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Abstract

We build on the dynamical systems approach to deep learning, where deep residual
networks are idealized as continuous-time dynamical systems, from the approximation
perspective. In particular, we establish general sufficient conditions for universal
approximation using continuous-time deep residual networks, which can also be
understood as approximation theories in L” using flow maps of dynamical systems. In
specific cases, rates of approximation in terms of the time horizon are also established.
Overall, these results reveal that composition function approximation through flow
maps present a new paradigm in approximation theory and contributes to building a
useful mathematical framework to investigate deep learning.

Keywords. Deep learning, Approximation theory, Controllability

1 Introduction and Problem Formulation

Despite the empirical success of deep learning, one outstanding challenge is to develop
a useful theoretical framework to understand its effectiveness by capturing the effect
of sequential function composition in deep neural networks. In some sense, this is a
distinguishing feature of deep learning that separates it from traditional machine learning
methodologies.

One candidate for such a framework is the dynamical systems approach [13, 20, 23],
which regards deep neural networks as a discretization of an ordinary differential equation.
Consequently, the latter can be regarded as the object of analysis in place of the former. An
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advantage of this idealization is that a host of mathematical tools from dynamical systems,
optimal control and differential equations can then be brought to bear on various issues
faced in deep learning, and more importantly, shed light on the role of composition on
function approximation and learning.

Since its introduction, the dynamical systems approach led to much progress in terms of
novel algorithms [37, 54], architectures [20, 5,139,131} 51} 46, 44] and emerging applica-
tions [56} 58, (7, 130, [16]. On the contrary, the present work is focused on the theoretical
underpinnings of this approach. From the optimization perspective, it has been estab-
lished that learning in this framework can be recast as an mean-field optimal control
problem [25}[14], and local and global characterizations can be derived based on general-
izations of the classical Pontryagin’s maximum principle and the Hamilton-Jacobi-Bellman
equation. Other theoretical developments include continuum limits and connections to
optimal transport [42, 47, 43]. Nevertheless, the other fundamental questions in this ap-
proach remain largely unexplored, especially when it comes to the function approximation
properties of these continuous-time idealizations of deep neural networks. In this paper,
we establish some basic results in this direction.

1.1 The Supervised Learning Setting

We first describe the setting of the standard supervised learning problem we study in
this paper. We consider a set of inputs X C R" and outputs JV C R™ that are subsets
of Euclidean spaces. In supervised learning, we seek to approximate some ground truth
or target function, which is a mapping £’ : X — ). For example, in a typical image
classification problem, each x specifies the pixel values of a d x d image (n = d?), and y
is its corresponding class label, which is a one-hot encoding corresponding to m different
classes of images, e.g. for m = 3, y = (0, 1, 0) corresponds to a label belong to the second
class. The ground truth F' defines the label y = F'(x) associated with each image x, and it
is the goal of supervised learning to approximate F from data. Concretely, one proceeds in
two steps.

First, we specify a hypothesis space
H={Fy: X —>)Y|0ec0O}, (1.1)

which is a family of approximating functions parametrized by # € ©. The parame-
ter set © is some subset of a Euclidean space. For example, in classical linear basis
regression models ()) = R), we may consider a set of orthonormal basis functions
{¢; € L*(X),i = 1,2,...} forming a hypothesis space by linear combinations, i.e.
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H={>,a¢i:a;, eR, Y a? < co}. Of course, there are other hypothesis spaces one
can consider, such as deep neural networks that we will discuss later.

Next, we find an approximant FeHofF by solving an optimization problem typically
of the form

inf /X ((F(2), G (@) du(z), (12)

GeH

Here, 1 is a probability measure on A modelling the input distributionand ¢ : ) x ) — R
is a loss function that is minimized when its arguments are equal. A common choice for
regression problems is the square loss, £(y,vy’') = ||y — ¥/||3, in which case the solution
of is a projection of I’ onto #H in L*(X, u). For classification problems, typically one
uses a surrogate loss function in place of the classification accuracy, e.g. cross entropy
loss. Due to non-square loss functions and complex model architectures, in practice
problem (1.2) is only solved approximately to give a F asan approximation to F'. Moreover,
one typically do not have an explicit form for x, but we have data samples from it: z;,
y; = F(x;) fori = 1,2,..., N. In this case, we can set x to be the empirical measure
W= % Zf\il d.,, yielding the so-called empirical risk minimization problem

Gen N

inf > UF (), Glxy)). (1.3)

This objective function is also called the training loss, since it is the loss function evaluated
on the model predictions versus the true labels, averaged over the training samples.

1.2 Deep Residual Neural Networks

In deep learning, the hypothesis space H consists of functions in the forms of neural
networks of varying architectures. In this paper, we will focus on a very successful class
of deep network architectures known as residual networks (ResNet) [22]]. These neural
networks build the hypothesis space by iterating the following difference equation

Zer1 = 2s + T fo,(2s), 20 = 1, s=0,...,5—1. (1.4)

The number S is the total number of layers of the network, and s indexes the layers. The
number 7 > 0 is a step size, which is taken to be 1 in the original ResNet formulation, but
we consider the slightly more general case here. The function fy, specifies the architecture
of the network, which depends on the trainable parameters 6, at each layer s. For example,
in the simplest case of a fully connected network, we have

fes(z) = ‘/:SO-(WSZ + bs)a

1.5)
0, = (W,,Vi,b,) W,eR>" TV, eR™ b R (



4 Qianxiao Li, Ting Lin, Zuowei Shen

Here, o : R — R is called the activation function, and is applied element-wise to a vector in
R™. Popular examples include the rectified linear unit (ReLU) ReLU(z) = max(0, 2), the
sigmoid Sig(z) = 1/(1 + e~ *) and tanh(z). Depending on the application, more complex
fo are employed, such as those involving blocks of fully connected layers or convolution
layers. In this paper, we do not make explicit assumption on the form of fy, and consider
the general difference equation (1.4)) defining the class of residual network architecture.
We remark that it is possible to have different parameter dimensions for each layer as is
often the case in practice, but for simplicity of analysis we shall take them to have the same
dimension and belong to a common parameter set O, by possibly embedding in higher
dimensional Euclidean spaces.

Now, let us denote by ¢g ,(-; #) the mapping = — zg via (I.4). This is the flow map of the
difference equation, which depends on the parameters § = (6, . .., 0s_1). To match output
dimension, we typically introduce another mapping g taken from a family G of functions
from R" to Y C R™ at the end of the network (classification or regression layer, as is
typically called). We will hereafter call this the terminal family, and it is usually simple,
e.g. some collection of affine functions. Together, they form the S-layer residual network
hypothesis space

%resnet(sa T) = {g o SOS,T('; 9) | g € gae € @S}

(1.6)
Hresnet = USZO,T>O%resnet(S> 7—)

One can see that this hypothesis space is essentially compositional in nature. First, the
functions in H involves a composition of a flow map (g, and the last layer g. Moreover,
the flow map g - itself is a composition of maps, each of which is a step in (1.4). One
challenge in the development of a mathematical theory of deep learning is the understanding
the effect of compositions on approximation and learning, due to the lack of mathematical
tools to handle function compositions.

1.3 The Dynamical Systems Viewpoint

The results in this paper concerns a recent approach introduced in part to simplify the
complexity arising from the compositional aspects of the residual network hypothesis
space. This is the dynamical systems approach, where deep residual networks are idealized
as continuous-time dynamical systems [[13, 25} 39, [14]. Instead of (1.4), we consider its
continuous-time idealization

2(t) = fow (2(1)), 0(t) € O, t € 10,7, 2(0) = x. (1.7)

That is, we replace the discrete layer numbers s by a continuous variable ¢, which results
in a new continuous-time dynamics described by an ordinary differential equation (ODE).
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The limit 7 — 0 of (I.4) with 7" = S7 held constant gives with the identification
t ~ 7s. Empirical work shows that this is justified since for trained deep residual networks,
zs11 — 2 tend to be small [50, 23]]. Consequently, the trainable variables 6 is a now a
indexed by a continuous variable ¢. We will assume that each fy, is a Lipschitz continuous
function on R", so that admits unique solutions.

As in discrete time, for a terminal time 7" > 0, z(7") can be seen as a function of its initial
condition x, and we denote it by ¢ (+, ) : R™ — R™. The map @7 is known as the flow map
of the dynamical system (I.7). It depends on the parameters § = {6(t) € © : t € [0, T},
which is now a function of time. We impose a weak regularity condition of ¢ with respect
to t by restricting 6 to be essentially bounded, i.e. # € L>([0,7],©). As a result, we can
replace the hypothesis space (1.6) by

Hoae(T) = {gopr(-,0) | g€ G,0 € L>([0,7],0)} (1.8)

with the terminal time 7" playing the role of depth. In words, this hypothesis space contains
functions which are regression/classification layers g composed with flow maps of a
dynamical system in the form of an ODE. It is also convenient to consider the hypothesis
space of arbitrarily deep continuous-time networks as the union

Hote = | HoaelT). = | J {90 ¢r(-0) | g€ G,0 € L=(0,T],0)}  (1.9)
T>0 T>0
The key advantage of this viewpoint is that a variety of tools from continuous time analysis
can now be applied. This was pursued for example, in [25} 26] for learning algorithms
and [39, 16, 5] on network stability. In this paper, we are concerned with the problem of
approximation, which is one of the most basic mathematical questions we can ask given a
hypothesis space. Let us outline the problem below.

1.4 The Problem of Approximation

The problem of approximation essentially asks how big H,q. is. In other words, what kind
of functions can we approximate using functions in H,q.? Before we present our results,
let us first distinguish the concept of approximation and that of representation.

e We say that a function F' can be represented by Hge if F' € Hoge-

e In contrast, we say that /' can be approximated by Hq. if for any € > 0, there exists
a F' € Hoqe such that it is close to £ up to error €. Equivalently, F' lies in the closure
of Hoqe under some topology.

Therefore, representation and approximation are mathematically distinct notions. The
fact that some class of mappings cannot be represented by H 4. does not prevent it from
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being approximated by H,q. to arbitrary accuracy. For example, it is well-known that flow
maps must be orientation-preserving (OP), which are a very small set of functions in the
Baire Category sense [36]. At the same time, it is also known that OP diffeomorphisms
are dense in L” in dimensions larger than one [4]. However, what we need here is more
than density of flow maps in general: the approximation set should have good structure to
facilitate computation. In this paper, we investigate the density of flow maps with structural
constraints.

We will work mostly in continuous time. Nevertheless, it makes sense to ask what the
results in continuous time imply for discrete dynamics. After all, the latter is what we
can actually implement in practice as machine learning algorithms. Observe that in the
reverse direction, 2,11 = 25 + Tfp,(2s) can be seen as a forward Euler discretization
of (I.7). It is well-known that for finite time horizon 7" and fixed compact domain, Euler
discretization has global truncation error in supremum norm of O(7'/S) (See e.g. [24],
Ch 5). In other words, any function in H,¢ can be uniformly approximated by those in
H esnet - Consequently, density of Hoqe implies the density of flow maps of its corresponding
discrete deep residual neural network. In this sense, we can see that approximation results
in continuous time have immediate consequences for its discrete counterpart.

2 Main Results and Implications

In this section, we summarize our main results on the approximation properties of H o
and discuss their significance with respect to related results in the literature in the direction
of approximation theory through the viewpoint of function composition, approximation
properties of deep neural networks, and controllability problems in dynamical systems. We
begin with fixing some notation.

2.1 Notation

Throughout this paper, we adopt the following notation:

1. Let K be a Lebesgue measurable subset of R™. We denote by C'(K') the space of real-
valued continuous functions on K, with norm || f||c(x) = sup,cg | f(x)|. Similarly,
for p € [1,00), LP(K) denotes the space of p-integrable measurable functions on
K, with norm || f||o(x) = ([ | f(2)|Pdz)'/P. Vector-valued functions are denoted

similarly.

2. A function f : R" — Ris called Lipschitz if | f(x) — f(2')| < L|z — 2’| holds for
all z, 2’ € R™. The smallest constant L for which this is true is denoted as Lip(f).
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Vector-valued Lipschitz functions are defined similarly.

