(X) Fd% <ot
Rd
— There exists finite time blowup, i.e. T_.. <+ if one of the following holds

(i) E(p,)<0
(i) E(we)=0 & Im [7,(xX)(X-Vyy()dx<0

R

() E(yy)>0 & Im ] o (X) (X- Vi, (X)) d X <—{/E(yw,)d H)_(Wo
Rd
- Proof: & )= [|x[ lw(x.OF dx =& ®) <2d E(y,), t20, d=23

L2

=6, (t) <d E(w )t* + 6, (0)t+ 8, (0) = I0 < t* < 00 & &, (t*) = O!!



P,
ml difficulties for dynamics

i 0, y/()?,t):—%V2w+V(X)w+,B|w|2w, XxeR?, t>0
& Dispersive & nonlinear with  (%,0) =y (%)

& Solution and/or potential are smooth but may oscillate wildly
& Keep the properties of NLS on the discretized level

— Time reversible & time transverse invariant !
— Mass & energy conservation o
— Dispersion relation 0.4
& In high dimensions: many-body problems o
& Design efficient & accurate numerical algorithms

— Explicit vs implicit (or computation cost)
— Spatialitemporal accuracy, Stability
— Resolution in strong interaction regime: 3 >>1



P,
Numerical methods for dynamics

& Lattice Boltzmann Method (succi, phys. Rev. E, 96 Int. 3. Mod. Phys. 98)
& Explicit FDM (edwards & Burnett et al,, Phys. Rev. Lett, 96)

& Particle-inspired scheme (Succi et al., Comput. Phys. Comm., 00")

& Leap-frog FDM (succi & Tosi et al., Phys. Rev. E, 00"

& Crank-Nicolson FDM (adnikari, phys. Rev. E 00)

& Time-splitting spectral method (sao, sakschemarkowich, 3cp, 03)

& Runge-Kutta spectral method (adnikari et al. J. phys. B, 03)

& Symplectic FDM (. qin et al., Comput. Phys. Comm., 04)



D
Time-splitting spectral method (TSSP)

& Time-splitting:
Step 1. il//t()_(’,t):—%vzw,
Step2: iy (X,1) =V(X)w(X)+Bly(X)[ w(X1)
Uy (X)) Hy (X))

w(Xt )= o1V (+Bl (X)) At w(X,t)

& For non-rotating BEC
— Trigonometric functions (Bao, D. Jaksck & P. Markowich, J. Comput. Phys., 03))
— Laguerre-Hermite functions (Bao & J. Shen, SIAM Sci. Comp., 05)
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Time-splitting spectral method

= exp(—i(x /2 iy W )k (2e) W,
1 A 21

t}'-'_.f-” i z expl—iekp; /20 explig(x; — a)). j=0.1,2,...,. W — 1.

f=—A /2
n-+1

W = exp{—i{.pf.;'i + Kl 1j|k;'{2f;j|j|t;'e_l;‘_ F=0,1.2,....M—1,

where ), the Fourier coeflicients of ", are defined as

n M-l
= 2l W, = z woexpl—iglx; —al), = - g ..... ﬂ — L.

h—a Py 2 2
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/@/Properties of TSSP

— Explicit, time reversible & unconditionally stable
— Easy to extend to 2d & 3d from 1d; efficient due to FFT
— Conserves the normalization
— Spectral order of accuracy in space
— 24 or higher order accuracy in time
— Time transverse invariant
V(X) > VX)+a = |w(Xt)[ unchanged
— ‘Optimal’ resolution in semicalssical regime
h=0(¢), k=0(¢), g=1/ g9
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Crank-Nicolson finite difference (CNFD) method

& Crank-Nicolson finite difference (CNFD)method

— Implicit: need solve a fully nonlinear system per time step via iterations!!!
— Time reversible: Yes

— Time transverse invariant: No

— Mass conservation: Yes



P,
" NFD

— Stability: Yes
— Energy conservation: Yes
— Dispersion relation without potential: No

— Accuracy

 Spatial: 2nd order
« Temporal: 2" order

— Resolution in semiclassical regime (varkowich, Poala & Mauser, SINUM, 02)
h=0(¢) & r=0(e)= h=0(s*) & r=0(&)
— Error estimate: Yes



& -

Error estimates for CNFD

S Assume O V)Y

w € C([0, TW>*) N C*([0, TW>*) AC°([0,TIW®* ~AH!) & V eC!

