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Abstract
The objective of this paper is to estimate parameters with a sparse
prior via the minimum mean square error (MMSE) approach. We model
the sparsity by the Bernoulli-uniform prior. The MMSE estimator gives
the posterior mean of the parameter to be estimated. However, its computation involves multiple integrations of many variables that is hard to
implement numerically.
In order to overcome this difficulty, we develop a coordinate minimization algorithm to approximate the MMSE estimator for any arbitrary
given prior. We connect this algorithm to a variational model and establish a comprehensive convergence analysis. The algorithm converges
to a special stationary point of the variational model, which attains the
minimum of the mean square error at each coordinate when others are
fixed. Then, this general algorithm is applied to the Bernoulli-uniform
sparse prior and leads to a stable estimator that provides a good balance
between sparsity and unbiasedness. The advantages of our sparsity model and algorithm over other approaches (e.g., the maximum a posteriori
approaches) are analysed in detail and further demonstrated by numerical simulations. The applications of the general theory and algorithm
developed here go beyond sparse estimation.

Keywords: minimum mean square error, Bayesian method, coordinate minimization, variational model, nonconvex optimization
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Introduction

This paper develops an algorithm as well as its associated model and theory on
Bayesian estimation. Consider a linear regression model:
z = Ax + ε,
∗ matpt@nus.edu.sg
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(1.1)

where z ∈ Rn is the observation, A ∈ Rn×p is the design matrix, x ∈ Rp is the
parameter of interest, and ε ∈ Rn is the Gaussian noise with mean zero and
variance σ 2 I. The objective of linear regression is to estimate the parameter x
from the given observation z.
In Bayesian statistics, the underlying truth is represented as a random
variable that follows some prior distribution. In our paper, we assume that
xi (i = 1, 2, · · · , p) are independent and identically distributed (i.i.d.) after
some change of coordinates, following the distribution px (x). The sparse prior
is popular in regression models as it helps to reduce the model complexity. It is
also used in many other scenarios beyond regression, such as, compressed sensing [10, 16], image analysis and restorations [6, 9]. One of the key applications
of sparse prior model is to purse a sparse approximation of the solution of (1.1).
The theoretic base of sparse approximation is the non linear approximation or
N -term approximation (see e.g. [13, 14]).
The sparse prior distribution chosen in our paper takes the form of
px (x) = p0 δ(x) +

1 − p0
I[−U,−L]∪[L,U ] (x),
2(U − L)

(1.2)

where δ(x) stands for the Dirac-delta function, and IS (x) means the indicator
function of the set S. It is a mixture distribution that consists of a discrete and
continuous part, i.e. a Bernoulli distribution and an uniform distribution on
[−U, −L] ∪ [L, U ], and called the Bernoulli-uniform sparse prior. The Bernoullimixture prior has been used for modelling sparsity in many literatures. The
Bernoulli-Gaussian sparse prior is studied by [30] and the Bernoulli-Laplace as
well as Bernoulli-Cauchy sparse prior by [27]. The Bernoulli-mixture prior is
also referred to as the spike and slab prior in some literatures, e.g. [25]. For
the Bernoulli-uniform sparse prior, a larger value of p0 represents a sparser
assumption on the truth. The uniform distribution on [−U, −L] ∪ [L, U ] reflects
a high degree of uncertainty in the non-zero values and the boundedness of the
truth, which is the case for the majority of applications. Finally, when L > 0,
it means that the non-zero coefficients are significant to some degree.
Now, our aim is to find an efficient estimator T (z) : Rn → Rp , for the parameter x from the contaminated observation z. Minimizing different Bayesian
risk functions results in a variety of estimators. We will concentrate on the
minimum mean square error (MMSE) estimator which minimizes a quadratic
cost function:
T MMSE = arg min
E(x,z) kx − g(z)k22 .
(1.3)
n
p
g:R →R

The MMSE estimator gains its popularity since it is stable with respect to
the observation and balances the trade-off between variance and bias well. In
addition, the MMSE estimator is given in an explicit form that is the mean of
the posterior distribution:
Qp
kAx−zk2
x j=1 p(xj )exp(− 2σ2 2 )dx
.
(z) = Ex (x|z) = R Qp
kAx−zk22
)dx
j=1 p(xj )exp(−
2σ 2
R

T

MMSE
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(1.4)

However, the posterior mean is usually difficult to compute due to the involvement of multiple integrals of many variables. In this paper, we propose an
iterative algorithm to approximate it. We start from the univariate case
z = x + ε,

(1.5)

where x, z ∈ R and ε ∼ N (0, σ 2 ). The corresponding univariate MMSE estimator is given by
SσMMSE = Ex (x|z),
(1.6)
which only involves single integrals and is easy to compute. The univariate
MMSE estimator can be viewed as a thresholding operator under the Bernoulliuniform sparse prior; see Figure 1 for an illustration. Furthermore, when the
columns of A are orthogonal, the MMSE estimator (1.4) is separable and reduces
to the univariate case:
R Qp
kAx−zk2
xi j=1 p(xj )exp(− 2σ2 2 )dx
MMSE
x̂i
= R Qp
kAx−zk22
)dx
j=1 p(xj )exp(−
2σ 2
R Qp 
(xj −aT
z/kaj k2 )2
xi j=1 p(xj )exp(− 2σ2j /kaj k2 2 ) dx
2
= RQ
2 2

(xj −aT
p
j z/kaj k2 )
) dx
j=1 p(xj )exp(−
2σ 2 /kaj k22
T
2 2
R
(x −a z/ka k )
xi p(xi )exp(− i 2σ2i /kai ki2 2 )dxi
2
= R
(x −aT z/ka k2 )2
p(xi )exp(− i 2σ2i /kai ki2 2 )dxi
2

MMSE
2
= Sσ/ka
(aT
i z/kai k2 ), i = 1, 2, . . . , p,
ik

which avoids multiple integrations and can be computed easily. However, in the
general case, the MMSE estimator (1.4) is still hard to compute. Instead of calculating the involved multiple integrals directly, we convert the approximation
of the MMSE estimator to the problem of finding the minimizer of
min

g:Rn →Rp

E(x,z) kx − g(z)k22 .

(1.7)

Next, we develop an iterative algorithm that only refines one component each
time to reduce the mean square error in (1.7). Given an index ik at iteration
k, we minimize the mean square error along the direction of xkik by fixing the
remaining components:
xk+1
= arg min
E(xi
ik
n
g:R →R

k

(xik
,z|xk
j6=i )

− g(z))2

k

MMSE
= Exik (xik |z, xkj6=ik ) = Sσ/ka
(aT
ik (z −
i k2

X

k

aj xkj )/kaik k22 ),

(1.8)

j6=ik

where aj is the j-th column of matrix A. This iterative algorithm is called the
coordinate minimization algorithm in optimization. For the Bernoulli-uniform
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sparse prior, it performs a thresholding operation at each iteration, which only
involves single integration and is easy to implement.
The remaining question is whether this algorithm converges. It is hard
to analyze the convergence of the coordinate minimization algorithm from the
perspective of minimizing mean square error in (1.7). The univariate MMSE
(x) (see
estimator is shown to be the proximity operator of a function ϕMMSE
σ
[22, 24, 23]), i.e., the solution of a penalized least-squares variational problem:
1
(x).
SσMMSE (z) = ProxϕMMSE
(z) =: arg min (x − z)2 + ϕMMSE
σ
σ
x∈R 2

(1.9)

Note that the hard and soft thresholding are also proximal operators for the
`0 -norm and `1 -norm penalized variational model respectively. Motivated by
(1.9), we use the following variational model
p
X
1
kai k22 ϕMMSE
minp kAx − zk22 +
σ/kai k2 (xi )
x∈R 2
i=1

(1.10)

to analyze the convergence of our algorithm. As we will show, the coordinate
minimization algorithm for solving (1.10) is the same as the iteration (1.8).
Using the available theory developed in the field of optimization recently, the
variational model (1.10) helps to prove the convergence of (1.8). Basically,
we will prove that the sequences generated by (1.8) converges to a stationary
point of the variational model (1.10). Moreover, it attains the minimum of the
mean square error in (1.7) along each coordinate when the others are fixed.
Specifically, the algorithm converges to the MMSE estimator when the columns
of A are orthogonal.
Another way for a computable Bayesian estimate is to find the maximum a
posteriori (MAP) point estimate instead:
p(z|x)p(x)
x∈R
x∈R
p(z)
= arg maxp log p(z|x) + log p(x)

xMAP = T MAP (z) := arg maxp p(x|z) = arg maxp
x∈R

1
= arg minp kAx − zk22 + ϕ(x),
x∈R 2

(1.11)
(1.12)
(1.13)

where ϕ(x) = −σ 2 log p(x) is called the penalty function. The discarding of the
term p(z) is because z has been observed and thus p(z) is constant. Actually,
the MAP estimator T MAP can also be treated as