3. Given a uniformly continuous function f : R" — R, we denote by w; its modulus
of continuity, i.e. wy(r) := sup,_ <, | f(x) — f(2')].

4. For any collection F of functions on R", we denote by F its closure under the
topology of compact convergence. In other words, f € F if for any compact
K C R™and any ¢ > 0, there exists f € F such that || f — ﬂ|C(K) < e. We will
refer to this as approximation closure.

5. For any collection F of functions on R”, we denote by CH(F) its convex hull and
CH(.F) the approximation closure of its convex hull, i.e. closure under the topology
of compact convergence.

6. We call a function f : R — R (resp. strictly) increasing if x > y implies f(z) > f(y)
(resp. f(x) > f(y))-

2.2 Approximation Results

Let us begin by slightly simplifying the form of the continuous-time hypothesis space. Let
us denote by F the set of functions that constitute the right hand side of Equation (1.7)):

F={fs:R" = R"|0cO}. 2.1)

Consequently, we can denote the family of flow maps generated by F as
O(F,T) :={xw 2(T) | 2(t) = fi(2(t)), fr € F,2z(0) =x,t €[0,T]} (2.2)
This allows us to write Hoq. compactly without explicit reference to the parameterization

Hode = Hoae F.G) = | J{gow| g€ G.p € (F,T)}. 2.3)

7>0

We will hereafter call F a control family, since they control the dynamics induced by the
differential equation (1.7)). Unless specified otherwise, we assume F contains only Lips-
chitz functions, which ensures existence and uniqueness of solutions to the corresponding
ODEs (See. Proposition[3.1). Recall that G is the terminal family.

The central results in this paper establishes general sufficient conditions on F and G that
induce an universal approximation property for Hyq.. To state the results we will need
some definitions concerning properties of the control family. The first is the concept of
well functions, which plays a fundamental role in constructing approximation dynamics.
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Definition 2.1 (Well Function). We say a Lipschitz function h : R™ — R is a well function
if there exists a bounded open convex set () C R" such that

QCc{zeR"|h(z) =0} =Q. (2.4)
Here the ) is the closure of ) in the usual topology on R".

Moreover, we say that a vector valued function h : R — R" is a well function if each of

its component h; : R™ — R is a well function in the sense above.

The name “well function” highlights the rough shape of this type of functions: the zero set
of a well function is like the bottom of a well. Of course, the “walls” of this well need not
always point upwards and we only require that they are never zero outside of Q).

We also define the notion of restricted affine invariance, which is weaker than the usual
form of affine invariance.

Definition 2.2 (Restricted Affine Invariance). Let F be a set of functions from R" to R".
We say that F is restricted affine invariant if f € F implies Df(A - +b) € F, where
b € R™ is any vector, and D, A are any n X n diagonal matrices, such that the entries of

D are +1 or 0, and entries of A are smaller than or equal to 1 in absolute value.

Now, let us state our main result on universal approximation of functions by flow maps of
dynamical systems in dimension n > 2.

Theorem 2.3 (Sufficient Condition for Universal Approximation). Let n > 2 and F :
R™ — R™ be continuous. Suppose that the control family F and the terminal family G

satisfies the following conditions
1. For any compact K C R™, there exists a Lipschitz g € G such that F(K) C g(R").
2. CH(F) contains a well function (Definition .
3. F is restricted affine invariant (Definition[2.2).

Then, for any p € [1,00), compact K C R"™ and € > 0, there exists Fe Hode such that

|F — Fll o) <e. (2.5)

In the language of approximation theory for neural networks, Theorem [2.3]is known as
an universal approximation theorem, and H 4. satisfying the conditions laid out is said to
have the universal approximation property. Note that this implies immediately, via Euler
discretization, that the same universal approximation property holds for H espet.

Here, the covering condition F'(K) C g(R") is in some sense necessary. If the range
of g does not cover F'(K), say it misses an open subset U C F'(K), then no flow maps
composed with it can approximate F'. Note that this condition is easy to satisfy, since any
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Lipschitz and surjective g suffices. For example, suppose m = 1 (regression problems),
we may take g(z) = w' z for any w # 0.

The requirement n > 2 is also necessary. In one dimension, the result is actually false, due
to the topological constraint induced by flow maps of dynamical systems. More precisely,
consider one dimensional regression problems with n = m = 1. There is no need to match
output dimensions, so we may take G = {id}. Then, one can show that each Fe Hode
must be continuous and strictly increasing, and furthermore that its closure also contains
only increasing functions. Hence, there is no hope in approximating any function that is
strictly decreasing on an open interval. However, we can prove the next best thing in this
case: any continuous and increasing function can be approximated by a dynamical system
driven by the control family F.

Theorem 2.4 (Sufficient Condition for Universal Approximation in 1D). Letn =m =1
and take G = {id}. Then, Theorem [2.3| holds under the additional assumption that F is
increasing.

Remark 2.5. In one dimension, Theoremstill holds if one replaces the LP(K') norm by
C(K), and furthermore one can relax the restricted affine invariance property to invariance
with respect to only D = £1 and A = 1 in Definition[2.2} i.e. we only require symmetry
and translation invariance.

Let us now give some examples of control families satisfying the requirements of Theo-
rems [2.3]and 2.4]in order to highlight the general applicability of these results.

Example 2.6 (ReLU Networks). Recall that the fully connected architecture with
RelLU activation corresponds to the control family

FReLU = {z — VReLUWz +b) | W € RV € R b € Rq} (2.6)

where ReLU(z); = max(z;,0) and q > n. It is clear that restricted affine invariance holds.
Moreover, one can easily construct a well function: Let Q = (—1,1)" C R" be the open
cube. Consider the function h : R™ — R" whose components are all equal and are given
by

1 n
()] = o D [ReLU(—1—z)+ReLU(z; —1)], i=1,...,n. 2.7)
j=1
Clearly, h € CH(F) C CH(F) and h is a well function with respect to ). Therefore, fully
connected residual networks with ReLU activations possesses the universal approximation
property as a consequence of our results. Note that this result can be proved using other

methods that take an explicit architectural assumption e.g. [28, 40, 41]].

We now discuss examples of some architectural variations that can be handled with our
approach. As far as we are aware, such results have not been established in the literature
using other means.
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Example 2.7 (Other Activations). Our results also apply to other network architectures,
e.g. with different choice of the activation function. As a demonstration, we consider

another commonly used activation function known as the sigmoid activation

1
1+ e %

Sig(z) = (2.8)

in place of the ReLU activation in (2.6). We call this family Fs;,. In this case, restricted
affine invariance is again obvious. To build a well-function, let us define the scalar soft-
threshold function s : R — R

s(z) = %min(max(]z\ —1,0),1) (2.9)

and for M, N positive integers we define the scalar function

sun(z) QNZ [Slg —qr — 2)) + Sig(M(z — qx))| . (2.10)

where q;, = 1 + (k/N). We first show that sy Ny can approximate s on any compact subset
of Rif M, N are large enough, and it is sufficient to consider the subset to be intervals of
the form [— K, K|. We now estimate |s(z) — sy n(2)| directly, and by symmetry we only

need to check 0 < z < K. There are three cases:

Case 1: 0 < z < 1. Here, s(z) = 0. Then each z — qy,—z — qx > —1/N and hence
1

513 (2)] < regarm-

Case 2: q < z < qu41 for some | > 0. Then, we have Sig(M(—q, — 2)) < W
for all k. ALso, Sig(M(z — qr))| < mfor k <, since z — q > 1/N; 3)

|Sig(M(z — qx))| < Wfor k > 1+ 1, since z — q < —1/N. Combining these

estimates we have

1 1
N T T T ep(M/N)’

——SMN(Z) < (2.11)

l
2N

and since |s(z) — 5| < 3k, we have |s(z) — syn(2)| < = + m.

Case 3: z > 2. Here, s(z) = 1, and the estimates for case 2 above also hold true. Thus, we
have |1 — sy n(2)| < & + m.

Combining the cases above, we have for any K > 0 and |z| < K,

1 1
N 1T F ep(M/N)

|s(z) — spn(2)| < (2.12)

By sending M = N? — oo, we can make the right hand side arbitrarily small, as required.
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Now, let us define the function h : R" — R" where

1

(=) =~ ;s(zj), i=1,...,n. (2.13)
It is clear that h is a well function with respect to the cube (—1,1)". Moreover, by
estimate (2.12) h can be uniformly approximated on any compact subset by [hy n|; =
1 > i1 Sm.N(2j), which belongs to CH(Fsig). Thus, h € CH(Fs;z) and we conclude using
our results that continuous fully connected residual networks with sigmoid activations
also possess the universal approximation property. Other activations such as tanh can be
handled similarly. Importantly, we can see that in our framework, relatively little effort
is required to handle such variations in architecture, but for existing approaches whose
proofs rely on explicit architectural choices such as ReLU, this may be much more involved.
Example 2.8 (Residual Blocks). As a further demonstration of the flexibility of our results,
we can consider another type of variation of the basic residual network, which considers a

“residual block” with more than one fully connected layer. For example, each block can be

of the form

u, = o(WHz, + b)),

(2.14)
Zop1 = 25 + Veo (W Pu, 4+ 0P,

where o is some nonlinear activation function applied element-wise. In fact, the original
formulation of residual networks has such a block structure, albeit with convolutional layers
and ReLU activations [22]]. Now, the corresponding control family for the continuous-time
dynamics is

Fotoek = {2 = Va(W@a(WWz 4+ p1)) 4 @)

|V e R W) e R p1) ¢ R W) € Re2X0 52 ¢ R}, 219

where qo, q1 > n. We now show that we can deduce universal approximation of this family
from previous results. As before, restricted affine invariance holds trivially. Thus, it only

remains to show that CH(Fyock) contains a well function.

To proceed, we may set q; = qo = n without loss of generality, since otherwise we can just
pad the corresponding matrices/vectors with zeros. Now, let us assume that the “one-layer”

control family
Fo={x—=Vo(Wz+0b) | W e R"™™ beR"} (2.16)

is such that CH(F,) contains a well function that is non-negative. From the previous
examples, we know that this is true for c = ReLLU or o = Sig. In addition, we assume that

the activation o satisfies a non-degeneracy condition: there exists a closed interval [ C R



12 Qianxiao Li, Ting Lin, Zuowei Shen

such that its pre-image o~ (I) is also a closed interval. Note that most activations we use

in practice satisfy this condition.

Let us define a control family F, which is a subset of Fyiock, in Which we set wh =71
and b = 0. We also reparametrize the remaining variables as W = WWw®),
b2 = WPV 1 b® to obtain the smaller control family

F={z= VaWOWDo(2) + "] + )

— ~ N ~ (2.17)
| Ve Rnxn’ W(l) c Rnxn’ b(l) c Rn’ W(2) c Rnxn’ b(2) c Rn}’

We now show that CH(JF) contains a well function. Since the activation function is applied
element-wise, we may first consider the 1D case, as we have done is the first two examples.
Suppose that s is a scalar well function such that z — (s(z1), ..., s(z,)) € CH(F,) and
that s is non-negative (see Examples and 2.7 for construction). Then we know that
2+ (s(ao(z1) +b),...,s(ac(z,) + b)) € CH(F) C CH(Fpiock) for all a,b € R. It
suffices to verify that s(ao(-) + b) is a scalar well function, for some a and b satisfying
suitable conditions. We now show this is the case. Take a closed interval I C R such that
o~ 1(I) is also a closed interval. By rescaling and translating, we can take the zero set of
s to be the interval [—1, 1. Then, we choose a, b such that z — az + bmaps I to [—1,1],
from which we can deduce that s(ao(-) + b) is also a well function. We may now construct

a well function in n dimensions analogously to the previous examples

n

1
(=) =~ D s(z),  i=1,....n, (2.18)
j=1

and by construction h is a well function in C_H(]: ) C C_H(}"block). By our results, this

again induces the universal approximation property of its corresponding H oge.