& Theorem: Assume 7 <C,h  there exist h, >0&7z, >0
sufficiently small, when O<h<h,&0<zr<7, |,
we have the following error estimate

<C[h*+7*] & |o'e"|<C[h*"*+7¥*], 0<n<T/r
In addition, if either 4 v (x)].,=0 or w eC°([0,T];H2),

en

e[+




& E

Dynamics of Ground states

& B=100 att=0, o, — 4o,

& 2d dynamiCS of BEC (Bao, D. Jaksch & P. Markowich, J. Comput. Phys., 03))
— . f=20,att=0 o, > 20, o, > 20,
L Att=0 =40 -50

& 3d collapse and explosion of BEC (Bao, Jaksch & Markowich,J. Phys B, 04')

— leads to three body recombination loss

.0, 1 S :
|aw(x,t)=—§V21//+V(><)',u+ﬂ|wIzw—l(foﬂ2 lw ['w

— Numerical results:
. | &
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Humber of Atoms in Condensale
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Numerical results (sao et. J Phys. B, 04)

t=2 (ms) t=3 (ms)

50 100

1w(0,0,0,t)?

e -
|| 1 I 0 0.005 0.01 X

R Jet formation
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Semiclassical scaling

&When s>>1 | re-scaling x sxev yopeett g1 pren
R 2 g N erg . .
Ieaw‘g(x,t)?%vzw (X,1) +V (X (X, 0) + [y (X, ) [ (X,1)

With

E(w*) =], [%ZW [+ (®)|y P +%|w” 1dx =0(1)
& Leading asymptotiCS (sao e v. znang, Math. Mod. Meth. Appl. Sci., 05)

E(y)=¢"E*(y")=0(s7)=0(p"""?)

uly)=e"u (") =0(&")=0(p""?)
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Comparison of two scaling

Quanties
t

S

X

S

Vs

E

S

Energy E
Chemical potential 1

length of wave function

Thomas-Fermi scaling
1/ w,

X, =/ Mo,

-3/2
X

O (ﬂZ/(d+2))
o) (ﬂZ/(d+2))
( ]Kd+2)) ()(\/E;;)

height of wave function O(8“*“?)=0(/u! B)

D

Semiclassical scaling
1/ w,

4 Na
~1/2 U(d+2) _ 1/(d+2)
X =Xp =X, (—)

S

-3/2 .d/4
X, €
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Semiclassical limits

2

- E A g & v & & FA
O<exl icoy (X,t)=—7V2w +VX) '+ Bly | w

VIEYT pt(R0) =y (R) = o () €5 O
& WKB analysiS -- Gregor Wentzel, Hans Kramers & Leon Brillouin, 1926
— Formally assume
we =p° e51F §E=vSE, J¢ = piy
— Geometrical Optics: Transport + Hamilton-Jacobi

0, p°+Ve(p°VS) =0,

0,5° +3\v58
2

2
2+VO|(>‘<')+,0‘€:52 \/ZTA\/;



P,
/Qfole\/l to fluid dynamics

— Quantum Hydrodynamics (QHD): Euler +31 dispersion

0, p°+Ve(pV)=0 P(p)=pp"12
= J8®J£ i 2 i
0,(J°)+Ve( )+VP(p°)+ p VV_ZV('O Aln p%)

o p°
— Formal Limits -- Euler equations for fluids
0, p"+Ve(p’V’)=0 P(p)=pp°12
70
0,(J°)+Ve (J ©J

& Mathematical jUStIfICatIOn G. B. Whitman, E. Madelung, E. Wigner,

P.L. Lious, P. A. Markowich, F.-H. Lin, P. Degond, C. D. Levermore, D. W. McLaughlin,
E. Grenier, F. Poupaud, C. Ringhofer, N. J. Mauser, P. Gerand, R. Carles, P. Zhang,
P. Marcati, J. Jungel, C. Gardner, S. Kerranni, H.L. Li, C.-K. Lin, C. Sparber, .....

— Linear case
— NLSE before caustics

)+ VP(p°)+ p°VV =0
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S Rotating BEC

& The Schrodinger equation ( X=(X,Y,2) )

i Op(x Y _ o H(y)
ot oy™

— The Hamiltonian:

H)= [y @O LY v (@) - 0Ly Ry o

%I (X, p* (X1 OF—-X) p(X,1) p(X,t) IR X’

— The Interaction potential is taken as in Fermi form
o(x) = (N-1) U 5(%). U4k 6%.



