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ABSTRACT
Three-wave mixing is a key process in superconducting quantum information processing, being involved in quantum-limited amplification
and parametric coupling between superconducting cavities. These operations can be implemented by superconducting nonlinear asymmetric
inductive element (SNAIL)-based devices that present a Kerr-free flux-bias point where unwanted parasitic effects, such as Stark shift, are
suppressed. However, with a single flux-bias parameter, these circuits can only host one Kerr-free point, limiting the range of their applications. In this Letter, we demonstrate how to overcome this constraint by introducing the gradiometric SNAIL, a doubly flux biased superconducting circuit in which both effective inductance and Kerr coefficient can be independently tuned. Experimental data show the capability of
the gradiometric SNAIL to suppress the Kerr effect in a three-wave mixing parametric amplifier over a continuum of flux bias points corresponding to a 1.7 GHz range of operating frequencies.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0083350

Superconducting circuits for quantum computation rely on
Josephson tunnel junctions (JTJs) to implement nonlinear operations.
For microwave signals at frequencies significantly lower than its
plasma frequency, a JTJ acts as a nonlinear inductance whose response
can be tuned in situ when a proper phase bias is applied across it. This
is achieved by threading a magnetic flux through a superconducting
loop involving the JTJ. More generally, a one-loop JTJ circuit with two
leads attached constitutes a dipole that can be characterized by a tunable potential energy
UðuÞ ¼

1
X
cn ðUÞ
n¼2

n!

ðu $ u0 Þn ;

(1)

where u is the gauge-invariant phase drop across the dipole, U is the
magnetic flux threaded through the loop, cn ðUÞ ¼ dn U=dun ju0 are
Taylor expansion coefficients, and u0 is the value of u that minimizes
the potential energy. In expression (1), the coefficients cn ðUÞ can be
varied with flux in order to select a particular combination of linear and
nonlinear effects. For instance, a superconducting dipole can be configured to offer a certain value of inductance / 1=c2 ðUÞ, three-photon
processes / c3 ðUÞ, or four-photon process / c4 ðUÞ efficiencies. Such
tunable dipoles have been implemented with rf-SQUIDs1 and with
superconducting nonlinear asymmetric inductive element (SNAIL)2
employed for three-wave3–5 and four-wave mixing6 operations.
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The SNAIL, represented on the left of Fig. 1(a), is realized by
shunting an array of typically three identical JTJs, each one with
Josephson energy EJ , with a single JTJ with Josephson energy aEJ , with
a < 1=3. This constraint is required to ensure that the potential energy
(1) has a single minimum in the interval ½$3p; 3p& for every value of
an external flux U. The application of a flux-bias to a SNAIL makes it
a versatile superconducting dipole capable of implementing different
combinations of nonlinear effects: three-wave mixing amplification
with suppressed Kerr constant Kðc2 ; c3 ; c4 Þ,3,4 a combination of threewave mixing and Kerr7 or four-wave-mixing with reversed Kerr constant.6 However, once a flux-bias point is selected, for instance, to
obtain a desired value of the Kerr constant, the values of c2 and c3 will
be fixed as a consequence, restricting the range of possible applications
of a SNAIL-based circuit. Is it possible to decouple the flux dependencies of two parametric processes and, for instance, achieve three-wave
mixing amplification with suppressed Kerr constant at any desired
value of the resonance frequency?
In this Letter, we show how to implement this type of tunability
with a doubly flux biased Josephson device, namely, the Gradiometric
SNAIL (G-SNAIL). Strongly influenced by two recent superconducting circuits biased by two in situ magnetic fluxes,8,9 our device is capable of selecting a combination of two different parametric processes
thanks to an additional tuning knob with respect to single-flux biased
devices. For example, a G-SNAIL can implement the same linear

120, 184002-1

Applied Physics Letters

ARTICLE

scitation.org/journal/apl

To derive the potential energy for a G-SNAIL, we choose the
convention in which the phase variable u is equal to the phase drop
across the central array [purple junctions in Fig. 1(a)]. Consequently,
the magnetic fluxes U1ð2Þ , respectively, threaded to the left and right
loops of the G-SNAIL, will only appear in the contributions of the two
small junctions to the total potential energy. After applying standard
trigonometric transformations to separate the cos u and sin u contributions arising from the flux-tunable terms, the G-SNAIL potential
energy can be expressed as
UðuÞ
u
¼ $3 cos $ ½be ðu1 ; u2 Þ cos u þ bo ðu1 ; u2 Þ sin u&;
EJ
3