The above examples serves to illustrate the flexibility of a general sufficient condition in
deriving universal approximation results for many different architectures. It is possible that
some, or even all of these results can be derived using other means (such as reproducing
other universal function classes), but such arguments are likely to be involved and more
importantly, they have to be handled on a case-by-case basis, lacking a systematic approach
such as the one introduced in this paper. We end this section with a remark on a negative
example.

Remark 2.9. Observe that using linear activations o(z) = z constitute a control family
which does not contain a well function in CH(F). We also can immediately see that it
cannot produce universal approximating flow maps, since the resulting flow maps are

always linear functions.

Let us now discuss the implication of Theorems and 2.4 in three broad directions:
1) approximation of functions by compositions; 2) approximation theory of deep neural
networks and 3) control theory and dynamical systems.
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2.3 Approximation of Functions by Composition

Let us first discuss our results in the context of classical approximation theory, but through
the lens of compositional function approximation. In other words, we will recast classical
approximation methods in the form of a compositional hypothesis space (c.f. (1.8))

H={goplgeg,pecd} (2.19)

which then allows us to compare and contrast with the setting considered in this paper.
As before, we call G the terminal family, and for convenience we will refer to @ as a
transformation family, to highlight the fact that it contains functions whose purpose is to
transform the domain of a function g in order to resemble a target function F'.

We start with the simplest setting in classical approximation theory, namely linear N-term
approximation. Here, we consider a fixed, countable collection D of functions from R"
to R, which we call a dictionary. The dictionary is assumed to have some structure so
that they are simple to represent or compute. Common examples include polynomials,
simple periodic functions such as sines and cosines. Linear /N-term approximation takes
the first NV elements ¢1, ¢, . .., ¢ of D and forms an approximant F of F via their linear
combinations

N
F(z) =Y wii(zr), w €R™ =12 N (2.20)
=1

From the viewpoint of compositional function approximation, we may express the above
hypothesis space by considering the linear terminal family

N
Q(N):{xHZwixi\wiERm,izl,...,N} (2.21)

=1

Then, we obtain the compositional representation of the hypothesis space

H(N) ={gop|g€G(N),p=(¢1,...,0n)}. (2.22)

In other words, the basic /N-term linear approximation can be recast as a compositional
hypothesis space consisting of a linear terminal family and a transformation family con-
taining of just one N-dimensional vector-valued function, whose coordinates are the first
N elements of the dictionary D. This is called linear approximation, because for two target
functions Fj and F5, whose best approximation (in terms of lowest approximation error,
see Sec. b are [/7’\1 and E respectively, then the best approximation of \i F| + Ao F5 is
/\lﬁl + )\QF\Q for any A\j, Ay € R.

Nonlinear N-term approximation [11] takes this approach a step further, by lifting the
restriction that we only use the first V elements in D. Instead, we are allowed to choose,
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given a target /', which N functions to pick from D. For this reason, the dictionaries D
used in nonlinear approximation can be an uncountable family of functions. In this case,
the compositional family is

H(N)={gop|geG(N),pcD"} (2.23)

The term “nonlinear” highlights the fact that the best approximations for functions do not
remain invariant under linear combinations.

In these classical scenarios, the compositional formulations (2.22)) and (2.23) share certain

similarities. Most importantly, their transformation families have simplistic structures, and
the terminal family is linear, hence also simple. Consequently, one must rely on having a
large NV in order to form a good approximation. A function can be efficiently approximated
via linear approximation (i.e. requiring a small ) if its expansion coefficients in D decays
rapidly. On the other hand, efficient approximation through nonlinear approximation relies
on the sparsity of this expansion. Nevertheless, in both cases the complexity of their
respective hypothesis spaces arise from a large number of linear combination of simple
functions.

Let us now contrast our results on 4., which is also in this compositional form (See (I.8))).
First, our results holds for more general terminal families that are not restricted to linear
ones. Second, by looking at the form of 4. and comparing with and (2.23), we
observe that the complexity of H,q4. arises not due to linear combination of functions,
since universal approximation holds despite ( having fixed output dimension. Instead, the
complexity of H 4. arises from compositions, a point which we shall now expand on.

Observe that besides the overall compositional structure of a terminal family and a transfor-
mation family, a second aspect of composition is also involved in H,qe: the transformation
family @(F, T') is itself generated by compositions of simple functions. To see this, observe
that for any flow map of an ODE ¢ up to time 7', we can write it as

SOTZSOT]\{ OSDTA/[71 O"'OQOTQOQDTU (224)

where 71 + --- + 7y = T, and each ¢, represents the portion of the flow map from
t=> i1 Tstot =>__ 7s (Weset Ty = 0). By increasing the number of such partitions,
each gp{becomes closer to the identity mapping. More generally, the family of flow maps
forms a continuous group under the binary operation of composition, with the identity
element recovered when the time horizon of a flow map goes to 0. Therefore, each member
of the transformation family @ (F,T") can be decomposed into a sequence of compositional
mappings, each of which can be made arbitrarily close to the identity, as long as at the
same time one increases the number of such compositions. While this decomposition holds
true for any flow map of an ODE, the main results in this paper go a step further and show
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that the universal approximation property holds even when the flow map is restricted to
one that is generated by some control family F verifying the assumptions in Theorem [2.3]

We remark that in classical nonlinear approximation, the dictionary D could also involve
compositions. A prime examples of this is wavelets [34, 9, [38] where one starts with
some template function ¢/ and generates a dictionary by composing it with translations
and dilations. For example, in one dimension the wavelet dictionary has the following
compositional representation

D={¢yoT|T(x)=(xr—m)/A\ xg € R\ > 0}. (2.25)

The main contrasting aspect in Hq. 1s that the compositional transformations are much
more complex. Instead of simple translations and dilations, the transformation family in
Hode iInvolves complex rearrangement dynamics in the form of a ODE flow that may be
adapted to the specific target function F' at hand.

In summary, contrary to classical approximation schemes, H,q. is built from compositions
of functions from a simple terminal family G and a complex transformation family &(F, T,
whose members can further be decomposed into a sequence of compositions of functions
that are simple in two aspects: they are close to the identity map and they are generated
by a potentially simple control family /. Consequently, the complexity of Hoq. arises
almost purely from the process of composition of these simple mappings. In other words,
we trade complexity in 7' (compositions) for N (linear combinations), and can achieve
universal approximation even when the transformation family has fixed output dimensions.
From this viewpoint, the results in this paper highlights the power of composition for
approximating functions.

2.4 Approximation Theory of Deep Neural Networks

As discussed previously, the transformation family in H 4. consisting of flow maps is highly
complex due to repeated compositions. At the same time, however, just like dictionaries
in linear and nonlinear approximation, it possesses structure that allows us to carry out
approximation in practice. Concretely, recall that each flow map can be decomposed as
in (2.24), where each component ¢, is not only close to the identity, but is close in such
a way that the perturbation from identity is constrained by the control family . Thus,
one just need to parameterize each ¢,, by selecting appropriate functions from F and
then compose them together to form an approximating flow map. From this viewpoint, the
family of deep residual network architectures is a realization of this procedure, by using a
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one-step forward Euler discretization is approximate each ¢,,. Concretely,

onlz) =2+ / " @)t~ 2 (2), (2.26)

for 7; small, which corresponds to the family of deep residual architectures motivated in
Sec.|ll The standard convergence result for Euler discretization [24] allows one to carry
approximation results in continuous time to the discrete case. In view of this, we now
discuss our results in the context of approximation results in deep learning.

We start with the continuous-time case. Most existing theoretical work on the continuous-
time dynamical systems approach to deep learning focus on optimization aspects in the
form of mean-field optimal control [14} 29], or the connections between the continuous-
time idealization to discrete time [48], 142, 43]. The present paper focuses on the approxi-
mation aspects of continuous-time deep learning, which is less studied. One exception is
the recent work of Zhang et al. [S5], who derived some results in the direction of approxi-
mation. However, an important assumption there was that the driving force on the right
hand side of ODEs (here the control family ) are themselves universal approximators.
Consequently, such results do not elucidate the power of composition and flows, since each
“layer” is already so complex to approximate an arbitrary function, and there is no need for
the flow to perform any additional approximation.

In contrast, the approximation results here do not require F, or even CH(F), to be universal
approximators. In fact, / can be a very small set of functions, and the approximation
power of these dynamical systems are by construction attributed to the dynamics of the
flow. For example, the assumption that CH(F) contains a well function does not imply
F that drives the dynamical system is complex, since the former can be much larger than
the latter. In the 1D ReLU control family that induces the fully connected network with
ReLU activations (See (I.4)), one can easily construct a well function with respect to the
interval 2 = (g1, g2) by averaging two ReLU functions: [ReLU(q; —z) + ReLU(z — ¢2)],
but the control family 7 = {vReLU(w - +b)} is not complex enough to approximate
arbitrary functions without further linear combinations. We have already illustrated this in

Examples[2.6] [2.7]and 2.8]

We also note that unlike results in [55], the results here for n > 2 do not require embedding
the dynamical system in higher dimensions to achieve universal approximation. The nega-
tive results given in [S5] (and also [12]), which motivated embedding in higher dimensions,
are basically on limitation of representation: flow maps of ODEs are orientation preserving
(OP) homeomorphisms (See Def. [3.2)) and thus can only represent such mappings. How-
ever, these are not counter-examples for approximation. For instance, it is known that OP
diffeomorphism (and hence OP homeomorphisms) can approximate any L functions on
open bounded domains in dimensions greater than or equal to two [4].
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Although the present paper focuses on the continuous-time idealization, we should also dis-
cuss the results here in relation to the relevant work on the approximation theory of discrete
deep neural networks. In this case, one line of work to establish universal approximation
is to show that deep networks can approximate some other family of functions known to
be universal approximators themselves, such as wavelets [35]. Others focus on certain
specific architectures, such as in [32} 153} 28,159, 13}, (10} [19} [15], which sometimes allows
for explicit asymptotic approximation rates to be derived for appropriate target function
classes. Furthermore, non-asymptotic approximation rates for deep ReLLU networks are
obtained in [41}40]]. They are based on explicit constructions using composition, and hence
is similar in flavor to the results here if we take an explicit control family and discretize in
time.

With respect to all these works, the main difference of the results presented here is that
we study sufficient conditions for approximation. In other words, we do not start with an
a priori specific architecture (e.g. the form of the function fy, or the type of activation
o in (T.4)). In particular, none of the approximation results we present here depend on
reproducing some other basis functions that are known to have the universal approximation
property. Instead, we derive conditions on the respective control and terminal families F, G
that induces the universal approximation property in H,4.. One advantage of this viewpoint
is that we can isolate the approximation power that arises from the act of composition,
from that which arises from the specific architectural choices themselves. As an example,
the approximation results in [28] relies on approximating piece-wise constant functions
with finitely many discontinuities, hence its proof depends heavily on the ReLLU activation.
Furthermore, the high dimensional results there require constructing the proximal grid
indicator function, which is not straightforward with activations other than ReLU. We
note that for the deep non-residual case, more precise approximation results including
non-asymptotic rates for the ReLU architecture can be derived [41, 40]. In contrast, the
main results in this paper proceeds in a more general way without assuming certain precise
architectures. Therefore, these results have greater applicability to diverse architectures
(See Examples [2.6] [2.7]and [2.8)), and perhaps even novel ones that may arise in future deep
learning applications.

2.5 Control Theory and Dynamical Systems

Lastly, the results here are also of relevance to mathematical control theory and the theory
of dynamical systems. In fact, the problem of approximating functions by flow maps is
closely related to the problem of controllability in the control theory [45]. However, there
is one key difference: in the usual controllability problem on Euclidean spaces, our task is
to steer one particular input x, to a desired output value ¢ (x(). However, here we want
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to steer the entire set of input values in z € K to ¢(z) € p(K) by the same controls.
This can be thought of as an infinite-dimensional function space version of controllability,
which is a much less explored area and present controllability results in infinite dimensions
mostly focus on the control of partial differential equations [8, 2]].