T MAP = arg min
E(x,z) − δ(x − g(z)) .
(1.14)
n
p
g:R →R

That is, the MAP estimator results from a minus delta loss function while the
MMSE estimator from a quadratic loss function. The MAP estimator may be
unstable for some prior as it gives a single point estimate while the MMSE
estimator is more stable as it averages all potential points under the posterior
4

distribution. The advantage of MAP method is the existence of the variational
model (1.13). Benefiting from that, the MAP estimator can be solved by optimization methods, such as coordinate descent method [21], proximal gradient
method [1] and linearized Bregman method [9, 8]. All these popular algorithms
to find sparse solutions of (1.1) are all essentially iterative thresholding algorithms. The thresholding keeps the solution sparse. The choice of thresholding
operators is crucial to the success of the algorithms. The first iterative thresholding algorithm for high resolution image reconstruction was proposed in [11].
By relaxing the rigorousness on the treatment of Dirac-delta functions (which
will be shown in section 2.3.3), the MAP estimator under the Bernoulli-uniform
sparse prior for the univariate problem (1.5) is the simple hard-thresholding.
As pointed out by many (see e.g. [19]), the hard-thresholding suffers from
the drawback of instability. To remedy this drawback, the continuous softthresholding [15] is proposed. However, it introduces bias for large observations. The hard-thresholding is unbiased but unstable, while the soft one is stable
but biased. Consequently, many efforts have been made to combine the advantages of the hard and soft thresholding while avoid their disadvantages. The
SCAD thresholding [19] and MCP thresholding [35] are two examples of these
efforts. The key idea is to construct thresholding by interpolating the hard and
soft thresholding so that it is stable and unbiased for large observations. The
constructed thresholding is raised to a variational model that can be interpreted as a MAP model with a different prior from the Bernoulli-uniform sparse
prior. The SCAD and MCP approaches are to refine the discontinuous point
of the hard-thresholding to balance “sparsity”, “continuity/stability” and “unbiasedness”. However, it is unclear in which sense an optimal balanced point
between the sparsity and unbiasedness can be reached for given continuity of the
thresholding in these two approaches. It is interesting to find a mathematical
formulation for an optimal solution to smooth the hard thresholding operator.
To exploit the balance between “sparsity ” and “unbiasedness” for given continuity of the thresholding operator, it requires to reduce the variance and bias.
The reason is that for small observations, thresholding is desired as it reduces
the variance without increasing bias too much, while for large observations, it
achieves better balance between variance and bias by keeping them due to the
high signal to noise ratios . Minimizing the variance and bias leads us to use the
MMSE estimator as the thresholding operator for the Bernoulli-uniform sparse
prior. This is the best thresholding operator smoothing the hard thresholding
in the sense that it minimizes the sum of variance and squared bias. Compared
to SCAD and MCP, the MMSE estimator has a clear optimization goal for the
variance and bias balance. See Figure 1 for the comparison of these thresholding
operators.
For the general problem (1.1) with the sparse prior, all of SCAD, MCP and
our method adopt iterative thresholding algorithm relating to the corresponding
variational models. We will show that our algorithm (1.8) always converges to
an estimate that attains the minimum of the mean square error along single
coordinate while the iterative algorithms for the SCAD and MCP variational
model may diverge as their models are not coercive. Even if they converge, it is
5
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Figure 1: Comparison of different thresholding operators.

still unclear how the obtained estimates are connected to the goal of maximizing
the original posterior probability density under the Bernoulli-uniform sparse
prior. Finally, the numerical results demonstrate the advantages of our method
over SCAD and MCP methods in terms of various criteria.
Although there are other works, e.g. [27], that also use the posterior mean
or median estimator with independent observations under the Bernoulli-mixture
prior, our emphasis is developing an iterative algorithm with convergence analysis for the general multi-variate case where the observations are correlated. The
approaches in [12, 32] are to separate the estimation of the support and the
non-zero values. Once the support has been selected correctly, the estimation of
the non-zero values can be obtained easily via either MAP or MMSE estimator.
However, the support selection is as hard as the sparse approximation problem
itself and the algorithms developed usually do not have convergence guarantee.
Some variants of support selection and applications in image processing can be
found in [7, 26].
In summary, we propose an optimal thresholding operator, that smooths
the hard-thresholding, in the sense of minimizing the summation of variance
and squared bias by using the univariate MMSE estimator under the Bernoulliuniform prior. We develop an iterative algorithm to approximate the MMSE
estimator for solving (1.1) and prove the convergence. Furthermore, the limiting
point attains the minimum of the mean square error along each coordinate when
the others are fixed. The developed algorithm and analysis is also applicable to
a wide variety of prior distributions. In section 2.3, we will study two additional
distributions besides the Bernoulli-uniform prior, namely, the Gaussian prior
and the Gaussian mixture prior. The Gaussian prior is commonly-used since it
is simple and natural. The Gaussian mixture prior goes beyond the Gaussian
prior and can approximate any continuous distribution with arbitrary accuracy.
The rest of the paper is organized as follows. In section 2, we first introduce
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MMSE estimator from a univariate case and analyse its good properties. We
next build up a connection between the univariate MMSE estimator and some
variational model. At the end of this section, we give three examples of the
prior distributions, i.e., the Gaussian, Gaussian mixture and Bernoulli-uniform
sparse prior for illustration. In section 3, we propose to approximate the MMSE
estimator by the cyclic coordinate minimization algorithm in the general case
and give the main theorem that establishes the convergence of our algorithm.
The numerical experiments follow to show the efficiency of our algorithm. The
detailed proof of our main theorem is given in section 4. Finally, the paper
concludes in section 5.

2

The Univariate MMSE estimator

For the general regression problem (1.1), the iterative scheme (1.8) approximates
the MMSE estimator by performing a univariate MMSE estimation at each
iteration. In order to analyse the convergence of (1.8), we ultimately need to
understand the various properties of the univariate MMSE estimator and its
corresponding variational model.
In our paper, we denote the random variable with a lower case letter in plain
typeface (e.g., x is a random variable) and the values it can take on with lower
case script letters (e.g., x1 is a possible value of x). The probability density
function for the random variable x is denoted by px (·) and the subscript may
be omitted for simplicity unless necessary. We use the notation δ(x) to denote
the Dirac delta function and IS (x) the indicator function of the set S.

2.1

The univariate MMSE estimator and its properties

To set up our platform, we assume the prior distribution to be a mixture of
discrete and continuous distributions, with a non-zero weight on the continuous
part. More specifically, it satisfies the following conditions.
Assumption 1. Assume the probability distribution px (·) is a mixture of a
finite number of Diracs and an absolutely continuous distribution. By a slight
but clear abuse of notations, we denote
px (x) =

d
X

wi δ(x − ci ) + 1 −

i=1

d
X


wi h(x),

(2.1)

i=1

where
wi ≥ 0,

d
X

wi < 1,

i=1

and h(x) : R → R is a probability density function with respect to Lebesgue
measure.
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For the problem (1.5), when the prior distribution px (·) satisfies Assumption 1, it is well known that the univariate MMSE estimator is (1.6) (see [28]).
Since our theory and algorithm start from this basic fact, we summarize the
derivation in the following.
The univariate MMSE estimator for (1.5) refers to the estimator which attains the minimum of the mean square error among all possible maps from R
to R:
SσMMSE :

2
= arg ming:R→R E
R (x,z)
R (x − g(z))
2
= arg ming:R→R R (x − Rg(z)) p(x, z)dxdz

= arg ming:R→R pz (z) (x2 − 2xg(z) + g(z)2 )p(x|z)dx dz,
(2.2)
where the subscript σ is the standard variance of the noise and pz := px ∗
p denotes the probability
R density function of z. It is equivalent to finding
SσMMSE (z) = arg miny∈R (x2 − 2xy + y 2 )p(x|z)dx for every observation z. As
the noise follows the Gaussian distribution, the conditional distribution p(x|z)
takes the form of
2
px (x)exp(− (x−z)
2σ 2 )
p(x|z) = R
.
2
px (x)exp(− (x−z)
2σ 2 )dx
R
When Assumption 1 is satisfied, the integral xn p(x|z)dx exists and is finite
for any n ∈ N. Then, by the dominated convergence theorem, we obtain
Z
Z
d
(x2 − 2xy + y 2 )p(x|z)dx = 2 (y − x)p(x|z)dx
dy
Z
Z
Z
= 2y p(x|z)dx − 2 xp(x|z)dx = 2y − 2 xp(x|z)dx.