N Rotating BEC

4 The 3D Gross-Pitaevskii equation ( % = (x,y,z) )

2

.. 0 . h
Ay (==

— Angular momentum rotation
L, =xp, —yp, =—1Aa(x0, —y0,)=-1hd,, L=XxP, P=-IaV
— Vs a harmonic trap potential

VeV (X)-QL, +NU, |y v

_ m 2 2 2
V) = S0 X @,V +@,7")
— Normalization condition

[ lwEoPd = 1



F Rotating BEC

& General form of GPE ( xeR® )

i %mxt) - [—%Vz V(R -QL,+ Ay Pl

Wlth I-z = _i(xay — yax) = 60

- 0 A 7/ ( E(X2+7/2 yz) d:2
ﬁ:<ﬂ_f PRE=Pr yw=] 2 y
N 1, 2 22 2 2
\ B, \E(X AR AR ), d=3

Normalization condition
|, lwEHFde = 1.



O Rotating BEC

& Conserved quantities
— Normalization of the wave function
N (p(t) = f lw(X,1)]* dX=N(w(0)) =1
— Energy v
E.v®)=], [%WW FHV Xy P -Qyp*L, w+£|w| ]dx
= E ,(w(0)
& Chemical potential
L) =], [%IVI// FVX)y P -Qu*Ly + B ly['1dx



e

Stationary states

& Stationary solutions of GPE
y(%)=g " ¢(X)

& Nonlinear elgenvalue problem with a constraint
H P(X) = [——V +V(X)-QL, + B 4(X) [14(X),

|, 1p) P dx =1
& Relation between eigenvalue and eigenfunction

p=11o($) = Eq(#) + = j |$(X) [* dX



T

Ground state

& Ground state:
Ea(6) = Min Eal®), 41, = 1a(8) = Eal)+ L[ 14,(R) [ 0%

l#lI=1

& Existence: |Qk1& ;=0
— Seiringer (CMP, 02')

& Uniqueness of positive solution: ©=0& S, 20
— Lieb et al. (PRA, 00')

& Energy bifurcation: 0<Qj <1
— Aftalion & Du (PRA, 01'); B., Markowich & Wang 04’
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' _ Ground states:
in 2D IN 3D  isosurface

= = Vortex lattice
A T . | L |
’-"‘“ﬁ PN ' Symmetric trapping anisotropic trapping

next

“ﬂmﬁi —  Giant vortex
4 * In2D In 3

O
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Ground states of rapid rotation

=08 0=1.0

1=210 =23 =26 =310

iy
=33 f1=34 =40
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Dynamical laws of rotating BEC

& Time-dependent Gross-Pitaevskii equation

. 0 ~ 1 _,
' EW(XJ) = [—EVZ +V(X)-QL,+ By [ly
v (X,0) =w,(X), L, :==—1(x0, — yo,) =-10,

& Dynamical laws
— Time reversible & time transverse invariant
— Conservation laws
— Well-posedness & finite-time
— Dynamics of a stationary state with its center shifted

& Numerical methods & results
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Numerical Methods

& Time-splitting pseudo-spectral method (TSSP)
Stepl: iy, (X1) :—%VZW—Q Ly, L,=-i(xd,-yd,)=-i9,
Step2: iy () =V, Q)+ 6 W XDEwEY = lwEHp(&t,)]
— Use polar coordinates (B., Q. Du & Y. Zhang, SIAP 06’)

— Time-splitting + ADI technique (B. & H. Wang, JCP, 06’)
— Generalized Laguerre-Hermite functions (B., H. Li &J . Shen, SISC 09')

& A method via rotating Lagrange coordinate (8., et al. SISC, 13)



P,
/Q/TSFP for rotating BEC

& Numerical Method one: (sao, Q. bu v. zhang, siAM, Appl. Math. 06)

— ldeas
o Time-splitting
» Use polar coordinates: angular momentum becomes constant coefficient
* Fourier spectral method in transverse direction + FD or FE in radial direction
« Crank-Nicolson in time

— Features
* Time reversible

Time transverse invariant

Mass Conservation in discretized level

Implicit in 1D & efficient to solve

Accurate & unconditionally stable



P,
/Q/TSFP for rotating BEC

& Numerical Method two: (Bao&H.Wang,J. Comput. Phys. 06)

— ldeas
o Time-splitting
+ ADI technique: Equation in each direction become constant coefficient
* Fourier spectral method
— Features
* Time reversible
« Time transverse invariant
« Mass Conservation in discretized level
« Explicit & unconditionally stable
 Spectrally accurate in space