In the theory of dynamical systems, it is well known that functions represented by flow maps
possess restrictions. For example, [36] gives a negative result that the diffeomorphisms
generated by C* vector fields are few in the Baire category sense. Some works also give
explicit criteria for mappings that can be represented by flows, such as [17] in R?, [49] in
R™, and more recently, [57]] generalizes some results to the Banach space setting. However,
these results are on exact representation, not approximation, and hence do not contradict
the positive results presented in this paper. The results on approximation properties are
fewer. A relevant one is [4]], who showed that every L” mapping can be approximated by
orientation-preserving diffeomorphisms constructed using polar factorization and measure-
preserving flows. The results of the current paper gives an alternative construction of
a dynamical system whose flow also have such an approximation property. Moreover,
Theorem [2.3] gives some weak sufficient conditions for any controlled dynamical system to
have this property. In this sense, the results here further contribute to the understanding of
the density of flow maps in L”.

3 Preliminaries

In this section, we state and prove where necessary some preliminary results that are used
to deduce our main results in the next section.

3.1 Background Results on Ordinary Differential Equations

Throughout this paper, we use some elementary properties and techniques in classical
analysis of ODEs. For completeness, we collect these results in this section. The proofs
of well-known results that are slightly involved are omitted. Readers familiar with basic
ODE theory may skip this section, and the unfamiliar readers are referred to [1] for a
comprehensives introduction.

The differential equation that generates the transformation family in H g is of the form
zZ = fi(z), fi € F, 0<t<T, 2(0) = zo, (3.1)

where zg, z(t) € R". Such equations are called time-inhomogeneous, since the right
hand side changes in time. However, in subsequent proofs of approximation results, we
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usually consider ¢t — f; that are piece-wise constant, i.e. f; = f; for all t € [T}, T;11].
In this case, for each interval on which f; does not change, it is enough to consider the
time-homogeneous equation

z = f(2), 0<t<T, 2(0) = zo, (3.2)

where f : R® — R" is fixed in time. An equivalent form of the ODE is the following
integral form

2(t) = 2o +/0 f(z(s))ds. (3.3)

The following classical result can be proved using fixed point arguments (see e.g. [[1]], Ch.
4).

Proposition 3.1 (Existence, Uniqueness and Dependence on Initial Condition). Let f be
Lipschitz. Then, the solution to (3.2)) exists and is unique. Moreover, for each t, z(t) is a
continuous function of zy. If in addition, f is r-times continuously differentiable for r > 1,

then for each t, z(t) is a (r — 1)-times continuously differentiable function of z.

Recall that the flow map ¢ : R" — R" of (3.2)) is the mapping from z, — z(7") where
{z(t)} satisfies (3.2). This is well-defined owing to Prop Thus, we hereafter assume f
is Lipschitz. Let us now discuss an important constraint that such flow maps satisfy.
Definition 3.2 (Orientation Preserving for Diffeomorphism Case). We call a diffeomor-
phism ¢ : R™ — R" orientation preserving (OP) if det J,(x) > 0 for all x € R", where
J,, is the Jacobian of o, i.e. [J,()]i; = g—fj(m).

Proposition 3.3. Suppose [ is twice continuously differentiable. Then, the flow map o1

of (3.2) is an OP diffeomorphism.

The above follows from the observation that the flow map of 2 = — f(z) is the inverse of
7, and that

T
o) = exp ([ tantonar) 34
0
is positive definite.

Definition [3.2] requires differentiability. If the mapping ¢ is only bi-Lipschitz, we can
define the Jacobian almost everywhere, and so a bi-Lipschitz mapping is OP if det J, > 0
almost everywhere. If ¢ is merely continuous, a proper definition is subtle and can be
given by homological techniques, see [21]].

However, if we restrict our interest to lower dimensional spaces, such as on the real line
(n = 1) or the plane (n = 2), the definition of OP can be easily given without any differen-
tiability requirements. In this paper, we only need the n = 1 case, where a homeomorphism
is OP if and only if it is strictly increasing. The definition is a natural extension of diffeo-
morphism case. Below, we prove the one dimensional case that flow maps that are not
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necessarily differentiable must still be orientation preserving homeomorphisms. This is
sufficient to prove our subsequent results. Note that this result is well-known (see [[1]], Ch
1) and we include its proof for completeness.

Proposition 3.4. Let n = 1 and @7 be the flow map of (3.2). Then, pr is increasing.

Proof. It is enough to show that if z; and 2, are solutions of (3.2)), but with different initial
values x1 < xq. Then z;(t) < z2(t) for all £ > 0. Suppose not, we assume z1(ty) = 22(to)
for some ?y. Consider the following ODE:

w=—f(w), w(0)=2z(t). (3.5)

Then both 2 (ty — -) and z3(¢y — -) are solutions to the above. By uniqueness we have
21(to — t) = 29(to — t) for all £, which implies z; = z;(0) = 22(0) = x5, a contradiction.
Since both z; and z, are continuous in ¢, we have z;(t) < z5(t) for all ¢. O

Next we state a version of the well-known Gronwall’s Inequality [[18]].
Proposition 3.5 (Gronwall’s Inequality). Let f : R — R be a scalar function such that
f(t) > 0and f(t) < A+ B [ f(r)dr. Then f(t) < AeP".

Finally, we prove some practical results, which follow easily from classical results but are
used in some proofs of the main body.

Proposition 3.6. Let n = 1 and z(-; x) be the solution of the ODE (3.2) with initial value
x. When x is in some compact set K C R, then the continuous modulus of finite time

Waay o) (1) = sup  |z(t; @) — 2(t; 7)) (3.6)
0<t1<t2<T
[to—t1|<r

converges to 0 as r — 0 uniformly on v € K.

Proof. We denote a = min K, b = max K , By Proposition 3.4} we know that 2(t; a) <
y(t;x) < y(t;b), thus H = {z(t;z) : x € K,t € [0, T} C [min; 2(¢; @), max; z(t; b)] is

compact, and sois f(H) = {f(h) : h € H}. Let M = maxyep |f(h)|, we have
sup  |z(ty; ) — 2(tg; )| < rM, (3.7)
0<t1<t2<T
[ta—t1|<r
implying the result. []

The following proposition shows that in one dimension, if we have a well function, we
can transport one point into another if they are located in the same side of well function’s
zero interval. Note that by definition, the well function cannot change sign outside of this
interval.
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Proposition 3.7. Let n = 1. Suppose f(z) < 0 for all x > x. Then for vo < x; < s
Consider the ODE:

z = f(2), 2(0) = . (3.8)
Then ultimately the ODE system will reach x4, i.e., for some T, z(T) = x;.

Before proving it, we give a simple example to illustrate this proposition. Suppose that
f(z) = —ReLU(z — xy), then direct computation shows 2(T") = (x5 — x¢) exp(—T) + .
In this case, T = In((xs — z¢)/(x1 — w)) suffices. Intuitively, this proposition shows
under the stated conditions, x is an attractor for the unbounded interval (z, 00).

Proof. Notice that f is assumed to be continuous, and it suffices to give an estimate
on z(7T). We only need to prove that for some 7', z(T') < 1, and the result can be
easily derived by the continuity of 7" +— z(7") and that z(0) = z5. Choose an arbitrary
Ty € (wg, 1) and define m = — sup,¢(, ., (). We have

2(t) = +/O f(z(s))ds. (3.9)

Sett = (29 —x1)/m.If z(t) < Z (which is smaller than x) then we are done by continuity.
Otherwise, we have z(t) < —m for all ¢’ € [0, t], yielding

Lo — 1

=1 (3.10)

m

t
2(t) < o+ / (—m)ds = x93 —m
0
which by again implies our result by continuity. L

With these results on ODEs in mind, we now present the proofs of our main results.

3.2 From Approximation of Functions to Approximations of Domain
Transformations

Now, we show that under mild conditions, as long as we can approximate any continuous
domain transformation ¢ : R®™ — R” using flow maps, we can show that Hq is an
universal approximator. Consequently, we can pass to the problem of approximating an
arbitrary ¢ by flow maps in establishing our main results.

Proposition 3.8. Ler ' : R" — R™ be continuous and g : R" — R™ be continuous. Let
K C R™ be compact and suppose g(R™) D F(K). Then, for any e > 0 and p € [1,00),

there exists a continuous function ¢ : K — R" such that

[F' = g0l <e. (3.11)
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Proof. This follows from a general result on function composition proved in [27]. We
prove this in the special case here for completeness.

The set F'(K) is compact, so for any § > 0 we can form a partition F'(K) = U;—;
with diam(B;) < §. By assumption, g~!(B;) is non-empty for each 4, so let us pick
z; € g71(B;). For each ¢ we define A; = (F~(B;) N K) so that { A;} forms a partition of
K. By inner regularity of the Lebesgue measure, for any ¢’ > 0 and for each ¢ we can find
a compact K; C A; with \(A; \ K;) < ¢’ (A is the Lebesgue measure) and that K;’s are
disjoint. By Urysohn’s lemma, for each ¢ there exists a continuous function ¢; : K — [0, 1]

such that ¢; = 1 on K; and ¢; = 0 on U;, K ;. Now, we form the continuous function

Z zipi(w (3.12)

=1

Define K’ = {3°N, o,z : a; € [0, 1]}, which is compact and ¢(K) C K'. Then, we have

N N
IF —go@lmu <Y IF—go @l + Y IF = g0 @lwmnx,)

=1 =1
N

<Y NF = gogill ey + [IIF e + lgllogen] N6 (3.13)
=1

We take ¢’ small enough so that the last term is bounded by d. Then, we have

N
IF = g ol <Y OME) +6 < (14 A(K))S. (3.14)

=1
Taking 6 = ¢/(1 4+ A\(K)) yields the result. O

We shall hereafter assume that g(R™) D F'(K), which as discussed earlier is easily satisfied.
Hence we have the following immediate corollary.

Corollary 3.9. Assume the conditions in Proposition and that g is Lipschitz. Let @
be a collection of continuous functions from R™ to R" such that for any § > 0, compact
K C R" and ¢ : R" — R™, there exists gy € @ with |1 — p2||Lr(k) < 0. Then, there
exists ¢ € ¢ such that ||[F' — g o ¢|| o) < e.

Proof. Using Proposition [3.8] there is a ¢; such that || F' — g o @1 ||Ls(x) < £/2. Now take
@ € @ such that || — ¢||zrx) < €/(2Lip(g)). Then,

|F —goplwm) < |1F —goeillieix) + 1190 w1 — g0 @llwrx)
1/p (3.15)
<+ Lin(y (/ e >||pdx) <

]
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3.3 Properties of Attainable Sets and Approximation Closures

Owing to Corollary for the rest of the paper we will focus on proving universal
approximation of continuous transformation functions ¢ from R" to R" by flow maps of
the dynamical system

)= fi(2(t),  fieF,  2(0) =z, (3.16)
after which we can deduce universal approximation properties of o4 via Corollary [3.9]

We now establish some basic properties of flow maps and closure properties. In principle,
in our hypothesis space (2.3) we allow ¢ — f;(z) to be any essentially bounded measurable
mapping for any z € R". However, it turns out that to establish approximation results,
it is enough to consider the smaller family of piece-wise constant in time mappings, 1.e.
fi = fj € Ffort € [t;_1,t;). For a fixed f in the control family F, to emphasize
dependence on f we denote by ¢/ the flow map of the following ODE at time horizon 7:

) = f(2(t),  2(0)=uz. (3.17)
That is,
ol =2(1)  where  2(t) = f(2(t), z2(0)==z, te][0,1]. (3.18)

The attainable set of a finite time horizon 7' due to piece-wise constant in time controls,
denoted as Ax(T), is defined as

Ax(T) = {s@f’;osof’;:io'--wfi |m =T, fr, . o€ F k> 1},
(3.19)
In other words, Az (T') contains the flow map of an ODE whose right hand side is f; for
t e [ti,ti),j=1,...,k, withr, = t; —t;,_; and ¢, = 0. It contains all the domain
transformations that can be attained by an ODE by selecting a piece-wise constant in time
driving forces from F up to a terminal time 7". The union of attainable sets over all possible
terminal times, Ar = UpoAx(T), is the overall attainable set. In view of Corollary
to establish the approximation property of Hqe it is sufficient to prove that any continuous
transformation ¢ can be approximated by mappings in .Ax. Note that Ax(T") is a subset
of (F,T) defined in (2.2). Now, let us prove some properties of the approximation
closure (i.e. closure with respect to the topology of compact convergence, see Sec. [2.1)) of
attainable sets. The first result below is immediate.
Lemma 3.10. Let n = 1. If A is a family of continuous and increasing functions from R

to R, then A contains only increasing functions.