Setting the differential to zero, we get a closed form of the univariate MMSE
estimator:
R
2
Z
xpx (x)exp(− (x−z)
MMSE
2σ 2 )dx
Sσ
(z) = Ex (x|z) = xp(x|z)dx = R
.
(2.3)
2
px (x)exp(− (x−z)
2σ 2 )dx
The single integrals in (2.3) are easy to compute for every observed z, and so is
the univariate MMSE estimator SσMMSE (z). In contrast, the MMSE estimator
(1.4) for the general problem (1.1), which can be derived in a similar way as
the univariate MMSE estimator, is much harder to compute numerically due to
the involvement of the multiple integrals. Consequently, we propose an iterative
algorithm (1.8) to approximate the MMSE estimator (1.4) by a sequence of univariate MMSE estimators. For the convergence analysis of the algorithm (1.8),
we discuss the properties of the univariate MMSE estimator in the following.
The properties of the conditional mean, i.e. the MMSE estimator, have
been studied in some literatures, e.g. [22, 24, 23]. While they mainly consider
continuous prior distributions that admit probability density functions with
respective to Lebesgue measure, some of their conclusions can be generalized
to the case where Dirac-delta distributions are involved. We first list some
8

properties of the univariate conditional mean that have been proved in [22] and
establish our analysis based on them.
Theorem 2.1 ([22]). Consider z = x+, where  ∼ N (0, σ 2 ). Assume x admits
a Lebesgue measurable probability density function px .
1. The univariate MMSE estimator SσMMSE (·) is one-to-one and C ∞ from R
onto ImSσMMSE . Its reciprocal rσMMSE (·) : ImSσMMSE → +∞ is also C ∞ .
2.

MMSE
dSσ
(x)
dx

> 0.

3. For every z ∈ R, the value SσMMSE (z) is the unique local minimum of the
(x), where
function 12 kz − xk2 + ϕMMSE
σ
ϕMMSE
(x) :=
σ



2

− 12 (∇ log pz rσMMSE (x) − log pz rσMMSE (x) , x ∈ ImS MMSE ,
+∞,
x∈
/ ImS MMSE .

4. If ϕ
e satisfies that SσMMSE (z) = arg min 21 kz − xk2 + ϕ(x),
e
then there is a
constant c ∈ R such that ϕ(x)
e
= ϕMMSE
(x) + c for all x ∈ ImS MMSE .
σ
The first item in Theorem 2.1 indicates that the univariate MMSE estimator
provides a stable estimation for the parameter of interest. To take it one step
further, we prove that the univariate MMSE estimator and its reciprocal are
analytic in the following proposition.
Proposition 2.1. Consider z = x + , where  ∼ N (0, σ 2 ). Assume x follows
px (x) that satisfies Assumption 1. The univariate MMSE estimator SσMMSE (·)
is one-to-one and analytic. Its reciprocal rσMMSE (·) : ImSσMMSE → +∞ is also
analytic.
Proof. The proof of the one-to-one correspondence follows that of Theorem 2.1
in the literature [22], as the integrals involved in their proof still hold true for
the mixture distribution in Assumption 1. Next, we prove the analyticity of
SσMMSE (·), and the analyticity of its reciprocal can then be obtained by the
Lagrange inversion theorem.
Since the denominator of SσMMSE (z) in (2.3) is non-zero, it is enough to show
both the numerator
Z
(x − z)2
xpx (x)exp(−
)dx
2σ 2
and the denominator

Z
px (x)exp(−

(x − z)2
)dx
2σ 2

are analytic in terms of z. We only prove the numerator is analytic in the
following, as the proof for the denominator is similar.
Let
Z
(x − z)2
)dx.
f (z) = xpx (x)exp(−
2σ 2
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It can be rewritten as
f (z) = exp(−

z2
)h(z), h(z) =
2σ 2

Z
xpx (x)exp(−

x2
xz
)exp( 2 )dx.
2σ 2
σ

The Taylor series for exp( σxz2 ) with respect to x is
+∞

exp(

X zk
xz
)=
xk ,
2
σ
σ 2k k!
k=1

which converges for all x ∈ R. Denote the first n terms of the Taylor series by
Pn
zk
xk . We have
gn (x) = k=1 σ2k
k!
xz
|exp( 2 ) − gn (x)| =
σ

∞
X
k=n+1

∞
X
zk k
|z|k
x
≤
|x|k
σ 2k k!
σ 2k k!
k=n+1

∞
X
|z|k
|xz|
≤
|x|k = exp( 2 ).
2k
σ k!
σ
k=1

R
|xz|
x2
As px (x) satisfies Assumption 1, the integral xpx (x)exp(− 2σ
2 )exp( σ 2 )dx exists and is finite. By dominated convergence theorem, we can obtain
Z
Z
x2
xz
x2
xpx (x)exp(− 2 )exp( 2 )dx = xpx (x)exp(− 2 ) lim gn (x)dx
2σ
σ
2σ n→+∞
Z
x2
xpx (x)exp(− 2 )gn (x)dx
= lim
n→+∞
2σ
Z
+∞

X 1
x2
xk+1 px (x)exp(− 2 )dx z k .
=
2k
σ k!
2σ
k=1

for all z ∈ R. By the definition of an analytic function, we have h(z) is analytic.
Therefore, f (z) is also analytic.

2.2

The MMSE variational model

The second item in Theorem 2.1 establishes a connection between the univariate
MMSE estimator (2.3) and the variational model
1
min (x − z)2 + ϕMMSE
(x).
σ
x∈R 2

(2.4)

Variational models are widely used in many applications due to their numerical
efficiency.
While we have already obtained the univariate MMSE estimator, its corresponding variational model is built up for the purpose of the convergence
analysis of the iteration (1.8).
Furthermore, we prove that the objective function of the variational model
(2.4), denoted by h(x) in the following, is strongly convex on any compact set.
10

Proposition 2.2. Assume px (x) satisfies Assumption 1. Let C ⊆ ImSσMMSE
be an arbitrary bounded convex set and Ce be the range of rσM M SE on set C. The
objective function of the univariate variational model (2.4) is ∆-strongly convex
on C, where ∆ = 1/ supx∈Ce{

MMSE
dSσ
(x)
}.
dx

Proof. Denote the objective function of (2.4) as h(x). Since SσMMSE (z) is the
unique solution of (2.4), it holds that

∇h(SσMMSE (z)) = SσMMSE (z) − z + ∇ϕMMSE
SσMMSE (z) = 0.
σ
Substituting x = SσMMSE (z) into the above equation, we can obtain
∇ϕMMSE
(x) = rσM M SE (x) − x.
σ
Denote h∆ (x) = h(x) −

∆ 2
2x .

(2.5)

Then we have

h00∆ (x) =

drσM M SE (x)
− ∆ ≥ 0,
dx

MMSE
dSσ
(x)
is bounded on the bounded
dx
MMSE
dSσ
(x)
proved that
> 0 in Theorem 2.1.
dx

on C. Since SσMMSE (x) is analytic,

e
set C.

On the other hand, it is also
∆ is positive. Then we have h(x) is ∆-strongly convex on C.

Thus,

Remark. According to (2.5), ϕMMSE
can also be rewritten in the form of
σ
 R x MMSE
(u) − u)du + c, x ∈ ImS MMSE ,
(rσ
0
(2.6)
ϕMMSE
(x) =
σ
+∞,
x∈
/ ImS MMSE .
for some constant c ∈ R.

2.3

Examples

We focus on three examples with special prior, namely, the Gaussian, Gaussian
mixture and Bernoulli-uniform sparse prior (1.2), which all satisfy Assumption 1. They are widely used in many applications. Besides the MAP estimator,
another way to obtain a tractable Bayesian estimator is to constrain the estimator to be linear, that is, to minimize the mean square error among all possible
linear maps. The resulting estimator is called the linear minimum mean square
error (LMMSE) estimator. The LMMSE estimator for the problem (1.1) is summarized by Bayesian Gauss-Markov. In this section, We compare the MMSE
estimator with the LMMSE and MAP estimator for the three examples.
2.3.1

The Gaussian prior

The first example is one of the most commonly used prior, the Gaussian prior
distribution
1
(x − µs )2
px (x) = p
exp(−
).
(2.7)
2
2σs2
2πσs
11

The posterior distribution p(x|z) is also Gaussian, as claimed in [28]. In this
form the univariate MMSE estimator is found as
σ2
(2.8)
x̂MMSE = αz + (1 − α)µs , α = 2 s 2 .
σs + σ
This estimation is also known as the Wiener filtering. As (2.8) is linear, the linear MMSE estimator coincides with the MMSE estimator. Moreover, since the
mode of the Gaussian distribution is the same as its mean, the MAP estimator
is also identical to the MMSE estimator.
2.3.2

The Gaussian mixture prior

The second example goes beyond the Gaussian setting and extends to the Gaussian mixture prior distribution
px (x) =

k
X

pi p

i=1

1

exp(−
2

2πσi

k
(x − µi )2 X
pi = 1.
),
2σi2
i=1

(2.9)