P,
/Q{SLHP for rotating BEC

& Numerical Method three: (sao, Li & shen, sisc 09)

— ldeas
o Time-splitting
« Polar/cylindrical coordinates in 2D/3D, respectively
 Lagurre + Fourier basis in 2D
 Lagurre + Fourier +Hermite in 3D

— Features
* Time reversible
* Time transverse invariant
« Mass Conservation in discretized level
« Explicit & unconditionally stable
 Spectrally accurate in space



&

& Numerical methods x=A@)"'x &

% A new formulation  #(X0=w (X0 =w(ADX.1)

— A rotating Lagrange coordinate:
cos(QAt) sin(Qt) 0

Aty=| SOSE SN | o Ay =| —sinat) cos@t) 0| for d =3
—sin(Qt) cos(Qt) 0 0 1
— GPE in rotating Lagrange coordinates
ieR% t>0

6, J(3.1) = [—% V2V (ADR) + Bl 411 4,

— Analysis & numerical methods -- sao & wang, icrs’; Bao, Li & shen, sisc, 09’ Bao

Marahrens, Tang & Zhang, 13, .......
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A Method via Rotating Lagrange Coordinate

AR &

& Numerical methods x

1) =y (X,1) =w(A(t)X,1)

X

# A new formulation %

— A rotating Lagrange coordinate:
cos(QAt) sin(Qt) 0

- cos(Qt)  sin(Qt) s N
A(t)_{—sin(gt) cos(Qt)} ford = 2; A(t)—[ smO(Qt) coséQt) (;

— GPE in rotating Lagrange coordinates

16, 4(3.1) =[—%v2 WV(ADR) + B1oP14 ReR®, t>0

} for d =3

— Analysis & numerical methods -- sao & wang, icrs’; Bao, Li & shen, sisc, 09’ Bao

Marahrens, Tang & Zhang, 13, .......
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Dynamics of ground state

& Choose Initial data as:  p=100, @=08 », =7,=1

v, (X) =¢,(X) . ground state

& Change the frequency In the external potential:
— Casel: symmetric: 7x:1—>2 & 152

—  Case 2. non-symmetric; 7x:1—>18 & y,1-22

— Case 3: dynamics of a vortex lattice with 45 vortices:
£ =1000, 2=0.9,V (X,t) :anisotropic
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Semiclassical scaling

&When s>>1 | re-scaling x—e"x y=ye s=1/5""

2
iE%w‘g(X,tF[—%V2 +V(X)-eQL, + |y’ Fly°
With
2
v & &\ % £ 1 c |4 o
Eav)= [, [5IVY PV F Q) Ly + Iy 108
=0(1)

& Leading asymptotics

E,(v)= 5_1EE,Q (y°)=0 (8-1) _0 (ﬂzl(d+2) )’ 11, () =0 (lgzl(mz))
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Quantum Hydrodynamics

L Set wf=\p° e, VI =VS:, J°=pW°, e=1/p%0D

& Geometrical Optics: (Transport + Hamilton-Jacobi)
o0, p°+Ve(p°VS?)+QL, p° =0, L,:=(x0,-Yy0,)=0,

2 ~ 2 1
+V(>‘<’)+p5+QLZS“’=8— A\/;
. 2 Jp*
& Quantum Hydrodynamics (QHD): (Euler +3" dispersion)
8tpg+V0(pg\7€)+Qﬁng =0

j€®jé‘ £ £ S Te Je 82 & £
)+ VP(p®)+p°VV +QL I+ QA =IV(,0 Aln p?)

0,5° +1\v38
2

0.(3%)+V o

g

2 e £Eqe 0 1
P(p)=p° 12, Jo = p°V°, A= .
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Molecules meet: there are
temporary attractions and
repulsions between electrons

& Experimental setup J il

— Molecules meet to form dipoles J # 'O

— Cool down dipoles to ultracold

— Hold in a magnetic trap Mon polar molecoles
move together

— Dipolar condensation

Weak attractions
between temporary
dipoles

— Degenerate dipolar quantum gas j"/\
% Experimental realization
— Chroimum (Cr52) T'"/\“
— 2005@Univ. Stuttgart, Germany e
- PRL, 94 (2005) 160401 e i ——

expansion times from | to @ ms. (a) BEC released from an almost

& Big-wave In theoretical study e € i
A. Griesmaier,et al., PRL, 94 (2005)160401



BEC with strong DDI

-0-40-30 0 30 60 90
Width aleng @ lurm)