(2)

where u1ð2Þ ¼ 2pU1ð2Þ =U0 and beðoÞ are flux-tunable bias parameters
that weight even and odd order nonlinear terms. Introducing
u6 ¼ ðu1 6u2 Þ=2, we can define the effective quantities
aeff def
¼ a0 j cos u$ j;

FIG. 1. (a) A SNAIL (on the left) is transformed into a G-SNAIL (on the right) by shunting a SNAIL with another blue junction. A G-SNAIL (on the right) has a central array of
three JTJs, each one with energy EJ, shunted on each side with a smaller junction of
energy aEJ. The obtained loops are biased with two external fluxes U1ð2Þ . (b) Bias
parameters: plane: tunable with u6 provided by external magnetic fluxes, be and bo
can be chosen inside the whole unit circle for a G-SNAIL while, for a SNAIL, the same
parameters are constrained to the circle perimeter. (c) Gradiometric SNAIL parametric
amplifier: an array of M ¼ 20 G-SNAILs is flux biased with two on-chip current lines and
embedded in the center of a L ¼ k=2 resonator. Resonator is strongly coupled to a
probe port (left) and weakly coupled to a pump port (right). (d) SEM image of the device:
an array of 20 G-SNAILs fabricated with the Dolan bridge technique. Three junctions
with Josephson energy EJ (purple) form the central array and shunted with a junction
with energy aEJ (blue) on each side.

response c2 for different combinations of bias fluxes, corresponding to
different combinations of c3 and c4. In particular, a G-SNAIL could be
capable, for instance, of keeping the Kerr constant Kðc2 ; c3 ; c4 Þ suppressed while varying c2. We want to clarify that the symmetric
rf-SQUID8 first demonstrated the possibility to doubly flux bias a
Josephson device for 3WM applications at microwave frequencies.
However, it was operated as the building block of a traveling wave
parametric amplifier (TWPA) and lacked a quantitative demonstration of independent tuning of two parametric processes. With the
G-SNAIL, we propose a minimal and more compact realization of a
similar idea in a resonant parametric amplifier.
A G-SNAIL is obtained by shunting a SNAIL with another small
junction with Josephson energy aEJ , forming the circuit on the right of
Fig. 1(a). This produces a dipole with a central array of three JTJs with
energy EJ ¼ U0 Ic =2p [purple junctions in Fig. 1(a)], shunted by two
JTJs with energy aEJ [blue junctions in Fig. 1(a)]. Here, U0 is the magnetic flux quantum, and Ic is the critical current of a JTJ in the central
array of the G-SNAIL. The two loops formed by this configuration can
then be independently flux biased. This configuration is equivalent to
a symmetric dc-SQUID shunted by an array of three JTJs. However, a
G-SNAIL with a symmetric layout can be more efficiently and independently flux-biased by two symmetrically placed on-chip current
lines, as discussed later in this paper.
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!
"
ueff def
¼ uþ þ p 1 $ sgnðcos u$ Þ ;

(3)

where aeff acts as an effective, in situ tunable a of a SNAIL controlled
by the flux bias parameter u$ and with a maximum value a0, while ueff
corresponds to the SNAIL effective flux bias2 controlled by the uþ
parameter. Making use of the definitions (3), G-SNAIL bias parameters
can be expressed as be ¼ aeff cos ueff and bo ¼ aeff sin ueff .
Consequently, G-SNAIL potential energy (2) can be re-expressed as
UðuÞ
u
¼ $3 cos $ aeff cos ðu $ ueff Þ;
EJ
3

(4)