The Gaussian mixture prior is widely applicable due to several properties. Firstly, Gaussian mixture distributions can approximate any continuous density with
arbitrary accuracy (see [33]). Secondly, the Gaussian mixture prior together
with the Gaussian noise setting gives a Gaussian mixture posterior distribution.
The MMSE estimator, i.e., the posterior mean, takes the form of
xMMSE (z) =

k
X

βi (z)(αi z + (1 − αi )µi ),

(2.10)

i=1

where
p
(z−µi )2
2π(σi2 + σ 2 )
pi exp(− 2(σ
2
2 )/
σi2
i +σ )
,
β
(z)
=
αi = 2
.
p
Pk
i
(z−µi )2
2
2
σi + σ 2
i=1 pi exp(− 2(σ 2 +σ 2 ) )/ 2π(σi + σ )
i

By Bayesian Gauss-Markov theorem (Theorem 12.1 of [28]), the LMMSE
estimator is
xLMMSE = α̂z + (1 − α̂)µ̂,
(2.11)
where
µ̂ =

k
X
i=1

pi µi , σ̂ 2 =

k
X
i=1

pi σi2 +

k
X
i=1

pi µ2i − µ̂2 , α̂ =

σ̂ 2
.
σ̂ 2 + σ 2

(2.12)

Actually, µ̂ and σ̂ 2 are the mean and variance of (2.9). Comparing with (2.8),
we find that the LMMSE estimator (2.11) behaves as if to minimize the mean
square error under the assumption of the Gaussian prior with mean µ̂ and
variance σ̂ 2 .
Compared to the MMSE and LMMSE estimator, the MAP estimator has no
explicit form and is not easy to compute. It seeks the maximum of the Gaussian mixture posterior probability density function while the Gaussian mixture
distribution has multiple modes.
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2.3.3

The Bernoulli-uniform sparse prior

The third example is the Bernoulli-uniform sparse prior given in (1.2). It assumes that most of the parameters can be set to zero without substantially
affecting the fitting of model. Substituting the Bernoulli-uniform sparse prior
and the Gaussian noise distribution into (2.2), we get an explicit form of the
univariate MMSE estimator as follows
R
1−p0
2(U −L) · [−U,−L]∪[L,U ] (xφσ (x − z)) dx
MMSE
R
,
Sσ
(z) =
1−p0
p0 φσ (z) + 2(U
−L) · [−U,−L]∪[L,U ] φσ (x − z)dx
2

x
1
exp(− 2σ
where φσ (x) = √2πσ
2 ). Let Ψσ (t) denote the cumulative distribution
2
function of the Gaussian distribution N (0, σ 2 ) and

2p0 (U − L)
,
1 − p0
G1 = Ψσ (U − z) + Ψσ (−L − z) − Ψσ (L − z) − Ψσ (−U − z),

C=

2


G2 = σ φσ (L − z) + φσ (−U − z) − φσ (U − z) − φσ (−L − z) .

(2.13)
(2.14)
(2.15)

Then the univariate MMSE estimator can be rewritten as
SσMMSE (z) =

zG1 + G2
.
Cφσ (z) + G1

(2.16)

Figure 1 displays the univariate MMSE estimator obtained by (2.16).
As suggested by [19], a good sparse estimator should satisfy the following
three conditions:
1. continuity: the estimator is continuous in data z to avoid instability in
model prediction;
2. unbiasedness: the estimator is nearly unbiased when the true unknown
parameter is large to avoid unnecessary modeling bias;
3. sparsity: the estimator sets small estimated coefficients to zero to reduce
model complexity.
The univariate MMSE estimator is a good sparse estimator. Firstly, the univariate MMSE estimator is analytic by Proposition 2.1. Secondly, it is unbiased
since
Ez SσMMSE (z) = Ez Ex (x|z) = x.
Thirdly, it is also sparse. Specifically, when z is very small, G1 in (2.14) and
G2 in (2.15) is much smaller than the constant value C in (2.13); hence, the
estimate is very close to zero.
Next, we compare the MMSE estimator with the LMMSE estimator. The
LMMSE estimator under the Bernoulli-uniform sparse prior is a shrinkage operator
σ2
(2.17)
xLMMSE = 2 s 2 z,
σ + σs
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where σs = 13 (1 − p0 )(L2 + U 2 + LU ) is the variance of the Bernoulli-uniform
sparse prior. The LMMSE estimator (2.17) is continuous, but it is biased and
loses the sparsity.
Finally, we compare the MMSE estimator with the MAP estimator. From
(1.13), the MAP model for the univariate problem (1.5) with Gaussian noise
takes the form of
1
(2.18)
min (x − z)2 + ϕ(x),
x∈R 2
where ϕ(x) = −σ 2 log px (x). Note that the above MAP model is developed for
continuous random variables and seeks the maximum of the posterior probability
density function. However, the Bernoulli-uniform distribution density function
is not continuous and has an infinite value at zero. Nevertheless, we relax the
rigorousness in analysis and write ϕ(x) formally by assuming p(0) is arbitrarily
large:

x = 0,
 a,
b,
x ∈ [−U, −L] ∪ [L, U ] and x 6= 0,
ϕ`0 (x) =
(2.19)

+∞, otherwise,
where
a = −σ 2 log p(0), b = −σ 2 log

1 − p0
.
2(U − L)

The solution of (2.18) with ϕ(x) = ϕ`0 (x) can be solved formally. Since the
Bernoulli-uniform sparse prior assumes the underlying truth is bounded, the
MAP estimate for z > U (resp. z < −U ) is either 0 or U p
(resp. −U ).
Inqthe following, we only consider the case |z| ≤ U . Let λ = 2(b − a) =

−L)
σ 2 log 2p(0)(U
. When λ > U , the resulting MAP estimator for the Bernoulli1−p0
uniform sparse prior is always zero. When L ≤ λ ≤ U , the MAP estimator is
the hard-thresholding

xhard = Sλh (z) := zI{|z|>λ} .
Since the hard-thresholding is a good sparse estimator, it justifies the validity
of the Bernoulli-uniform sparse prior. In contrast, the Bernoulli-Gaussian prior,
which is the combination of a Dirac-delta distribution and a Gaussian distribution, results in an additional `2 -norm penalization on non-zero values and only
gives the hard-thresholding estimator in the limiting case where the variance of
the Gaussian distribution goes to infinity (see [34]). We note that one also has
to relax the rigorousness when using the Bernoulli-Gaussian prior as a sparse
prior for the MAP model. Strictly speaking, there is no prior distribution in
the MAP setting corresponding to the hard thresholding.
The hard-thresholding is sparse and nearly unbiased for large coefficients,
but it is discontinuous. As shown in (1.14), its discontinuity results from the
instability of the minus delta loss function of the MAP model. To remedy
the drawback of the hard-thresholding, the continuous soft-thresholding [18] is
proposed:
xsoft = Sλs (z) := sign(z)(|z| − λ)+ ,
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which corresponds to the `1 -norm penalty (the `1 -norm penalty is the convex
relaxation of the `0 -norm penalty and assumes a Laplace prior distribution).
However, the continuity of the soft-thresholding comes at the price of shifting
the large coefficients by λ and introducing larger bias. Under the spirit of
“continuity”, “unbiasedness” and “sparsity”, Fan et al. [19] proposed a Smoothly
Clipped Absolute Deviation Penalty (SCAD) thresholding:

 sign(z)(|z| − λ)+ , |z| ≤ 2λ,
(γ−1)z−sign(z)γλ
scad
xSCAD = Sγ,λ
(z) :=
,
2λ < |z| < γλ,
γ−2

z,
|z| ≥ γλ.
with γ ≥ 2. The corresponding SCAD penalty of the MAP model (2.18) is given
by
(
λ|x|,
|x| ≤ λ,
scad
ϕγ,λ (x) =
(γλ−|x|)2+
γ+1 2
2 λ − 2(γ−1) , |x| > λ,
The SCAD-thresholding is continuous compared to the hard-thresholding and
avoids the large bias introduced by the soft-thresholding. Actually, it can be
interpreted as a linear interpolation between the soft-thresholding and the hardthresholding in the interval (2λ, γλ). The SCAD-thresholding also assumes a
different prior from the Bernoulli-uniform sparse prior. The relating prior of
SCAD smooths the discontinuity of the Bernoulli-uniform sparse prior around
the origin, but still keeps sparsity and is uniform for large parameters. The
MCP-thresholding [35] is proposed under a similar spirit as SCAD while the
corresponding penalty of MCP is less concave than that of SCAD. The MCP
penalty term takes the form of
(
2
λ|x| − |x|
mcp
2γ , |x| ≤ γλ,
ϕγ,λ (x) =
1
2
|x| > γλ,
2 γλ ,
and the MCP thresholding is
xMCP


|z| ≤ λ,
 0,
mcp
= Sγ,λ
(z) :=
sign(z) γ(|z|−λ)
,
λ < |z| < γλ,
γ−1

z,
|z| ≥ γλ,

with γ ≥ 1.
By proposing the three conditions of “sparsity”, “unbiasedness” and “continuity”, Fan and Li [19] actually means to find a stable way to balance the
variance and bias. In Bayesian estimation, the prior knowledge influences the
parameter estimation by shifting its posterior probability mass density towards
the region preferred by the prior, e.g., the sparse prior shifts the density towards zero. As seen, this influence has two effects: reducing the variance of the
estimate (or the noise effect), but gaining bias simultaneously. The “sparsity”
and “unbiasedness” is the result of negotiation between the variance and bias
in different ranges of observations. The “sparsity” means omitting the small
15

observations while the “unbiasedness” means maintaining the large ones. Since
the small observations contain more noise than signal information, omitting
them reduces much variance and gains little bias. On the contrary, the large
observations contain strong signal information such that the noise effect can be
neglected; and thus maintaining them is wiser.
The mean square error can be decomposed as the sum of the variance and
square bias of the estimator
MSE

= E(x,z) (x − g(z))2
2
= Ex (x − Ez g(z))2 + Ez g(z) − Ez g(z)
= Bias2 (g(z)) + Var(g(z)).