FI;. 2 {color online).  TOF protiles of the spin-purified Dy gas
tor three evaporation tme cons tants, with ¢ = 15 s mm{e) and (f ).
(a)dc)(e) Data at centers are fit to a parsbolic profile (upper
curvel, which underestimates the condensate fraction, whenzas
the distributions” wings amre fit to a Gaussian pmofile (lower
curve]. (blid),if) Absorption mmages of the emerging BBEC.
(b) The transition temperature is %95) nk, with condensate
fraction Z0{4)5%:; (d) 4H2 )% condensate taction at 56{3) nk:
if) o BEC of condensate fraction of 73(4)% and 1.5(2) = 1F*
gtoms forms at 282 nK with density 10 cm™3.

lal 4
@=0*
s Ry 1
- = X
= Tk x E
&
= st B 1 1
Z sl - z ]
2
E 1.5 T
g 'r
i
i)

b2 4 & & 10 12 14 16 18 20
Tirre af flight (ma)

Zms dms ams 10ms Tdmi 1Ems

FILi. 3 (color onhme). Amsotmopic expansion pmofile versus
time atter trap release. (a) r, and r, are the dimenswons of the
parabolic pmofile fit to the BEC for & = 07, Inset: Schematic of
the oblate tap and magnetc-held onentation. (b) Images of the
capanding condensate after tmp melease. The condensate rotates
by T(1)" [946)"] with respect to the & = (1" expansion orien-
tation for & = 45" [# = 60°]. Mo BEC forms tor & = 90°,

Lu, Burdick, Youn & Lev, PRL 107 (2011), 190401.
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Mathematical Model

& Gross-Pitaevskii equation (re-scaled) ¥ = w(X,t) XeR

EE {—%mvm(i) F By E+A(Ugtly |2)}//(z,t)

. 1
- Trap potential Vo, (2) = () X* +77 y* +77 2°)
— Interaction constants 5 - 22N& (ot range), 4= N (long-range)

— Long-range dipole-dipole intetaction kernel °
3 1-3(A-x)*/|X[ 3 1-3cos’()
Arr 1% [ 4z |XP
& References:
— L. Santos, et al. PRL 85 (2000), 1791-1797
— S.Yi&L. You, PRA 61 (2001), 041604(R): D. H. J. O'Dell, PRL 92 (2004), 250401

U i (X) = ieR® fixed & satisfies |fi|=1
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Mathematical Model

& Mass conservation (Normalization condition)
2 2
N =[O =[xt dx=[|p(x.0)f dx=1

R3 RS

& Energy conservation

00 = ]| 5190 F Va0l F 4

R3

& Long-range interaction kernel:
— Itis highly singular near the origin !! At O( 3 jsingularity near the origin !!
— Its Fourier transform reads - 3(fi - 5)2
+ No limit near origin in phase space ! Uy (&) =—1+ a EeR’
 Bounded & no limit at far field too !! ¢
* Physicists simply drop the second singular term in phase space near origin!!
* Locking phenomena in computation !!

p

A .
Llyt+2 sl Pl F}d X = E(y,)

1
| X
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A New Formulation
r=|X| & 6,=0-V & 0,,=0,(0,)

& Using the identity opel etal, PRL 92 (2004), 250401, Parker et al., PRA 79 (2009), 013617)

Uy (9 =33£1— B‘ﬁ’f)zj:—a(%)—saﬁﬁ(fj

I Tl

5 3(A-&)°
— Udip =-1 2
()= S|

& Dipole-dipole interaction becomes
2 2
Udip*lWl =—|w | —3044
1

p=—"-rx*y[c-Ap=|lyf
4y
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A New Formulation

& (Gross-Pitaevskili-Poisson type equations (Bao,cai & Wang, JCP, 10)

R [—%A PV () + (B-2) [ P 30, }w(z,o

—Ap(X,t) =lw (X, 1) [, lim p(%,t) =0
& Energy
E(y (- 1) :=H£3E|W|2 NG =t +3§|aﬁvmﬂd X



o Ground State

& Non-convex minimization problem

E(¢)=minE(g) with S={4||¢|=1&E(#) <o}

peS
& Nonlinear Eigenvalue problem (Euler-Language eq.)
. 1 . 2 S
90 =| 3 84V (R + (8 -2) BF 310,00 |49
~Ap(X) = ¢(X) [, lim ¢(x) =0, |4 =1
& Chemical potential
im ]| 5 IVOF W (OI6F +(5-2) 181 +3410,50F |d