Next, we state and prove an important property about approximation closures of control
families: F shares the same approximation ability as CH(F) when used to drive dynamical
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systems. A technicality is that a convex hull of Lipschitz function family might not be a
Lipschitz function family in general. Hence we adopt a slightly different description.
Proposition 3.11. Let F be a Lipschitz control family. Then, for any Lipschitz control
family F such that F ¢ F C CH(F), we have

Ar = Az (3.20)

Proposition [3.11]is an important result concerning the effect of continuous evolution, which
can be regarded as a continuous family of compositions: any function family driving a
dynamical system is as good as its convex hull in driving the system, which can be an
immensely larger family of functions. Similar properties of flows have been observed in
the context of variational problems, see [52]. This first hints at the power of composition
in function approximation.

To prove Proposition |3.11|we need the following lemmas.
Lemma 3.12. If Az, Az are attainable sets of F, Fand F C F C F. Then we have

Ar = Az (3.21)

Proof. 1t suffices to show that Az C Az, which implies Ar C Az C Ar. Note that any
¢ € Az is of the form

G=¢liopllo ol (3.22)
where each f; € F.To prove the lemma, we have to show that for any compact X C R"
and any ¢ > 0, we can construct a function ¢ € Ay such that ||¢ — ¢|lck) < €.
We prove this by induction on £ > 0. First, the case when £ = 0 is obvious since
it is just the identity mapping. Suppose now that the statement holds for £ — 1 and
fix any compact K. Write ¢ = gpf: o 1), where 1 is composition of £ — 1 flow maps
driven by F. By the inductive hypothesis, for any £; (to set later) there exists ¢ € Ax,
such that || — @HC( k) < €1. Moreover, by the assumption F C F, for any £, and
compact K’ there is a function fj, € F such that || fr — kaC( k) < €. Here, we choose
K' = {z | infyepu |z — yll < 2(e1 + tr)e*™PUs))} and e, < 1.

Now, consider two ODEs:

) =d(@)+ | frlz(r))dr, (3.23)

and

2(t) =v(x)+ [ felz(7))dr. (3.24)
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We have ¢(x) = Z(t;) and = — z(tx) belongs to A, thus it remains to show that the
solutions of these ODEs can be made arbitrarily close. In fact, we show the following
estimate holds:

sup |2(t) — 2(£)] < 2(e1 + tres)eHPUR), (3.25)

0<t<ty

We prove by contradiction. Suppose not, then set
t=1inf{s >0 : |z(s) — 2(s)| > 2(e1 + tk€2)etkLip(f‘“)} (3.26)

By continuity we have |z(t) — 2(£)| > 2(e1 + tre2)e*LP(5) By assumption we also have
| f(2(7)) = fr(2(7))| < &, forall 7 < t. By subtracting, we have

5(t) — 2(8)] <1 + | / Folz(r))dr — / fulz(r))dr]
<o+ / Fula(r)) — ful=(r))ldr + / RGO — Fula(r)lar (327)

<&y + eot + Lip(fi) /O 12(7) — 2(r)|dr.

By Gronwall’s inequality, we have

sup |2(t) — 2(t)| < (€1 + treq)e HPUR) (3.28)
0<t<ty

which contradicts to the choice of t. Hence (3.25) holds, and we can choose ¢; and &5
arbitrarily small, which concludes the proof. [

Lemma 3.13. Suppose f,g € F andt > 0, then we have <p§f+g)/2 c Ax.

Proof. We will show that gp{ JoN 0! o OO gp{ 12N op? /o Can approximate gogf /2 ¢ Ax
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(f+9)/2

arbitrarily well by increasing /N. The mapping ¢, is the solution of

2(t) = + /t (f;") (2(r))dr
con [ [ e [ et

t/2N 2N—2)t/2N

A N | [ G I ) |
LT
4 /t;vi++ /(thl)t/QNt g(2(7))dr
e o 7)1 = (52) (- 35))
4 {g (z (T _ %)) g(z(T))] dr.

(3.29)
Thus if w(t) satisfies:
t/2N 3t/2N (2N—1)t/2N
2513—1-/ +/ +/ f(w(r))dr+
0 2t /2N (2N—2)t/2N
2t /2N ’ (3.30)
+ / +oeF / g(w(r))dr.
t/2N (2N —1)t/2Nt
Then we have
t
o(0) = w®)] < | max(Lip(), Lip(9))|z() ~ w(r)ldr
0 (3.31)

+ %wz,[o,q <%> {Lip <¥> +Lip(g)1 :

Recall that w is the modulus of continuity defined in Proposition [3.6] Again, by Grénwall’s
inequality we have

t t + . max(Li i
#(0) = wlt)] < Gunion (g7 ) [1in (552) + Linta)| enmsonssan. 5.3

For any selected compact set K, wz,[o,t}(ﬁ) — 0 by Proposition thus we obtain
QOlEf+g)/2 c Ar. Ol

Now, we are ready to prove Proposition [3.11]
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Proof of Proposition[3.11} Using the same technique in the proof of Lemma[3.13] we can
show that for f1,--- , fn € F, ol € Ar, where h = >, G f; for some rational numbers
¢;- Let Az be the attainable set with control family 7/ = {3  ¢;fi : ¢ € Q,> ;¢ =
1, fi € F,m € N}, then we have Az = Az. Since F/ = F, we arrive at the desired result
using Lemma [3.12] O

4 Proof of Main Results

In this section, we prove the main results (Theorem and [2.4). We start with the one
dimensional case to gain some insights on how a result can be established in general,
and in particular, elucidate the role of well functions (Definition in constructing
rearrangement dynamics. This serves to motivate the extension of the results in higher
dimensions.

4.1 Approximation Results in One Dimension and the Proof of Theo-

rem 2.4

We take n = 1 in this subsection. Proposition together with the fact that compositions
of continuous and increasing functions are again continuous and increasing, implies any
function from Az must be continuous and increasing. This poses a restriction on the
approximation power of Ax as the following result shows:

Proposition 4.1. Let n = 1 and F be a Lipschitz control family, whose attainable set is

Azx. Then Ax contains only increasing functions.

Proof. Proposition [3.4]implies any function in Az is continuous and increasing, since both
properties are closed under composition. The proposition then follows from Lemma [3.10}
O

It follows from Proposition 4. 1| that any continuous function ¢ that is strictly decreasing
over an interval [c, d] cannot be approximated by Az. Nevertheless, it makes sense to ask
for the next best property: can A approximate any continuous and increasing function?

To investigate this problem, we first select an appropriate control family, which corresponds
to deep neural networks with ReLLU activations, and see if it can indeed approximate any
such function. We will remove this explicit architectural assumption later. The ReLU
control family in n = 1 is given by

F = {vReLU(w - +b) : v,w,b € R}. 4.1)
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Notice that the ReLU control family (4.1) satisfies the restricted affine invariant condition
as defined in Definition

We now show that in one dimension, flow maps of ODEs driven by the ReLLU control
family can in fact approximate any continuous and increasing function.

Proposition 4.2. Let ¢ : R — R be continuous and increasing and F be the 1D ReLU
control family @.1). Then, for any € > 0 and compact K C R, there exists p € Ax such
that || — @l|c(x) < €. In other words, p € Ax.

Proof. We need the following lemma, from which we can deduce the desired result .

Lemma 4.3. Let M > 1. Given x1 < --- < xp and y, < --- < yyy, there exists a
function ¢ € Az such that (x;) = y;.

We postpone the proof of Lemma4.3]and first show how to prove Proposition @.2] from
it. By replacing K with a larger set, we can always assume that K is a closed interval.
Consider a partition A on K, with nodes x1 < - -+ < ;.

By Lemma we can find ¢y € Ay such that ¢(x;) = p(x;) forall i = 1,..., M.
Therefore

() = o(x) S Y(in) = o) < p(Ti1) = p(a:) < we(|A]) (4.2)

whenever « € [z;, x;11]. Here |A| := maxy<;<as |2, —2;_1|. We deduce that ¢ (z) —p(z) >
—w,(]Al) holds for the same reason. Hence we have ||¢ — ¥[|c(x) < wy(JA]). Since ¢ is
continuous, sending |A| to 0 and using Proposition [3.6| gives the desired result. ]

Now it remains to prove Lemma [4.3] constructively. To do this, first observe that the
definition of well function (Definition when specialized to one dimension is a function
hg such that hg(z) = 0 if and only if x € Q = [¢1, ¢2] for some ¢» > ¢;. This can be
constructed by the ReLU family (c.f. Example by

hg = %[ReLU((h —z) + ReLU(z — ¢2)]. (4.3)

Obviously, hg € CH(F) c CH(F), so that the condition that the latter contains a well
function is trivially satisfied for the ReLU control family.

Proof of Lemmad.3] By Proposition we denote F = F U {hg : Q C K}. We will
show that F can produce the desired approximation property. We construct using induction
a mapping y which maps z; to y; forv = 1,2, --- | k. First we show the base case k = 1.
Take h to be the well function with respect to () = [g1, ¢2]. Since F is translation invariant,
we can suppose that both z; and v, are greater than g». Since h¢ does not change sign in
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[q2, 00), by Proposition [3.7| we know that either gpff @ or g, "@ can map x; into y; for some
t. Thus we prove the base case since J is symmetric.

Suppose we have ¢, now we will construct ;1 based on ¢;. Applying ¢, we may
assume that z; = y;,7 = 1,2,--- k. Again we assume h( is a well function with
zero interval Q = [q1,¢2](g2 < min(xy,y;)) and he is a well function with interval
Q' = [qo,q1]. We further assume that hg (z) < 0 on [¢1,00), hg(x) < 0 on [ga, 00),
otherwise we can use —hg or —hy in their places.

. heor heor hor
Let t; = inf{t : ¢, % (zx) < ¢2} and t5 = sup{t : ¢, ° (ka}l) > o, 1 ° (g{lkﬂ) > @2}
Clearly we have ¢, < t,. Choose any t’ € (¢1,1,), and ¥ = ¢, © mapping 0, (Thy1) tO
QOZQI (Yr+1), We construct

—ho h
Pr+1 = Py o w o Sot/Q © Pk 4.4)

as desired. By induction, we have completed the proof of Lemma[4.3] ]

Sufficient Conditions for Approximation of Continuous and Increasing functions
and the Proof of Theorem[2.4, 'We showed previously that all continuous and increasing
functions can be approximated by ReLLU-driven dynamical systems. In this section, we
shall do away with an explicit architecture, which leads to the proof of Theorem [2.4] The
key observation from the proof of Lemma4.3] is that all we really need is having a well
function contained in CH(.A) that we can translate and change signs, which is achieved
by a restricted affine invariance assumption. On the other hand, whether or not F itself is a
ReLU control family, or any other specific family, is inconsequential. This motivates us to
ask the question of sufficiency: what assumptions on F is enough to guarantee that it is a
universal control family? Notice that instead of constructing an explicit well function in
the form of the average of two ReLU functions, we can just use an arbitrary well function
as defined in[2.1]to drive the dynamics. The following result makes this precise.
Proposition 4.4. Assume the control family F is symmetric and translation invariant,
which is equivalent to restricted affine invariant with D = £1 and A = 1 in Definition 2.2}
and that CH(F) contains a well function. Then, the conclusion in Proposition holds.