(2.20)

So the univariate MMSE estimator under the Bernoulli-uniform sparse prior
naturally provides a balance between the variance and bias, i.e., a balance
between “sparsity” and “unbiasedness”. Moreover, it is smooth according to
Proposition 2.1. In short, the univariate MMSE estimator balances the variance and bias in a stable way and satisfies the three conditions of “continuity”,
“unbiasedness” and “sparsity”.
Finally, to demonstrate the efficiency of the univariate MMSE estimator in
the sparse case, we implement a parameter estimation test for the univariate
model (1.5) and evaluate the performance by the square error |x̂ − x|2 . The
results are reported in Table 1. The parameter x is constructed to follow the
Bernoulli-uniform sparse prior with p0 = 0.8, L = 3, U = 6 in (1.2) and the noise
variance σ 2 is 1. The experiments are repeated 1000 times. The parameters λ
and γ in the related thresholding vary in [0.5, 3] and [1, 3] respectively. Only
the least square error and the corresponding parameters are reported. It comes
at no surprise that the univariate MMSE estimator outperforms the others.
Table 1: Parameter estimation results by the thresholding operators.
thresholding
λ
γ
|x̂ − x|2

2.4

hard
2.27
–
22.06

soft
0.90
–
23.30

SCAD
1.46
1.00
20.99

MCP
1.72
1.94
21.08

MMSE
–
–
19.82

Risk analysis

In the above, we study some specific probability distributions and analyse the
corresponding MMSE estimators. However, in reality, it is rare to know the
probability distribution of complex signals. For example, a common prior about
natural images is that they have piecewise regularity and belong to the space of
bounded total variation. This prior information defines a signal set Θ but does
not specify the probability distribution of signals over Θ. Thus, to control the
risk of an estimation g for any signal x in Θ, one consider the minimax risk
R(Θ) = inf sup Ey kg(y) − xk22 .
g x∈Θ
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Pn
The minimax risk over the `p -ball Θp,n (r) := {x : i=1 |xi |p ≤ rp } has been
studied extensively by Donoho and Johnstone in [17]. The `p -ball prior can
arise naturally in various applications. The `2 -balls correspond to a space of
bounded energy. As p → 0, the `p -balls assume sparsity that only a small
number of components can be non-zero.
Here we include some minimax risk of our proposed MMSE estimators with
specific prior probability distributions, especially the Bernoulli-uniform sparse
prior to verify that they still give valuable estimation over certain set Θ even
though the prior probability may not model the truth accurately. To simplify
the study, we only consider the case where the design matrix A is identity. Due
to the i.i.d. structure of x and y when A is identity, the minimax risk Θp,n (r)
reduces to the the univariate Bayes-minimax problem, for which it is enough to
study the MMSE error E(x∼F,y) |S(y) − x|2 for the least favourable distribution
F over R that satisfies the p-th moments constraint Ex∼F |x|p ≤ rp /n.
When p = 2, the least favorable distribution is Gaussian and the corresponding MMSE estimator (2.8) is minimax over `2 -ball. As pointed out by Donoho
and Johnstone in [17], when p < 2, the least favorable distribution in the asymptotically case is the discrete priors putting mass only at zero and two opposite
numbers. Given in our case, the Bernoulli-uniform distribution degenerates
to that least favorable distribution by setting L = U in (1.2). Thus, the corresponding univariate MMSE estimator (2.16) is also asymptotically minimax over
`p -balls (p < 2) at small signal-to-noise ratios. Additionally, Donoho and Johnstone showed that the `2 -losses of the soft-thresholding and hard-thresholding
are close to that of the MMSE estimator for the least favorable distribution in
the asymptotic case, and thus the soft-thresholding and hard-thresholding are
also nearly minimax. In all, we showed that the univariate MMSE estimator
(2.16) are asymptotically minimax with `2 -loss over `p -balls when p is less than
2 and the signal-to-noise ratio is low. Our arguments follow the proofs of Donoho and Johnstone in [17] besides that they need an additional step to compare
the `2 -loss of the MMSE estimator (2.16) and thresholding rules.

3

Approximation of the MMSE estimator

In this section, we will propose the cyclic coordinate minimization algorithm
based on the iteration (1.8) and establish a theorem on its convergence. The
numerical experiments will follow to show the efficiency of our algorithm.

3.1

The algorithm and the main theorem

Recall the regression model
z = Ax + ε,

(3.1)

where xi (i = 1, 2, · · · , p) are i.i.d. drawn from px and ε ∼ N (0, σ 2 I). More
generally, we can consider the coefficients of x under some orthonormal basis
D: ui = (Dx)i (i = 1, 2, · · · , p), to be i.i.d., and follow some prior distribution.
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Once an estimate of u is obtained, x can be recovered by x = D T u. So we
focus on the estimation of u from
z = AD T u + ε.

(3.2)

Nevertheless, we can build the orthonormal matrix D into the design matrix A
such that the form of (3.2) reduces to that of (3.1). So we only consider the
problem (3.1) in the following.
To approximate the MMSE estimator (1.4) for (3.1), we propose a cyclic
coordinate minimization (CCM) algorithm, which minimizes the mean square
error with respect to a single coordinate in a sequential manner. More specifically, for the current estimate xk , an index ik ∈ {1, 2, . . . , p} is selected and
then the ik -th component of xk is adjusted to minimize the mean square error:
xk+1
= arg min
E(xi
ik
n
g:R →R

k

(xik
,z|xk
j6=i )

− g(z))2 .

(3.3)

k

It is equivalent to finding the MMSE estimator for the following linear regression
model
X
z−
aj xkj = aik xik + ε,
(3.4)
j6=ik

where
Pai is the i-th column of A, xik ∈ R is the parameter to be estimated and
z − j6=ik aj xkj ∈ Rn is the vector of observations. The MMSE estimator for
(3.4) is the posterior mean:
Exik (xik |z −

X

R
aj xkj ) =

j6=ik

P
2
−kaik xik −(z− j6=i aj xk
j )k2
k
dxik
xik p(xik )exp
2
2σ
P
2
R
)k
−kaik xik −(z− j6=i aj xk
2
j
k
p(xik )exp
dxik
2σ 2
−(xik −aT
i (z−

k
2 2
j6=ik aj xj )/kaik k2 )
dxik
xik p(xik )exp
2σ 2 /kaik k22
P
= R
k )/ka
2 )2 
a
x
k
−(xik −aT
(z−
j j
ik 2
j6=ik
ik
p(xik )exp
dxik
2σ 2 /kaik k22
X
MMSE
= Sσ/ka
(aT
aj xkj )/kaik k22 ).
ik (z −
i k2

R

P

k

k

j6=ik

That is, the solution of (3.3) is obtained as
MMSE
xk+1
= Sσ/ka
(aT
ik (z −
ik
i k2

X

k

aj xkj )/kaik k22 ).

(3.5)

j6=ik

At each iteration, the computation of (3.5) involves only single integration and
is easy to perform. The coordinate minimization method can be deterministic or
randomized depending on the choice of the update coordinates. Here, we select
the coordinate index ik in a cyclic fashion from the set {1, 2, · · · , p} so that
every coordinate is modified once in every cycle of p iterations. The resulting
algorithm is called the cyclic coordinate minimization (CCM) algorithm. Given
an permutation {i0 , i1 , · · · , ip−1 } of sequence {1, 2, · · · , p}, we choose the index
ik as
ik = ik̄ , where k̄ = [k mod p].
(3.6)
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Algorithm 1 The Cyclic Coordinate Minimization (CCM) algorithm
Set k ← 0 and choose x0 ∈ Rp ;
while termination test is not satisfied do
choose index ik as (3.6) P
2
k
MMSE
(aT
xk+1
= Sσ/ka
ik (z −
ik
j6=ik aj xj )/kaik k2 )
ik k2
k ← k + 1;
end while

Finally, the CCM algorithm is summarized as follows.
We note that once Algorithm 1 converges (which is guaranteed by the following Theorem 3.1), the limiting point is a a fixed point of the iteration (3.3)
that satisfies
x̂ik = arg

min

g(z):Rn →R

E(xik ,z|x̂j6=ik ) (xik − g(z))2 .