=E(¢>+j[ﬂj|¢r‘+3§|aﬁv(p|ﬂd & -Ap=lgl
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Ground State Results

& Theorem (Existence, uniqueness & nonexistence) (Bao, Cai & Wang, JCP, 10)
— Assumptions
Voo(R) 20, VReR® &  limV,,
— Results V;
+ There exists a ground state ¢, € S if f20 & ) <ALSp

(X) =400 (confinement potential)

« Positive ground state is unique 9, = g |4, | with G eR

» Nonexistence of ground state, i.e. lim E(¢) = —o0

- Casel:  B<( g
-tasell 550 & z>ﬂmz<—§
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Key Techniques in Proof

& Estimate on the Poisson equation
Ap=lpf=p & limp(x)=0 = [0,Ve|<|V(Vo)|=[ag]=]o|=|d,
& Posiltivity & semi-lower continuous
E())>E(I4)=EWp), VgeS  with p=|gf

& The energy E(,/p) Is strictly convexin £ if

>0 & -L<i<p
& Confinement potential :
& Non-existence result

8, . (X)= L 1 exp(— X22+ yzjexp[—zz—z], X € R’

(272'81)1/2 (271'82)1/4
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Numerical Method for Ground State

& Gradient flow with discrete normalization

% p(X.1) = BA Voo (R) = (B=A) |§[ +340,,0 |#(X,1),

— Ap(X,t) = ¢(%,1) [ Imp(x,)=0,  XeQ&t, <t<t,,,

PR ) = HR L) = Hﬁﬁiii . %eQ&n>0

(1) Lheoo= (K1) [heao=0,120;  §(X,0)=¢,(X) 20, XeQ, with |¢|=1.

& Full discretization
— Backward Euler sine pseudospectal (BESP) method
— Avoid to use zero-mode in phase space via DST !
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Figure 1: Burface plots of |¢,(x, 0,2)|? {left column) and iscsurface plots of |l 2,0, 2)| =
0.01 (right cohunn) for the ground state of a dipolar BEC with § = 401,432 and A = 01635
for harmonic potential (top row), double-well potential (middle row) and optical lattice
potential (bottom row).
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Dynamics and its Computation

& The Problem
0

(R = [—%mvem +(B-A) |y F -348,, }w(x,t)

—Ap(X,t) =y (X,1) [, lllimo(p(x,t)zo, XeR® t>0

W(X’O)ZWO(X)l XER:S’
& Mathematical questions
— Existence & uniqueness & finite time blow-up???

& Existing results
— Carles, Markowich & Sparber, Nonlinearity, 21 (2008), 2569-2590
— Antonelli & Sparber, 09, preprint --- existence of solitary waves.
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Well-posedenss Results

& Theorem (well-posedness) (Bao, Cai & Wang, JCP, 10

— Assumptions
(i) V. (X)eC*(R®), V. (X)>0,vieR® & DV (X)el”(R®) |al>2

(i) w,eX = {u e HY(R?) | Jull, =l +[Vull + [ Veu (D) u(R)d % < oo}
— Results -

* Local existence, I.e.
3T €(0,0], s.t. the problem has a unique solution w € C([O, T ), X)

e If 20 & —g <A< fglobal existence, i.e. T, =400
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Finite Time Blowup Results

& Theorem (finite time blowup) (Bao, Cai & Wang, JCP, 10)
_ Assumptions (i) A<0 o  B>0& A< —g or A>3

i) 3V (X)+X-VV._(X)>0, VXeR’
. Results ( ) ext( ) ext( )

+ Forany y,(X) e X , there exists finite time blowup, i.e. Tmax <+
« If one of the following conditions holds

(i) E(w,)<0
(i) E(e)=0 & Im[g(x)(X-Vy,(X)dx<0

R

(i) E(e) >0 & Im [ 7,(x) (X- V() d X < —[3E(w,) [R

R

L2
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Numerical Method for dynamics

% Time-splitting sine pseudospectral (TSSP) method, [t t,..]