Proof. The proof is almost identical to that of Proposition 4.2| with the well function
constructed by averaging two ReLLU functions replaced by a general well function contained
in CH(F). Notice that since a well function does not change sign out of I, by choosing
a proper sign one can always shrink a finite point arbitrarily close to the interval. This
follows from Proposition [3.7] O]

Proposition f.4]combined with Corollary [3.9implies Theorem [2.4] Clearly, Proposition4.4]
generalizes Proposition It also follows that if CH(F) contains all continuous functions,
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it must contain in particular a well function and so .Ax has the desired approximation
property. However, this is not necessary for universal approximation to hold.

Remark 4.5. In one dimension, the ability for a dynamical system to approximate any
continuous and increasing function has the immediate consequence that if we were to
embed the dynamical system in two dimensions, then we can approximate any continuous
function ¢ of bounded variation, as long as we are allowed a linear transformation in
the end, e.g. if g in Prop. is linear. This is because a continuous function of bounded
variation can always be written as a difference of two continuous and increasing functions.
However, this does require embedding in high dimensions. We will show later that for

n > 2, embedding is not necessary to achieve universal approximation.

4.2 Approximation Rates in One Dimension

All results so far are on whether a given function can be approximated by a dynamical
system with control families satisfying certain conditions. However, by the very definition
of the attainable set we only considered dynamical systems of finite, but arbitrarily large
time horizons. Just like in the development of traditional approximation theory, one may
be interested to ask the following: given an approximation budget, how well can we
approximate a given function? Perhaps a more pertinent question is this: what kind of
functions can be efficiently approximated by dynamical systems? There are more than one
way to define the notion of budget. Here, we will consider a natural one in continuous time:
the time horizon 7'.

In this part, we give some results in this direction in the simplest case: the one dimensional
case (n = 1) and the fully connected ReLLU control family. For convenience of exposition,
we assume that our target function ¢ is defined on [0, 1]. We postpone results on general
control families in higher dimensions to future work.

To properly quantify the approximation rate, we should eliminate the positive homogeneity
of the ReLLU control function, which masks the effect of the time horizon 7" due to the
ability to arbitrarily rescale time. Therefore, we restrict |v|, |w| < 1 in vReLU(w - +b) so
that the time horizon becomes meaningful.

Remark 4.6. An alternative is using [ |wl|dt to measure the approximation cost in place
of T. This notation is related to the Barron space analysis [33|]. It can be checked that one
can change T into [ |wl|dt in the following results. Lastly, it is also possible to measure

the complexity of the variation of w, v, b in time. Here, we do not consider such cases.

First, we show in the following lemma that if ¢ is piece-wise linear, then it can be
represented by functions in Az (7") for some 7" large enough.
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Before introducing the following lemma, we first define the total variation (TV) with a
slight modification. Suppose u is a function defined on [0, 1], we extend u to ug such that
ug = 0in [—¢,0) U (1,1 + €]. We define ||u||rv = ||ug||Tv]-c,14<) the latter is defined as

M
1l rvie e = sup > [f(w) = flxi)| (4.5)

—e=xo<--<zp=1l+e i1

Lemma 4.7. IfIn ¢’ is a piece-wise constant function with N pieces, then ¢ can be written

as
p=pflo-opnt+c. (4.6)

Here, g; € F, . denotes the flow maps as defined in Section [3.2] and c is a constant.
Moreover, we have p € Ax(T) for T > || In¢'||pv

Proof. We first show an auxiliary result, suppose that
p=yglioopT +c 4.7)

Then In ¢’ can be written as the sum of N — 1 Heaviside functions. The proof is by
induction. For the NV = 1 case it can be checked by direct calculation, and suppose that

@ = ¢! 0 p, and we have

= ¢! (p2(x))ph() (4.8)
by chain rule. Thus
In¢' =g} (p2(2)) + Inph(z) (4.9)

and the first term in RHS is a Heaviside function, while the second term is a sum of NV — 2
Heaviside functions by induction hypothesis. Hence we prove the result by induction.

The proof of the original proposition is inductive by construction. Take derivative on

gN-1
tN—1

gN-—1

@ =il o--op/i"! +c, weobtain lny' = 1n<p§’11/ + .- +1ngp
piece-wise constant function, it can be written as

!/ . .
. Since In ¢’ is a

Ing'=Hy+Hy+---+ Hy_1, (4.10)

gN—1/
tN—1

gN-—1
tN—1°

where all H; are Heaviside functions. Integrate ¢ (x) = Hy_1(z) we obtain ¢

and then integrate

IV () = Hy_o(p{ 1) (x) (4.11)
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gN -2

we obtain ¢; .~ and so on. One can easily verify that each ¢ is a flow map generated by

some ReLLU activation function. Hence we prove the first part of the proposition.

For the second part, we notice that if f = ReLU(wz + b), then In ¢/ "is a Heaviside
function with a jump at x = —b/w. Since we can find a decomposition ) . H; such that
> lwil = || In¢’|| vy, the second part of proposition is proven. O

From the proof of the previous lemma, we know that 7' = || In ¢'||Ty is optimal, since
> lwil < | In¢’||ry holds (TV is a semi-norm). In view of this lemma, we prove the
following, which gives a quantitative approximation result.

Proposition 4.8. Suppose ¢ : [0, 1] — R is an increasing function. Moreover, suppose ¢

is piece-wise smooth and Ty := || In ¢'|| v (jo,1) < 00. Then ¢ € Ax(T) for T > T,

Proof. The key ideas of the proof is separated into two parts. The first part is to show
that the constant in Lemma has negligible cost, by considering p; HVE ), ~eReLUC)
This provides a translation on [0, 1]: z — = + (e — 1)M. By sending M — oo we can

construct any translation with negligible time cost.

The second part is that if | In ¢’ () —In¢'(z)| < e, and p(0) = ¢(0), then |p(z) —(z)| <
(e = Dll¢'llcpo,u-

Now it suffices to prove a rather simple result: given a function © = In ¢/, on each pieces
I’ of u, we can use piece-wise constant function v|, to approximate u|, (restriction on
I') such that [|vlrvio1 < [JullTvie,) and ||[v — ullx < e. Thus we can find a function
v € Ax((1 — €)Tp) such that In¢’ = (1 — )v. By compositing a translation, we know
that there exists ¢ € Ax(Tp) such that ||ty — ¢||ci01) < exp(ellellcpo] + €). Thus we
conclude that ¢ € Ax(Tj). O

The preceding results show that it is possible to constrain the approximation space to flow
maps with time horizon up to some finite 7j, provided that the target function ¢ is such
that || In ¢'|| < T In this sense, the total variation of the logarithm of ¢ is a measure of
complexity under our compositional approximation procedure.

Let us now develop the quantitative results a little further for the case where 7' is not
sufficiently large, i.e. T' < || In ¢'||y. This involves analyzing the error

E = inf — 4.12
(o) ¢€1‘g-‘(T)HSD Yllew), (4.12)

which may be non-zero when 7" < || In ¢'|| v
Proposition 4.9. E7 () is given by the following optimization problem

igf e —Ylleoa, st || In||ry < T. (4.13)
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Notice that the existence of In ¢/’ forces ) to be a continuous and increasing function, so
we may consider the above optimization problem only for the case where v is continuously
increasing.

It is generally hard to work with optimization problems such as (4.13), since it involves
total variations of logarithms of functions. Below, we formulate its relaxed version.
Proposition 4.10. Denote the relaxed optimization problem

v(u, T) = iIvlf lu — v, sit. ||Jvllrv < T. (4.14)
Then Ex(p) < [exp(y(In ¢, T)) = 1][[¢'llcro.
Proof. We choose v such that ||v||tv < T and

[ Ing" —vllcpa < v(lng',T) +e. (4.15)

Choose ¢ such that In ¢’ = v and ¥(0) = ¢(0). Then since || In %HTV <A(ln¢',T) +e,
we have |% — 1| <exp(y(ln¢',T)+¢) — 1.

Hence
’ / ¢/(x) / 1 /
lp(x) — (@) < [ ¢ (@)]|1 - () < [|¢'llco. [exp(y(In @', T)e) — 1] . (4.16)
0
Sending ¢ — 0, we arrive at the result. L]

In general, both (4.13) and (4.14]) are hard to solve. However, for some simple cases of u,

the problem has explicit solution. For example, if u itself is a increasing function,
then the solution of @&T4) is 5 (||u||rv — T). If w is increasing in [0, s] and decreasing
in [s, 1], then the solution of is 2(||u||rv — T)). This gives approximation rates for
specific cases, but a general investigation of these approximation rates are postponed to
future work.

4.3 Approximation Results in Higher Dimensions and the Proof of
Theorem 2.3

In this section, we will generalize the universal approximation results to higher dimensions.
The interesting finding is that in higher dimensions, the fact that A contains only OP
homeomorphisms no longer poses a restriction on approximations in the L? sense. More-
over, the sufficient condition for universal approximation in higher dimensions is closely
related to that in one dimension, where the rearrangement dynamics are driven by well
functions. We will prove the following result, which together with Corollary [3.9)implies
Theorem 2.3]
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Proposition 4.11. Let n > 2. Suppose F is restricted affine invariant and CH(F) contains
a well function. Then for any compact set K, p € [1,00), p € C(R"™), & > 0, there exists
a mapping ¢ € Ar, such that || — ¢|| r(x) < €.

We notice that for the purpose of approximation, the fact CH(F) contains a well function
h allows us to assume without loss of generality that F contains a well function. To see
this, denote by F the smallest restricted affine invariant set containing F U h. We have
FCcFc CH(F). Proposition then says that Ar = A_J;, hence we can prove
approximation results using Fin place of F.

4.3.1 Preliminaries

In order to prove Proposition 4.T1] we require a few preliminary results which we state and

prove in this subsection. The key approach in proving the proposition is similar to the one

dimensional case: we show that we can transform a finite number of distinct source points

into a finite number of target points, which are not necessary distinct. More precisely, we

show the following proposition, which generalize Lemma4.3| given in the one dimensional

case.

Lemma 4.12. Suppose F contains a well function. Lete > Oand z*,--- , 2™, y*, .- ,y™ €
R™ be such that {x*} are distinct points. Then there exists 1 € Ax such that |1)(z*) —y*| <

eforallk =1,...,m.

Lemma [4.12]follows from the combination of the following two lemmas.

Lemma 4.13. Suppose F contains a well function and x*,--- ,x™ are distinct points.
Then given any € > 0, there exists a flow map 1) € Ax such that |{(x*) — 2*| < ¢, such
that for each i = 1,2, --n, [(z*)]; (the i-th coordinate of (z*)) k = 1,2,--- ,m are
m distinct real numbers.

Lemma 4.14. Suppose F contains a well function, x*,--- | ™ are distinct points and
satisfy the result of Lemma that is, {x%} are m distinct real numbers for any i. Then
given any ¢ > 0 for m target points y*, - - - ,y™, we have a flow map ) € Ax such that

(") -yt <e.

Now we prove these two lemmas.

Proof of Lemma To prove the lemma it is enough to show that if there is a pair of
two points 27 and z*, such that :L‘]I = 2% for some I, we can then find a flow map n € Ar
such that 7 can separate :vjl and % and at the same time, do not cause other pairs of points
without initially distinct coordinates to overlap. Without loss of generality, we assume
j =1,k =21 =1, and we only need to show that if z1 = 22, then there exists ann € Ax
such that
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2. [n(z")]y # [n(z*)];
3. if o} # af, then [n(z*)]; # (2!

We briefly explain these requirements. Consider
Xi={(k1]) : 1<k<i<m, 2¢¥=2'} (4.17)
and
n(X1) ={(k,)) - 1<k <i<m, [n=") = )} (4.18)

2 and 3 implies that | X;| > |n(X1)| > 0, hence | X | is strictly decreasing after 7).

Denote d = min{|z¥ — 2!| : 2% # 2!}. Since 2 and 2? are two distinct points, we can
find a coordinate index I(# 1) such that z} # 2. Here we assume x} < x2. Suppose f in
F is a well function with zero set {{2; }. Written in coordinate form, f is given by

f:(f17“'7"'7fn)7 (419)

where each f; : R" — R. Since F is translation invariant, we can assume {2; contains 0
without loss of generality.