(3.7)

The above equation implies that x̂ attains the minimum of the mean square
error with respect to arbitrary single coordinate by fixing the remaining ones.
For any point that satisfies (3.7), we call it a coordinatewise minimum mean
square error (CMMSE) estimate.
Before giving the main theorem on the convergence of Algorithm 1, we need
the following assumption.
Assumption 2. Assume the prior distribution px (x) satisfies Assumption 1.
Furthermore, there exist K > 0, b > 0 and a function a(x) ≥ 0 which monotonously decreases to zero when |x| goes to infinity, such that px (x) can be represented
as
px (x) = a(x)exp(−b|x|), when |x| > K.
(3.8)
Note that Assumption 2 is not strong. The Gaussian, Gaussian mixture and
Bernoulli-uniform sparse prior all satisfy Assumption 2. For example, since the
Bernoulli-uniform sparse prior is compactly supported, it satisfies (3.8) as we
can choose a(x) = 0 for a sufficiently large K. Next we state the main theorem
of this paper and its proof will be given in section 4.
Theorem 3.1. Assume the prior distribution px (x) satisfies Assumption 2.
Let {xk } be the sequence generated by Algorithm 1. Then {xk } converges to a
coordinatewise minimum mean square error (CMMSE) estimate that satisfies
(3.7).

3.2

Numerical results

Finally, we show the efficiency of our algorithm by the three examples discussed
in section 2.3, i.e., the Gaussian, Gaussian mixture and Bernoulli-uniform sparse
prior. The case where n = 100, p = 200 is tested. The columns of matrix A
in (3.1) are highly correlated, which are generated from a Gaussian distribution
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with zero mean and variance Σi,j = 0.3|i−j| (1 ≤ i ≤ n, 1 ≤ j ≤ p). We stop
the iteration for Algorithm 1 if a maximum number of 300 iterations is reached,
or the difference of the estimates between two successive cycles is smaller than
10−8 , i.e., kx(l+1)p − xlp k2 ≤ 10−8 . For comparison, the MMSE, LMMSE and
MAP estimator are also computed when they are available and easy to compute.
The built-in univariate MMSE estimator in Algorithm 1 for each prior distribution has been given in section 2.3 accordingly. In the implementation, we can
calculate the values of the univariate MMSE estimator, i.e. E(x|z), at a given
set of sample points of z in advance. Then the univariate MMSE estimator can
be approximated by piecewise linear functions with arbitrary accuracy as long
as the set of sample points is large enough. When iterating, we only need to
call that piecewise linear function to update the sequence and avoid calculating
the single integrals every time such that the computation of the algorithm may
be faster.
Example 1. The Gaussian prior. Under the Gaussian prior, all of the
MMSE, LMMSE and MAP estimators for the problem (1.1) take the same form
of
σ2
(3.9)
x̂ = µe + AT (AAT + 2 I)−1 (z − µAe),
σs
where I is the identity matrix, and e is the vector of all ones. Our variational
model (1.10) is the same as the MAP model under the Gaussian prior, which
is convex and has the unique stationary point (3.9). Then, our algorithm also
converges to the estimate (3.9).
Example 2. The Gaussian Mixture prior. Similar to the univariate case,
the posterior distribution with the Gaussian mixture prior and Gaussian noise is
also a Gaussian mixture distribution for the general problem (3.1). The MMSE
estimator for the general problem (3.1) under the Gaussian mixture prior is
given by
xMMSE =

k
X

βi (z) µi e+AT (AAT +

i=1


σ 2 −1
φi (z)
I) (z−µi Ae) , βi (z) = Pk
2
σi
i=1 φi (z)

where φi (z) is the Gaussian probability density function (PDF) in z with mean
µ̂i = µi Ae,
and variance
Ci = σi2 AAT + σ 2 I.
From [28], the LMMSE estimator is
xLMMSE = µ̂e + AT (AAT +

σ 2 −1
I) (z − µ̂Ae).
σ̂ 2

where
µ̂ =

k
X
i=1

pi µi , σ̂ 2 =

k
X

pi σi2 +

i=1
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k
X
i=1

pi µ2i − µ̂2 .

The MAP estimator is hard to compute due to the multi-mode issue of the
Gaussian mixture posterior distribution, so we do not compare it here.
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Figure 2: The average `2 -norm error of the estimates for the general problem
(3.1) under the Gaussian mixture prior.

We select the Gaussian mixture prior with five components. The component
means are
(−1, −0.5, 0, 1, 3),
and the variances are all 1. We vary the logarithm of the noise variance from -5
to 1 equally. Algorithm 1 is initialized with the LMMSE estimate. The average
`2 -norm error of the obtained estimates over 50 independent trials are plotted
in Figure 2. Clearly, Algorithm 1 provides a better approximation of the MMSE
estimator than the LMMSE estimator.
Example 3. The Bernoulli-uniform sparse prior. Under the Bernoulliuniform sparse prior, the MAP models with the `1 -norm, SCAD and MCP penalty for the general problem (3.1) are solved to compare with our algorithm. We
choose γ = 3.7 in the SCAD penalty and γ = 2 in the MCP penalty. The `1 norm penalized model is solved by the ADMM algorithm [5], while the SCAD
or MCP penalized model is solved by the LLA algorithm proposed by [20]. The
LLA algorithm computes a sequential weighted `1 -norm penalized problems. It
is initialized with zero and terminated if a maximum number of 300 iterations
is reached or the `2 norm of the difference between two successive updates is
smaller than 10−8 . In addition, we compute the oracle solution for comparison.
The oracle solution is the solution obtained by knowing the true support:
xoracle = arg

min

x∈Rp :xoracle
=0
Sc

1
kAx − zk22 ,
2

where S is the support set of the truth x and S c is the complementary set of S.
The LMMSE estimator is not compared here because it fails to enhance sparsity.
Our algorithm is initialized with the solution of the the `1 -norm penalized model.
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Table 2: The numerical results of different methods for the problem (3.1) under
the Bernoulli-uniform sparse prior. The results are averaged over 50 independent
trials with the standard error shown in the parenthesis.
Method

`1 error

`2 error

#FP

#FN

Oracle

5.4407
(0.9543)
25.4007
(7.3596)
5.7361
(1.1306)
5.4622
(0.9834)
4.7092
(0.7872)

1.4980
(0.2411)
4.6593
(1.2588)
1.6021
(0.3327)
1.5075
(0.2568)
1.3060
(0.2076)

0
(0)
35.88
(4.58)
0.36
(0.66)
0.00
(0.00)
0.00
(0.00)

0
(0)
0.00
(0.00)
0.00
(0.00)
0.00
(0.00)
0.00
(0.00)

`1 -norm penalty
SCAD
MCP
Algorithm 1

The estimation accuracy is evaluated by the average `1 -norm error and `2 norm error. We treat the estimated parameter as zero if its absolute value is
less than 10−6 . The selection accuracy of zero parameters is measured by the
average counts of false positive (#FP) and false negative (#FN). The average
performance over 50 independent trials is reported in Table 2 with the standard
error shown in the parenthesis. The experiment results show that our method
performs the best in any way of evaluation.

4

Proof of Theorem 3.1

It is hard to analyse the convergence of Algorithm 1 from the aspect of minimizing the mean square error sequentially. Inspired by the connection between the
univariate MMSE estimator and the univariate variational model, we consider
the following variational model for the general problem (3.1)
p
X
1
minp kAx − zk22 +
kai k22 ϕMMSE
σ/kai k2 (xi ),
x∈R 2
i=1

(4.1)

which has an `2 fidelity for Gaussian noise and a separable MMSE penalty.
We denote the objective function of (4.1) as H(x) in the following. Applying
the coordinate minimization algorithm to (4.1), we update a single coordinate
and fix the remaining ones to minimize H(x) at each iteration. Specifically, at
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iteration k, we only update xik as follows
xk+1
= arg min H(x|xj =xk for
ik
j
xi ∈R

j6=ik

)

k

X
2
1
1
T
a
(z
−
aj xkj ) + kaik k22 ϕMMSE
kaik k22 xik −
i
σ/kaik k2 (xik ).
xik ∈R 2
kaik k22 k

= arg min

j6=ik

(4.2)
Since the values of xkj where j 6= ik are fixed, (4.2) reduces to the univariate
variational model with respect to xik . By Theorem 2.1, the solution is
X
MMSE
xk+1
= Sσ/ka
(aT
aj xkj )/kaik k22 ),
(4.3)
ik (z −
ik
i k2
k

j6=ik

which is the same as the iteration (3.5). To conclude, we have the following
lemma.
Lemma 4.1. Applying the coordinate minimization algorithm to the the variational problem (4.1), we obtain the iteration (3.5).
Moreover, choosing the index ik as (3.6) in a cyclic manner, we obtain the
cyclic coordinate minimization algorithm for solving the variational model (4.1)
that is the same as Algorithm 1. Thus we can prove the convergence of Algorithm 1 by analysing the properties of the objective function H(x) of the
variational model (4.1) and employing the tools developed in optimization.
In order to prove the convergence of Algorithm 1, we require the objective
function H(x) to satisfy the Kurdyka-Lojasiewicz property and to be coercive.
Once these two requirements are satisfied, Theorem 3.1 can be proved by applying Theorem 2.9 in [2].