— Step 1: Discretize by spectral method & Integrate in phase space exactly

o 1
i 0,y (X,1) =—§V2t//

— Step 2: solve the nonlinear ODE analytically
| 0/ (X,1) = [ Voo (X) + (B =) [y (X,1) F =328,,0(%,1) [w (X, 1)
~Ap(X,t) =y (X 1) [,
Voly(RDF)=0=ly (XD Hw(Xt) | &  o(Xt)=p(Xt,)
[ By (X,1) = | Vo () + (B D) lw(X,t,) F —320,,0(X.t,) [w(X,1)
~Ap(X,t,) =l (Xt,) [,

. —i (t=t, ) [Vaye (R)+H(B=A)w (R 1, P =32 0rnp (R 1, =
:>l//(X,t) _e (=t ) Ve (X)+(B-A)lw (X 1) p(X.t)] W(X’tn)
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New numerical methods for DDI

& How to compute nonlocal DDI p=Ug x|y
— FFT (fast Fourier transform) - 3(fi - £)2
. . Udip(f):_l_i_ ( é:)
— DST (discrete sine transform) | £

p=—|y[ 30,0 & —Ap(X1)=y(X1t)f
— Nonuniform FFT

¢=[Ugp(£)p(¢ 1)dE p=lyf

sphere coordinate

= [ Ug@1EF A& )
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Dynamics of a vortex lattice




P,
Mm Reduction (3D-> 2D)

& Assumptions

2
1
7, >y, &y, =0(Q0) & V. (X)=V,5(X, y)+— :T
& Decomposition of the linear operator
1 1 a 6
L:—§A+th(x)——2A +V, 5 (X, y)+L, . Lo : "
A po N W
2 52
Lz :_Eazz +Z—:i _1622 +Z_
2 284 82 2 2 FIG. 1. (Color online) In the quasi-1D sctl.lp in (a) the dipolar

BEC is confined to the z direction. In the quasi-2D setup in (b) the
atoms are confined to th v plane. The dpl are p olarized along

& Ansatz Ihe axis 1 — (g 1) with polr angle 8 (1., — cosd)

it 1 z’
w(x,y,z.t)=e % y(x,y)o,() & wg(z):(gzn)”“ eXp[_Zgj




P,
Mm Reduction (3D-> 2D)

& 2D equations when ¢—0 (Bao, Cai, Lei, Rosenkranz, PRA, 10))

B—A+3An

. O 1
i — (X, y,t)=[-=A, +V,,(X,y)+ Sy [
Py w(X y,t) =] 5 o1 20 (% Y) N 174

34
== B0, ~MAL )P 1w (x y,)

(_AL)UZ(D(X’ y,t) :l l//(X, y1t) |21 |(x!)i/§|rl>oo ¢(X1 y’t) =0
& Energy 1

B C0) = [ 61V F Voo () F oo (= 2+ 320) ly

#2210, (A" of ~nE|V,(-a,)" ¢ ¥
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Two-component BEC

& The 3D coupled Gross-Pitaevskil equations
2
PN P B}
() =LV (0 -0 Uy L U Ly, Pl - 2
2

.0 o - h
'hal/fz(x’t)—[ om

& Nozrmalization conditions
N(t):Zjo(z,t) Pd=NJ+N2:=N with N°= j|wj(z,0) 2 dx,
R3

& Intro- & Inter-atom Interactions
IR h’ a,;

m

VZ+V(X) -QL, +U, |y, | +U,, v, 1y, — Ahy,

i with &, =a,
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Two-component BEC

# Nondimensionalization

. 0 . 1 -
' al/jl()(’t) :[_EVZ +V(X) —QL, + B v, [ +8, v, 1w, — Ay,

. 0 _ 1 _
' a‘/fz(xvt) :[_EVZ +V (X) -QL, + B, v, |2 +B, |V, |2] W, — Ay,

& Normalization conditions

— There is external driven field 4 =0
N® = [ Iy F dx+ [y, (X0 dx=1

— No external drivenfield 4=0

R dx = N R dx = N2
[lmEopdi=-2,  [ly,(X)Fdk=—2
o N 2 N
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Two-component BEC

& Energy

2 1 . 2 ﬂ . .
E(W) =], > GIVy, PV @)y, -Qu,* Ly, +27"ij ? ly, ) - 2ARe(y,y,)ld%
j:]_ =1

& Reduction to one-component. 2=0, N N2, N> =O(N)

0 0
Nz(t):J-|w2(>*<,t)|2d7<—NW—g<<1 N, () = j|y/1(xt)|dx_NW_1—gz1

n%w(x t) = [——v2+V<x> QL+ Bly Flw(x.),

y D= NINDp (%) & pNep, N EGZEWI_ o,
E(v)