Consider the following dynamics
lefl(x]—i-b), 2120,222, ,n. (420)

Notice that the boundedness and convexity of {); guarantees that the reduced 1D dynamics
satisfies our previous discussion (it contains 1D well function, since the intersection
of a bounded convex set with a line is an interval) In other words, we choose D =
diag(1,0,---,0), Aij = 6,107, b = (0,0, -+ ,b7,0)7 in the form f=Df(A-+b).bsis
chosen such that z} + b; € Q but 2% + by & Q,. The existence of b; is implied by the
boundedness of 2;. We denote by P; the flow map of this dynamics. We next choose a
proper ¢ such that 1,2,3 are satisfied.

Since fi(z') = 0 and fi(2%) # 0, we deduce that [P,(z)]; # [Pi(2?)]; whenever
t # 0. Hence 2 is satisfied with no additional condition. Notice that when |P;(z") —
2*] < min(ey, ), then both 1 and 3 are satisfied. Since CH({z*}) is bounded, hence
| P —id [|¢(cu({z+y)) — 0 whent — 0 by Proposition Therefore there exists ¢y > 0,
such that || P, — id ||c(cn((z+y)) < min(ey, 2). Hence we conclude that 7 = P, satisfies
1,2,3. [
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Proof of Lemma Without loss of generality, we can assume that for each coordinate
index i, yf are m distinct real numbers, since if not, we can always add a small perturbation
to it directly and this will not affect approximation. We also assume {2; contains the origin,
as we did in the proof of Lemma4.13]

The basic idea is similar to Lemma4.13] by choosing a proper linear transformation we
can freeze some point while transporting other points. Since we need to control more than
2 points, we can take multiple transformations and evolve them sequentially. We only
need to prove for any coordinate index 7 (without loss of generality « = 1), we can find an
n € Ag such that [n(z*)]; = yF.

With a re-labelling, we can assume that 3 < z3 < --- < z3". Consider the following
dynamics

21 :fl(a22+b), 21207222, ,n. (421)
In other words, we choose D = diag(1,0,---,0), A;; = adizdja, b = (0,ba,---,,0)" in

the form f = D f(A - +b). a is chosen sufficiently small such that all Az* lies in . We
denote the flow map by P;(bs), where the dependence of b, is emphasized. To simplify our
notation, we use P_;(by) to denote the flow map of 2 = —D f(Az + b).

Now we wish to choose !, 72, - - - 7™, such that f;(Az’ + r7) = 0 if and only if i < j. Let
{0} x (up,up) X -+ =Q N ({0} X R x ---), where (uy, u,) be the restriction of {2;, on
k J j—l)‘

coordinate index 2. Then a choice of 7% is 7% = u, — axh + $ min; (x5 — a7

Now {n*)} are defined recursively. That is,

n® =id

(4.22)
n® = Pu(*)on™ =, where 1" = (yf — [p"* V(")) fu(A® ")

We now prove that = ™ o - - . o (1) satisfies our requirement. By induction (on k), we
show that: [p*)(2%)]; = yi for i < k. k = 0 is vacuous. Suppose [n*~V(z%)], = 4 for
i <k —1,since [p*~Y(z%)], = 2%, we have

n®(z") = Pu(r¥)(n* D (2") = n* D (2) = y,. (4.23)

By definition we know that n*) (2*) = 4/*. Hence the induction step is proved. O

4.3.2 Proof of Proposition4.11

Proof. Since K is compact, by extension it suffices to consider the case that K is a hyper-
cube. We can for simplicity take the unit hyper-cube K = [0, 1], as the general case is
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similar. For ¢ € LP(K), by standard approximation theory ¢ can be approximated by
piecewise constant functions, i.e. there exists

=Y e (4.24)
such that || — ¢/ zrx) < €/2. Here i = [iy, - - - ,4,] is a multi-index, ¢; € R™ and y; is
the indicator of the cube

11 11+ 1 Uy Un+1
Oy = |2 B0 x| . 425
e “29
we also denote p; = (4, -+, ). We also define a shrunken cube
1 1t o Iy ln+
Oe— |2 x| . 426
N TS SO PATES o

where 0 < a < 1. We have K = Uj;[};, and we define K = U;[J{. We also construct
a shrinking function in one dimension ~® : [0, 1] — [0, 1], such that h*(z) = & if & <
T < ”Ta, and continuously increasing in [0, 1]. Using this, we can form a n dimensional
shrinking map by tensor product:

Hx) = (h*(x1),- -+, h%(xy)). (4.27)

The idea of the proof of Proposition @.11]is quite simple: we just contract each grid [J; into
a point p; approximately, then use the lemma above to transform each p; into ;. The latter
is discussed in the preliminary step, we here construct an “almost” contraction mapping in
Az that approximates H®.

Claim: For a given tolerance €; > 0, there exists a flow map H e Az such that |ﬁ —

H oy < €1

Proof of the Claim. Since h is increasing and continuous, we wish to utilize our result in
one dimension. Concretely speaking, we demonstrate how to restrict the n dimensional
control family to one dimension.

Suppose F is a n dimensional control family, then we define foreach f = (fy,..., f,) € F
the dynamics driven by its restriction to first coordinate by

21 = fl(.ilfl), Zz = 0 for« > 2, (428)

ie., take D = A = diag(1,0,---,0). Such control systems is denoted by Fpr; (R
means restriction and 1 means first coordinate). Clearly F; is closed under composition.
Moreover, Az, , is coincide with the following set

Ar x {id} x {id}--- {id}, (4.29)
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where R is a one dimensional control family

R:{g(x)lg(a:):fl(m,O,--- 70) fef}

(4.30)

Since F contains a well function, so does R. By Proposition 4.4/ we can find h € R such

that |}~L — ho"cqo,l]) < %

By composition we know that [ := (ﬁ, .- ,iz) isin Ax, and |ﬁ — H% ey <e. O

We use aforementioned notations, ¢ for transporting p; to ¢;, and H is the approximate

contraction mapping, satisfying the following estimates:

(i) — il < e <1,
||H— Ha||C(K) S Eq < 1,

where 7 and &5 is to be determined later.
Now we estimate the error of |[¢) o H — ¢ Lr»(k)- For any o we can write

[0 H — ¢l < 1o H = @llru) + 1 = @l

~ R ~ R e
<|[Yo H — l|lra)y + |t o H — Q| Lo(r\ oy + 5

g
§J1+J2—|—§.

Estimation of .J;.
Jy =t o H — o HY||o(ey + ||t 0 HY — @] oo
<wy([l1H — Hlewo) + Y (o) — sl - |07

<wy([|1H = H|lew)) + N "/Pey
<wy(gg) + NV VPg,,

Estimation of J,. Denote K = [—1,2]" as an enlarged cube. We have
Jo <K (a0 + ol )
We choose 1 such that ¢; < %, « such that

I

K\ K9 < (diam(tﬁ(f()) + ||¢7||Loo<f<>) 7

o] o

(4.31)
(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

and finally H such that wy(g;) < <. Therefore we have |1 o H—y| < e, take ¢ =

YoHe Ar yielding the result.

]

As in the 1D case, Proposition 4. 11| together with Corollary [3.9]imply Theorem [2.3]
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4.4 Approximation Results in Tensor-Product Type Dynamical Sys-
tems

Sometimes, we are interested in control families generated by a tensor products. Such
control families have the advantage that it can be parameterized by scalar functions of
one variable, hence may allow for greater flexibility in analysis and practice. In this last
section, we give some results that apply specifically to tensor product control families. Let
us denote

IF = {f(I) = (g(xl)vg(x2)7 e ,g(fL‘n)) ‘g€ ‘F}v (437)

where F is a one dimensional control family.

As in the results in higher dimensions, we may wish consider the n dimensional control
family F(n), which is the smallest set containing IIF that is also invariant under f(-) —
Df(A - +b), where D, A are diagonal matrices. However, all functions ¢ in Az are
separable: ¢ = (1 (x1),- -+ ,¥n(z,)). Moreover, we can deduce from the 1D results that
1; is continuously increasing. Clearly, this F(n) has limited approximation ability. Instead,
we will relax the requirement that A is diagonal so that it can be any matrix, leading to a
stronger version of the restricted invariance requirement in Theorem This then leads
to the following approximation result:

Proposition 4.15. Suppose F(n) and F satisfies

1. F(n) contains I1F;

2. F(n) is invariant under f(-) — Df(A - +b), where D is any diagonal matrix, A is
any matrix, b is any R vectors;

3. Az contains all continuous and increasing functions from R to R.

Then for any € > 0,p € (1, 00] and compact set K, and ¢ € C(R"), we have ¢ € Ary),
such that || — @ Lr(x) < €.

Remark 4.16. This result is not a corollary of Proposition even if CH(F) contains
a well function. Since in this case the zero set of the tensor product of the well function

may be unbounded.

Similar to estimation of Proposition #.11] we omit the main body of this proof but only
restate preparations about ¢ and H.

Estimations on H.
Lemma 4.17. Suppose F(n) and F satisfies conditions in Proposition For a given
tolerance ¢, > 0, there exists a flow map H € Az, such that |H — H®|c(x) < €1.
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Proof. This is straightforward from the definition of the tensor product control family and
A contains all continuous increasing functions. O]

Estimations on ¢). Before the main estimate, we first show a useful lemma.

Lemma 4.18. Suppose that g € Az, then (x1, 9, ,x,) — (1 + g(x2), 29+ , ) is
in .A]:(n).
Proof. We decompose the construction into two parts. By setting D = diag(1,1,0,---,0)

and Ay = Ajp = 1 and A;; = 0 otherwise. We first only look at the second coordinate,
knowing that for all ¢ € Az, there exists a finite number S > 1 of flow maps @}Z_ ,
s=1,---,85, such that

Here, D and A are chosen in the previous paragraph, we deduce that x; — x5 is constant
under all mapping with following form:

2z Df(Az +b). (4.39)
If we select fi,- -, fs, sending x5 to g(z3), we know 1 — x; + g(z2) — xo. Hence
(x17$27”' axn) = (1'1‘{'9(372),1'2,"' 7xn) (440)

is in Ax(y).

Also, by setting D = diag(1,0,---,0) and A;; = d;20;2, we know that

(21,29, ,2n) > (21,9 (22), -+, 1) (4.41)
is in Az (,). Composing two parts yields the result. ]
Lemma 4.19 (Analogous to Lemma@.13). Suppose F(n) and F satisfies conditions in
Proposition and xl, .- a™ are distinct points. Then, given any € > 0, there exists a
flow map ¢ € A, such that |{p(2*) — 2¥| < ¢, and that for eachi = 1,2, - - - n, [1h(z*)];
(the i coordinate of 1(2*)), k = 1,2,--- ,m are m distinct real numbers.

Proof. Similar to Lemma |4.13] we prove that if z] and z7, then we can find a 7 that
separates them. The three requirements are the same as we established in Lemma [4.13]
hence omitted here.

Suppose x} # 22 for some I. We can find two continuously increasing function P(-) and
Q(-) such that

P(x7) — Q(27) = —1, (4.42)
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for the other k’s. By assumptions on F, we can find P(-) and Q(-) such that

~ ~ in(d, 1
I1P0) = BOleoan, 100 = Q00leqony < "D

By Lemma , we know that (z1, -+, x,) — (21 + ﬁ(:vf) — Q(xr1), - ) is in Ap(yy).
It can be checked that this is our desired 7. 0

Lemma 4.20 (Analogous to Lemma [4.14). Suppose F(n) and F satisfies conditions in

Proposition nd xl, .- 2™ are distinct points. Moreover we assume x;, satisfies the
result of Lemma that is, {x% k = 1,...,m} are m distinct real numbers for any i.
Then, given any £ > 0, for m target point y*, - - - | y™, we have a flow map 1 € Axn) such
that | (2*) —y*| < e.