4.1

The Kurdyka-Lojasiewicz property and coerciveness
of H(x)

We start by giving a definition of the Kurdyka-Lojasiewicz (KL) property, which
plays an important role in the following analysis. We say a real extended valued
function f : Rp → R ∪ {+∞} is proper if it is not positive infinity identically.
Definition 1 (Kurdyka-Lojasiewicz Property). A proper real extended valued
function f : Rp → R ∪ {+∞} is said to have the Kurdyka-Lojasiewicz property
at z̄ ∈ dom ∂f = {z ∈ Rp : ∂f (z) 6= ∅} if there exist ζ ∈ (0, +∞], a neighborhood
U of z̄, and a continuous concave function ψ : [0, ζ) → R+ such that
1. ψ(0) = 0;
2. ψ(0) is C 1 on (0, ζ);
3. for all s ∈ (0, ζ), ψ 0 (s) > 0;
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4. for all z ∈ U satisfying f (z̄) < f (z) < f (z̄) + ζ, the Kurdyka-Lojasiewicz
inequality holds:
ψ 0 (f (z) − f (z̄)) dist(0, ∂f (z)) ≥ 1.
where dist(0, ∂f (z)) = min{kvk : v ∈ ∂f (z)},
The foundational works on the KL property are due to Lojasiewicz [31]
and Kurdyka [29]. See [3, 1, 2, 4] for the development and applications of KL
property in optimization problems. The KL property is a generalization of the
Lojasiewicz inequality to nonsmooth subanalytic functions, while it is enough
for our analysis to employ the Lojasiewicz inequality which says that for real
analytic funciton f : U → R, there exists θ ∈ [ 21 , 1) such that |f − f (a)|θ k∇f k−1
remains bounded for a critical point a ∈ U . That is, f has the KL property at
any a ∈ U with ψ(x) = c|f (x) − f (a)|1−θ for some constant c.
MMSE
Let Ei be the range of Sσ/ka
, then ϕMMSE
σ/kai k2 is analytic on Ei according to
Qp i k2
Lemma 2.1. Denote E = i=1 Ei . Since H(x) is analytic on E, it has the KL
property at any point in E.
Proposition 4.1. Assume px (x) satisfies Assumption 1. The objective function
H(x) of the variational model (4.1) has the KL property at any point in E.
The coerciveness of the objective function guarantees the boundedness of
the generated sequence if the objective function value is finite. We give the
definition of coerciveness as follows.
Definition 2 (Coerciveness). A real extended valued function f : Rp → R ∪
{+∞} is called coercive iff f (x) → +∞ as kxk → +∞.
Finally, we prove H(x) is coercive with Assumption 2 in the following lemma.
Lemma 4.2. Assume the prior px (x) satisfies Assumption 2. The objective
function H(x) of the variational model (4.1) is coercive.
Proof. Note that H(x) includes a separable MMSE penalty which is the sum
of the univariate MMSE penalty for every coordinate. Once the coerciveness of
the univariate MMSE penalty ϕMMSE
(x) is proved, we can obtain that H(x) is
σ
coercive. Next, we focus on the proof of the coerciveness of ϕMMSE
(x). When
σ
the domain of rσMMSE is not R, ϕMMSE
(x) is defined to be positive infinity
σ
outside. So we only need to prove the case where the domain of rσMMSE is R and
Z x
MMSE
ϕσ
(x) =
(rσMMSE (u) − u)du + c, x ∈ R.
0

We only show that ϕMMSE
(x) → +∞ as x → +∞, because the case is similar
σ
when x goes to −∞.
Supposing rσMMSE (x) > x + ξ for some ξ > 0 when x is sufficiently large,
immediately we get that ϕMMSE
(x) → +∞ as x → +∞. Since rσMMSE (x) is
σ
MMSE
the inverse function of Sσ
, the condition rσMMSE (x) > x + ξ for sufficiently
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large x can be guaranteed by showing that SσMMSE (z) < z − ξ for sufficiently
large z. In the following, we will show there exist ξ > 0 and K > 0 such that
SσMMSE (z) < z − ξ when z > K.
Recall
R
xpx (x)φσ (x − z)dx
MMSE
,
(4.4)
Sσ
(z) = R
px (x)φσ (x − z)dx
where φσ is the probability density function of the Gaussian distribution with
mean zero and variance σ 2 . We separate the involved integrals in (4.4) into two
parts
R z̃
R∞
xpx (x)φσ (x − z)dx
xpx (x)φσ (x − z)dx
−∞
MMSE
R
+ z̃R
.
Sσ
(z) =
px (x)φσ (x − z)dx
px (x)φσ (x − z)dx
If we can prove there exist ξ > 0, K > 0 and z̃ such that
R z̃
xpx (x)φσ (x − z)dx
−∞
R
< z − 2ξ, z > K 0 ,
px (x)φσ (x − z)dx
and

R∞
xpx (x)φσ (x − z)dx
z̃R
< ξ, z > K 00 ,
px (x)φσ (x − z)dx

(4.5)

(4.6)

we obtain SσMMSE (z) < z − ξ when z > K = max{K 0 , K 00 }. Next we focus on
the proof of the inequality (4.5) and (4.6).
To show the inequality (4.5), we need to employ Assumption 2. It says that
there exist K 0 > 0 and b > 0 such that
px (x) = a(x)exp(−bx), x > K 0 ,
where a(x) ≥ 0 monotonously decreases to zero when |x| goes to infinity. We
choose
z 2 − (z − 2ξ)2
), z̃ = 2(z − 2ξ) − K 0 ,
2σ 2
and assume z̃ > K 0 . Then we have
Z z̃
(x − z + 2ξ)px (x)φσ (x − z)dx
ξ = bσ 2 /2, τ = exp(−

K0
z̃

Z

(x − z + 2ξ)a(x)exp(−bx)φσ (x − z)dx

=
K0

Z

z̃

(x − z + 2ξ)a(x)φσ (x − z + 2ξ)dx

=τ

K0
Z (z−2ξ)−K 0

xa(x + z − 2ξ)φσ (x)dx

=τ
K 0 −(z−2ξ)

Z
=τ

(z−2ξ)−K 0


x a(x + z − 2ξ) − a(−x + z − 2ξ) φσ (x)dx

0

≤0.
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That is,
Z

z̃

Z

z̃

xpx (x)φσ (x − z) ≤ (z − 2ξ)
K0

px (x)φσ (x − z).
K0

It is obvious that
Z K0
Z
xpx (x)φσ (x − z) ≤ K 0
−∞

K0

Z

K0

px (x)φσ (x − z) < (z − 2ξ)

−∞

px (x)φσ (x − z).
−∞

Combining the above two inequalities, we get that
R z̃
R K0
R z̃
xpx (x)φσ (x − z)dx + K 0 xpx (x)φσ (x − z)dx
xpx (x)φσ (x − z)dx
−∞
−∞
= R K0
< z−2ξ.
R z̃
R z̃
p (x)φσ (x − z)dx
p (x)φσ (x − z)dx + K 0 px (x)φσ (x − z)dx
−∞ x
−∞ x
Then, it is easy to obtain the inequality (4.5):
R z̃
R z̃
n
xpx (x)φσ (x − z)dx o
xpx (x)φσ (x − z)dx
−∞
R
≤ min 0, R−∞
< z − 2ξ.
z̃
px (x)φσ (x − z)dx
px (x)φσ (x − z)dx
−∞

Next we prove the inequality (4.6). If a(z̃) = 0, which means that a(x) = 0
for all x ∈ (z̃, +∞), the proof is done; otherwise, since a(x) decreases when
x > K 0 , we have
R∞
R∞
xa(x)φσ (x − z + 2ξ)dx
xa(x)φσ (x − z + 2ξ)dx
z̃R
≤ Rz̃ z̃
a(x)φσ (x − z + 2ξ)dx
a(x)φσ (x − z + 2ξ)dx
K0
R∞
a(z̃) z̃ xφσ (x − z + 2ξ)dx
≤
R (z−2ξ)−K 0
a(z̃) K 0 −(z−2ξ) φσ (x)dx
R∞
xφσ (x − z + 2ξ)dx
= z̃R (z−2ξ)−K 0
φ (x)dx
K 0 −(z−2ξ) σ
R∞
2
σ φσ ((z − 2ξ) − K 0 ) + (z − 2ξ) (z−2ξ)−K 0 φσ (x)dx
=
.
R (z−2ξ)−K 0
φ
(x)dx
σ
0
K −(z−2ξ)
By L’Hòpital’s rule, we obtain
Z ∞
lim (z − 2ξ)
φσ (x)dx = lim (z − 2ξ)2 φσ ((z − 2ξ) − K 0 ) = 0.
z→+∞