&

Ground state

& No external fileld: 1=0

IIQIIID,r|2||:ﬂ E(¢1’¢2) with « _|_IB -1

& Nonlinear eigenvalue problem

AR =[-2 V4V (R) - QL + A 4+ 14 P14

e (%) =[5 VAV (R) QL + B | 4 +6,: 1,1,
& Existence & unigueness of positive solution
& Numerical methods can be extended



crater

ma = L




&

Ground state

& With external field: 1 =0

min, E(4,¢,)
IAIF +igo =1

& Nonlinear eigenvalue problem

AR == V4V () - QL+ B |4+ 16, P16 - 36,

U Q) =[5 VPV Q) =L, + Sy |4 4B 16, P14 - 20
& Existence & uniqueness of positive solution ???
& Numerical methods can be extended????
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Dynamics

& Dynamical laws:
— Conservation of Angular momentum expectation
— Dynamics of condensate width
— Dynamics of a stationary state with a shift

— Dynamics of mass of each component, they are
veriodic function when 8, =8, =5,

— Vortex can be interchanged!

& Numerical methods
— Time-splitting spectral method
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Dynamics

t=0 t=15 t=3 t=5
I'= ]
|

t=0 t=15 t=13 t=15
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Dynamics




D

ﬁo-Component BEC

& Semiclassical scaling
i 5%‘//1()_(’0 = [_%Vz +V (X) —eQL, + oy, v, [ +ay, |, 1y, —dy,

2

.0 S &g S
'55‘//2()(”[) :[_7V2 +V (X) —eQL, +ay [y, [ +ay, v, 1y, —ely,

& Semiclassical limit

— No external field: 1=0
« WKB expansion, two-fluid model

— With external field: 4 =0
« WKB expansion doesn’t work, Winger transform



P,
m-orbit coupled BEC

& Coupled GPE with a spin-orbit coupling & internal Josephson junction

. 0 1 .
| Ewl = [—E Vi +V(X) + kg0, +0 + (B, |w, [+, v, )w +Qy

. O 1 .

' al/j—l — [_E V? +V (X) —1k0, + 6 + (B | ¥, |2 + B0 |V, |2)] W, +Quy,
& EXxperiments: i, etal, Natwre, 471(2011),83.
& Applications -Topological insulator

& Analysis & numerical methods:
— For ground state & dynamics (sao & Cai, 14)

2D topological insulator 3D topological insulator
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P,
e Spinor BEC

& Spinor F=1 BEC

@ _ *
Fridie [‘2h_m VAV (X) -QL, + 9,01y + 95 (o + P — P )W + 90 W
0 %
Svo = [ L VAV (0 -QL + 0,0lvo + 6 (o1 + 2.V + 200w
0 h
S =L VIV ) QL+ ,01v L+ 000+ p - A OIS
& With
— Pty Ly P, g 28, Anh g a
P=Pat Pt P PVl Un= m 3 " % m 3

a,,8, . S-wave scattering length with the total spin 0 and 2 channels



&

& Tgta
NB =D |

# Tota

M (1)

Spinor BEC

mass conservation
v (X[ dk=N%+NS+N2 =N with N°= j|%(>—<',0) 2 dx,

magnetization conservation

~ [y (O F dx- [ 1y, (RO P dR=NY - NP = M
R3 R3

& Energy conservation

LR .
E) = [0 12 G lVw F VRl F -y Ly )+ 5o +
)=

gn 2

% (P7 + P +200 + 20100 —2004) + 9 (W oy +v 1 (w) wy)]dX



R Spinor BEC

# Dimension reduction

& Ground state
— Existence & uniqueness of positive solution??
— Numerical methods 7?7

& Dynamics
— Dynamical laws
— Numerical methods: TSSP

& Semiclassical limit & hydrodynamics equation??
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Conclusions

— Review of BEC

— Experiment progress

— Mathematical modeling

— Efficient methods for computing ground & excited states

— Efficient methods for dynamics of GPE

— Comparison with experimental results

— Rotating BEC & dipolar BEC

— I\/Iulti-component BEC - two-component, spin-1 BEC, spin-orbit-coupled BEC
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Future Challenges

— Multi-component BEC for bright laser

— Applications of BEC In science and engineering

— Precise measurement

— Fermions condensation, BEC in solids & waveguide

— Dynamics in optical lattice, atom tunneling, random potential
— Superfluidity & dissipation, quantized vortex lattice

— Coupling GPE & QBE for BEC at finite temperature

— Mathematical theory for BEC

= Interdisciplinary research: experiment,physics, mathematics, computation, ....
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