Proof. Similar to proof of Lemma[d.14] we use z, to translate z; (denoted by 7). We find
two one dimensional P(-) and Q(-), both continuously increasing, such that 2% + P(z%) —
Q(z%) = y¥. By assumptions on F we can find P(-) and Q(-), such that

~ ~ 5
12C) = PO)lleon: 1Q0) = @0)lleqn < 5- (4.44)
Since
0= (wn, e, wa) > (214 Pas) = Q(aa), -+ 20) (4.45)
is in Ax(,), and |[n(2*)]; — yf| < e, we conclude that 7 satisfies our requirement. O

Combining these two lemmas, we obtain the following result from which we can deduce
Prop.

Lemma 4.21 (Analogous to Lemma4.12). Suppose F(n) and F satisfy the conditions
in Proposition Lete > 0and ', -+ 2™ y' - - ,y™ € R"™ be such that {z*}
are distinct points. Then there exists 1 € Az, such that [{(z*) — y*| < ¢ for all
k=1,...,m.

Acknowledgements

QL is supported by the start-up grant under the NUS PYP programme. ZS is supported by
the Centennial Professorship of NUS.



42 Qianxiao Li, Ting Lin, Zuowei Shen

References

[1] Arnold, V. 1. (1992). Ordinary Differential Equations. Springer Science & Business
Media.

[2] Balachandran, K. and Dauer, J. P. (2002). Controllability of nonlinear systems in

Banach spaces: A survey. Journal of Optimization Theory and Applications, 115(1):7-
28.

[3] Bao, C., Li, Q., Tai, C., Wu, L., and Xiang, X. (2019). Approximation analysis of
convolutional neural networks. Submitted.

[4] Brenier, Y. and Gangbo, W. (2003). [P approximation of maps by diffeomorphisms.
Calculus of Variations and Partial Differential Equations, 16(2):147-164.

[5] Chang, B., Meng, L., Haber, E., Ruthotto, L., Begert, D., and Holtham, E. (2018).
Reversible architectures for arbitrarily deep residual neural networks. In Thirty-Second
AAAI Conference on Artificial Intelligence.

[6] Chang, B., Meng, L., Haber, E., Tung, F., and Begert, D. (2017). Multi-level residual
networks from dynamical systems view. arXiv preprint arXiv:1710.10348.

[7] Chen, T. Q., Rubanova, Y., Bettencourt, J., and Duvenaud, D. K. (2018). Neural
ordinary differential equations. In Advances in neural information processing systems,
pages 6571-6583.

[8] Chukwu, E. N. and Lenhart, S. M. (1991). Controllability questions for nonlinear

systems in abstract spaces. Journal of Optimization Theory and Applications, 68(3):437—
462.

[9] Daubechies, I. (1992). Ten lectures on wavelets, volume 61. Siam.

[10] Daubechies, 1., DeVore, R., Foucart, S., Hanin, B., and Petrova, G. (2019). Nonlinear
approximation and (deep) relu networks. arXiv preprint arXiv:1905.02199.

[11] DeVore, R. A. (1998). Nonlinear approximation. Acta numerica, 7:51-150.

[12] Dupont, E., Doucet, A., and Teh, Y. W. (2019). Augmented neural odes. arXiv
preprint arXiv:1904.01681.

[13] E, W. (2017). A Proposal on Machine Learning via Dynamical Systems. Communi-

cations in Mathematics and Statistics, 5(1):1-11.

[14] E, W., Han, J., and Li, Q. (2019a). A mean-field optimal control formulation of deep
learning. Research in the Mathematical Sciences, 6(1):10.



Deep Learning via Dynamical Systems: An Approximation Perspective 43

[15] E, W., Ma, C., and Wang, Q. (2019b). A Priori Estimates of the Population Risk for
Residual Networks. arXiv:1903.02154 [cs, stat]. arXiv: 1903.02154.

[16] Effland, A., Kobler, E., Kunisch, K., and Pock, T. (2020). Variational networks: An
optimal control approach to early stopping variational methods for image restoration.
Journal of Mathematical Imaging and Vision, pages 1-21.

[17] Fort, M. K. (1955). The embedding of homeomorphisms in flows. Proceedings of
the American Mathematical Society, 6(6):960-967.

[18] Gronwall, T. H. (1919). Note on the Derivatives with Respect to a Parameter of the
Solutions of a System of Differential Equations. Annals of Mathematics, 20(4):292-296.

[19] Giihring, I., Kutyniok, G., and Petersen, P. (2019). Error bounds for approximations
with deep relu neural networks in w*? norms. arXiv preprint arXiv:1902.07896.

[20] Haber, E. and Ruthotto, L. (2017). Stable architectures for deep neural networks.
Inverse Problems, 34(1):14004.

[21] Hatcher, A. (2000). Algebraic topology. Cambridge Univ. Press, Cambridge.

[22] He, K., Zhang, X., Ren, S., and Sun, J. (2016). Deep residual learning for image
recognition. In Proceedings of the IEEE Computer Society Conference on Computer
Vision and Pattern Recognition.

[23] Jastrzebski, S., Arpit, D., Ballas, N., Verma, V., Che, T., and Bengio, Y. (2017).
Residual connections encourage iterative inference. arXiv preprint arXiv:1710.04773.

[24] Leveque, R.J. (2007). Finite Difference Methods for Ordinary and Partial Differential
Equations: Steady-State and Time-Dependent Problems.

[25] Li, Q., Chen, L., Tai, C., and E, W. (2018). Maximum Principle Based Algorithms
for Deep Learning. Journal of Machine Learning Research, 18(1):1-29.

[26] Li, Q. and Hao, S. (2018). An Optimal Control Approach to Deep Learning and
Applications to Discrete-Weight Neural Networks. In Proceedings of the 35th Inter-

national Conference on Machine Learning, volume 80 of Proceedings of Machine
Learning Research, pages 2985-2994. PMLR.

[27] Li, Q., Shen, Z., and Tai, C. (2019). Deep approximation of functions by composition.

In prepartion.

[28] Lin, H. and Jegelka, S. (2018). Resnet with one-neuron hidden layers is a universal

approximator. In Advances in Neural Information Processing Systems, pages 6169—
6178.



44 Qianxiao Li, Ting Lin, Zuowei Shen

[29] Liu, H. and Markowich, P. (2019). Selection dynamics for deep neural networks.
arXiv preprint arXiv:1905.09076.

[30] Lu, Y., Li, Z., He, D., Sun, Z., Dong, B., Qin, T., Wang, L., and Liu, T.-Y. (2019).
Understanding and Improving Transformer From a Multi-Particle Dynamic System
Point of View. arXiv preprint arXiv:1906.02762.

[31] Lu, Y., Zhong, A., Li, Q., and Dong, B. (2018). Beyond Finite Layer Neural Networks:
Bridging Deep Architectures and Numerical Differential Equations. In Proceedings of

the 35th International Conference on Machine Learning, volume 80 of Proceedings of
Machine Learning Research, pages 3276-3285. PMLR.

[32] Lu, Z., Pu, H., Wang, F., Hu, Z., and Wang, L. (2017). The expressive power of
neural networks: A view from the width. In Advances in neural information processing
systems, pages 6231-6239.

[33] Ma, C., Wu, L., et al. (2019). Barron spaces and the compositional function spaces
for neural network models. arXiv preprint arXiv:1906.08039.

[34] Mallat, S. (1999). A wavelet tour of signal processing. Elsevier.

[35] Mallat, S. (2016). Understanding deep convolutional networks. Philosophical

Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences,

374(2065):20150203.

[36] Palis, J. (1974). Vector fields generate few diffeomorphisms. Bulletin of the American
Mathematical Society, 80(3):503-505.

[37] Parpas, P. and Muir, C. (2019). Predict globally, correct locally: Parallel-in-time
optimal control of neural networks. arXiv preprint arXiv:1902.02542.

[38] Ron, A. and Shen, Z. (1997). Affine systems inl2 (rd): the analysis of the analysis
operator. Journal of Functional Analysis, 148(2):408-447.

[39] Ruthotto, L. and Haber, E. (2018). Deep neural networks motivated by partial
differential equations. arXiv preprint arXiv:1804.04272.

[40] Shen,Z., Yang, H., and Zhang, S. (2019a). Deep network approximation characterized
by number of neurons.

[41] Shen,Z., Yang, H., and Zhang, S. (2019b). Nonlinear approximation via compositions.
arXiv preprint arXiv:1902.10170.



Deep Learning via Dynamical Systems: An Approximation Perspective 45

[42] Sonoda, S. and Murata, N. (2017). Double continuum limit of deep neural networks.
In ICML Workshop Principled Approaches to Deep Learning.

[43] Sonoda, S. and Murata, N. (2019). Transport analysis of infinitely deep neural
network. The Journal of Machine Learning Research, 20(1):31-82.

[44] Sun, Q., Tao, Y., and Du, Q. (2018). Stochastic training of residual networks: a
differential equation viewpoint. arXiv preprint arXiv:1812.00174.

[45] Sussmann, H. (2017). Nonlinear controllability and optimal control. CRC Press.

[46] Tao, Y., Sun, Q., Du, Q., and Liu, W. (2018). Nonlocal neural networks, nonlocal
diffusion and nonlocal modeling. In Advances in Neural Information Processing
Systems, pages 496-506.

[47] Thorpe, M. and van Gennip, Y. (2018a). Deep limits of residual neural networks.
arXiv preprint arXiv:1810.11741.

[48] Thorpe, M. and van Gennip, Y. (2018b). Deep limits of residual neural networks.
arXiv preprint arXiv:1810.11741.

[49] Utz, W. (1981). The embedding of homeomorphisms in continuous flows. In Topology
Proc, volume 6, pages 159-177.

[50] Veit, A., Wilber, M. J., and Belongie, S. (2016). Residual networks behave like
ensembles of relatively shallow networks. In Advances in neural information processing
systems, pages 550-558.

[51] Wang, B., Yuan, B., Shi, Z., and Osher, S. J. (2018). Enresnet: Resnet ensemble via
the feynman-kac formalism. arXiv preprint arXiv:1811.10745.

[52] Warga, J. (1962). Relaxed variational problems. Journal of Mathematical Analysis
and Applications, 4(1):111-128.

[53] Yarotsky, D. (2017). Error bounds for approximations with deep relu networks.
Neural Networks, 94:103—-114.

[54] Zhang, D., Zhang, T., Lu, Y., Zhu, Z., and Dong, B. (2019a). You only propagate once:
Painless adversarial training using maximal principle. arXiv preprint arXiv:1905.00877.

[55] Zhang, H., Gao, X., Unterman, J., and Arodz, T. (2019b). Approximation capabilities
of neural ordinary differential equations. arXiv preprint arXiv:1907.12998.

[56] Zhang, L. and Wang, L. (2018). Monge-Ampere Flow for Generative Modeling.
arXiv preprint arXiv:1809.10188.



46 Qianxiao Li, Ting Lin, Zuowei Shen

[57] Zhang, X. (2009). Embedding diffeomorphisms in flows in banach spaces. Ergodic
Theory and Dynamical Systems, 29(4):1349-1367.

[58] Zhang, X., Lu, Y., Liu, J., and Dong, B. (2018). Dynamically unfolding recurrent
restorer: A moving endpoint control method for image restoration. arXiv preprint
arXiv:1805.07709.

[59] Zhou, D.-X. (2018). Deep distributed convolutional neural networks: Universality.
Analysis and Applications, 16(06):895-919.



	Introduction and Problem Formulation
	The Supervised Learning Setting
	Deep Residual Neural Networks
	The Dynamical Systems Viewpoint
	The Problem of Approximation

	Main Results and Implications
	Notation
	Approximation Results
	Approximation of Functions by Composition
	Approximation Theory of Deep Neural Networks
	Control Theory and Dynamical Systems

	Preliminaries
	Background Results on Ordinary Differential Equations
	From Approximation of Functions to Approximations of Domain Transformations
	Properties of Attainable Sets and Approximation Closures

	Proof of Main Results
	Approximation Results in One Dimension and the Proof of Theorem 2.4
	Approximation Rates in One Dimension
	Approximation Results in Higher Dimensions and the Proof of Theorem 2.3
	Preliminaries
	Proof of Proposition 4.11.

	Approximation Results in Tensor-Product Type Dynamical Systems