(z−2ξ)−K 0

z→+∞

Moreover, it is easy to see that
lim σ 2 φσ ((z − 2ξ) − K 0 ) = 0, and

z→+∞

Z

(z−2ξ)−K 0

lim

z→+∞

φσ (x)dx = 1.
K 0 −(z−2ξ)

Then there exists K 00 > 0 such that
R∞
σ 2 φσ ((z − 2ξ) − K 0 ) + (z − 2ξ) (z−2ξ)−K 0 φσ (x)dx
< ξ, when z > K 00 . (4.7)
R (z−2ξ)−K 0
φ
(x)dx
σ
K 0 −(z−2ξ)
So we complete the proof of the inequality (4.6).
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4.2

Proof of the main theorem

In order to prove the convergence of Algorithm 1, we need to employ the following theorem that is given in [2].
Theorem 4.1 ([2]). Let f : Rp → R ∪ {+∞} be a semi-continuous function.
Consider a sequence {xk }k∈N that satisfies
C1. (Sufficient decrease condition). For each k ∈ N,
f (xk+1 ) + akxk+1 − xk k22 ≤ f (xk ), a > 0;
C2. (Relative error condition). For each k ∈ N, there exists wk+1 ∈ ∂f (xk+1 )
such that
kwk+1 k2 ≤ bkxk+1 − xk k2 , b > 0;
C3. (Continuity condition). There exists a subsequence {xkj }j∈N and such
that
xkj → x̂ and f (xkj ) → f (x̂), as j → +∞.
If f has the KL property at x̂, then the sequence {xk }k∈N converges to x̂ as k
goes to infinity, and x̂ is a stationary point of f .
To apply Theorem 4.1, we need to show our objective function H(x) has
the KL property and satisfies the conditions C1-C3. The KL property of H(x)
is proven in Lemma 4.1 and the coerciveness in Lemma 4.2. The condition C3
follows from the coerciveness and continuity of H(x). The rest of the proof of
Theorem 3.1 is given below.
Proof. Let {xk }k∈N be the sequence generated by Algorithm 1. As only one
coordinate is updated between two successive iterates of {xk }k∈N , we consider
the subsequence {xlp }l∈N in every cycle of p iterations such that all coordinates
is updated once after one cycle. Then for any k 0 ∈ {1, 2, . . . , p}, we have
0

kxlp+k − xlp k2 ≤ kx(l+1)p − xlp k2 .
Thus the convergence of {xk }k∈N can be guaranteed by that of the subsequence
{xlp }l∈N . In the following, we focus on the proof of the convergence of the subsequence {xlp }l∈N . Since H(x) is semi-continuous and satisfies the KL property
(by Lemma 4.1) at each finite point of E, to obtain the convergence of {xlp }l∈N
by Theorem 4.1, we only need to prove it satisfies C1 (sufficient decrease condition), C2 (relative error condition), and C3 (Continuity condition).
Firstly, we show {xlp }l∈N satisfies the condition C1. As the coordinate minimization algorithm only updates one coordinate once, we consider the univariate
objective function:
Hikk (x) = kaik k22 x −

1

aT (z
kaik k22 ik

−

X
j6=ik
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aj xkj )

2

+ kaik k22 ϕMMSE
σ/kai k2 (x).
k

k
Because xk+1
is the minimizer of Hikk (x) and xk+1
ik
j6=ik = xj6=ik , it yields that

0 ∈ ∂Hikk (xk+1
ik ),

(4.8)

and
H(xk+1 ) ≤ H(xk ) < +∞.

(4.9)
k

Since H(x) is coercive by Lemma 4.2, we can get that {x }k∈N is bounded.
Recall that the components of xk are computed by
X
MMSE
(aT
xk+1
= Sσ/ka
aj xkj )/kaik k22 ).
(4.10)
ik (z −
ik
i k2
k

j6=ik

P
As {xk }k∈N is bounded, so is {aT
a xk )/kai k22 }k∈N . Let Cei denote
i (z −
Pj6=i j jk
T
the compact subset of R which {ai (z − j6=i aj xj )/kai k22 }k∈N belongs to and
e =
∆

n dS MMSE (x) o
σ/kai k2
.
inf kai k22 /
dx
i∈{1,2,...,p} x∈Cei
min

e
Then by Proposition 2.2, we have Hikk (x) is ∆-strongly
convex on the compact
e
set Ci and thus
e
∆
|xk+1 − xkik |2 ≤ Hikk (xkik ).
2 ik
As the remaining coordinates except ik are fixed, it also gives that
Hikk (xk+1
ik ) +

H(xk+1 ) +

e
∆
|xk+1 − xkik |2 ≤ H(xk ).
2 ik

(4.11)

Summing up the inequality (4.11) from k = lp to k = (l + 1)p, we obtain that
{xlp }l∈N satisfies the condition C1:
p−1
p−1
X
e X
e

∆
∆
lp+k 2
kx(l+1)p − xlp k22 =
|xlp+k+1
−
x
|
≤
H(xlp+k ) − H(xlp+k+1 )
ik
ik
2
2
k=0

k=0

= H(xlp ) − H(x(l+1)p ).
(4.12)
Next we show the subsequence {xlp }l∈N also satisfies C2. Since
(
(l+1)p
xij
, if j ≤ k;
lp+k+1
x ij
=
lp
xij ,
if j > k,
we can get that
(l+1)p

(l+1)p
∂xik H(x(l+1)p ) = aT
− z) + ∂xik ϕMMSE
ik (Ax
σ/kai k2 (xik

)

k

∂xik Hilp+k
(xlp+k+1
)
ik
k

(l+1)p
− xlp+k+1 ) +
= aT
ik A(x
X
(l+1)p
lp+k lp+k+1
= aT
aij (xij
− xlp
(xik
).
ik
ij ) + ∂xik Hik
j>k
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Combining with (4.8), we have
X
(l+1)p
(l+1)p
aT
aij (xij
− xlp
),
ik
ij ) ∈ ∂xik H(x
j>k

and thus
w(l+1)p = S(x(l+1)p − xlp ) ∈ ∂H(x(l+1)p ),

(4.13)

where the matrix S takes the form of

(AT A)st , if it > is ,
Sst =
0,
othersie.
Taking `2 -norm on both sides of (4.13), we get that
kw(l+1)p k2 ≤ ρmax (S)kx(l+1)p − xlp k2 .

(4.14)

That is, the subsequence {xlp }l∈N satisfies C2.
Lastly, we prove the condition C3. Since we have obtained that the sequence {xlp }l∈N is bounded, there exists a convergent subsequence of {xlp }l∈N ,
e.g. {xkj }j∈N that converges to x̂. It can be shown that {xlp }l∈N belongs
Q MMSE e
to the compact subset C =
S
(Ci ), where S MMSE (Cei ) stands for the
i

σ/kai k2

σ/kai k2

MMSE
range of Sσ/ka
on Cei . So does x̂. Obviously, H(x) is continuous on C, then
i k2
kj
limj→+∞ H(x ) = H(x̂). The condition C3 is satisfied.
Finally, by Theorem 4.1, we can conclude that the subsequence {xlp }l∈N
converges to x̂, and x̂ is a stationary point of H(x). Thus, the whole sequence
{xk }k∈N also converges to x̂. Furthermore, since H(x) is strongly convex along
arbitrary single coordinate by fixing the remaining ones on C, x̂ ∈ C always
attains the minimum of H(x) with respect to arbitrary single coordinate, which
means that it attains the minimum of the mean square error with respect to
arbitrary single coordinate as well.

5

Conclusion

For Bayesian method, the minimum mean square error estimator makes a good
balance between bias and variance, and has the posterior mean as its explicit
form. However, it is hard to compute numerically, since it involves multiple
integrals of many variables. This paper proposes a simple iterative algorithm
to approximate the MMSE estimator, which is easy to implement and efficient in numerical experiments. A complete convergence analysis is given. The
analysis and algorithm developed here are then applied to a few given prior
distributions with Gaussian noise. In particular, we give a complete analysis
and implementation details for estimation under the Bernoulli-uniform sparse
prior assumption. We also compare with other available approaches, e.g. the
MAP method. Among many properties stated in this paper, our approach gives
a stable estimator balancing unbiasedness and sparsity.
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