which is formally equivalent to the potential energy of a SNAIL.2 This
one-to-one correspondence clarifies how a G-SNAIL behaves as a
SNAIL with tunable a, thus can be employed in every SNAIL-based
application for increased versatility. The bias parameters be and bo can
be defined for a SNAIL as well, where aeff ¼ a0 ¼ a and
ueff ¼ 2pU=U0 , where U is the flux threaded to the loop in the right
image of Fig. 1(a). As represented in Fig. 1(b), the two bias knobs of
the G-SNAIL allow us to choose values for be and bo on a 2D space
thanks to the tunable cos u$ term in the aeff , which enables an independent tuning of even and odd order Josephson nonlinearities in the
potential energy (2). Instead, for a SNAIL with an a set by fabrication,
the parameters are constrained to live on the circumference of the circle in Fig. 1(b) and cannot be independently chosen. This peculiarity
of our device provides additional flexibility for tuning of expansion
coefficients cn in expression (1). In a realistic G-SNAIL, where the
Josephson energies of the small JTJs in the right image of Fig. 1(a) are
never perfectly matched, aeff cannot be tuned all the way down to
zero. This effect is not detrimental as usually SNAILs are operated at
values of a not too close to zero.
When a G-SNAIL is configured with a symmetrical layout as in
the right image of Fig. 1(a), the phase biases u6 are proportional to
i6 ¼ i1 6i2 , where i1ð2Þ are the bias currents in Fig. 1(c). The choice of
a symmetrical layout then simplifies the control of aeff and ueff , which
can be independently set by i6 , as can be obtained from Eq. (3).
To demonstrate the capability of G-SNAILs to suppress the Kerr
constant in a three-wave mixing parametric amplifier, we build an
array of 20 G-SNAILs embedded in a k=2 microstrip resonator [Fig.
1(c)], which is strongly coupled to a probe port (left) and weakly coupled to a pump port (right). The resonator would have a bare resonance frequency xr =2p ¼ 15:61 GHz, when substituting the array of
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G-SNAILs with a short circuit, and a characteristic impedance
Z0 ¼ 50 X. The value for xr was extracted from a resonance frequency fit as a function of bias phases u6 , as explained below. These
quantities are obtained considering a lumped-element model of the
resonator in Fig. 1(c), where the array of G-SNAILs is in series with
the equivalent linear inductance of the resonator Lr ¼ Z0 =xr . The
experimental device is fabricated with an aluminum-based single-step
deposition, where the Al/AlOx/Al JTJs are realized with a Dolan bridge
technique. The bottom layer is deposited with a nominal thickness of
35 nm, while the top layer is deposited with a nominal thickness of
120 nm. From fitting resonance frequency data with the model discussed below, we extract a critical current for the big JTJs in the central
array of the G-SNAILs Ic ( 12 lA. The top panel of Fig. 1(d) shows a
scanning electron microscopy (SEM) image of the center of the k=2
resonator with the embedded array of 20 G-SNAILs and the two flux
lines, one for each side of the array. The bottom panel of the same figure shows a magnified picture of a portion of the array, where each GSNAIL is made by an array of three big JTJs (purple) in the center
shunted by two small JTJs (blue) on each side.
As a first demonstration of the doubly flux bias capability of our
device, we perform small-signal 1-tone spectroscopy at the signal port
with a vector network analyzer for many combinations of the bias
phases u6 . Then, we extract the resonance frequency with a tool for
the analysis of microwave resonators.10 The resonance frequency predicted by theory reads
xr
xa ðuþ ; u$ Þ ¼ pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ;
1 þ M xJ =c2 ðuþ ; u$ Þ

(5)

where xr is the bare resonator frequency, xJ ¼ LJ =Lr is the ratio
between the linear inductance LJ ¼ U0 =ð2pIc Þ of a big junction in the
central array of the G-SNAIL and the equivalent inductance Lr of the
bare resonator, and c2 is the second-order derivative of G-SNAIL
potential energy (2) evaluated at the value u0 that minimizes the
potential. Resonance frequency experimental data [Fig. 2(a)] acquired
by varying u6 are compared to numerical simulations [Fig. 2(b)]
based on expression (5). The simulations are performed using a set of
parameters extracted with a nonlinear least-square fit of the experimental data. In Fig. 2(c), a comparison between the measured
(markers) and simulated (lines) resonance frequency is presented for
u$ =2p ¼ 0:06 (purple markers, solid lines) and for u$ =2p ¼ 0:63
(orange markers, dashed lines) while varying uþ . From the comparison figure, it is possible to notice how the two selected curves intersect
in two specular points, highlighted with dark blue circles. This is a first
demonstration of the advanced tuning capabilities of our device: at
each intersection point in Fig. 2(c), both curves have the same frequency but are associated with different combinations of c3 and c4
nonlinear expansion coefficients of the G-SNAIL potential energy (2).
We can now characterize the tunability of G-SNAILs’ nonlinear
properties, in particular, the Kerr coefficient K. For this sake, we mea! Þ as a function of the
sure the frequency Stark shift DStark ðuþ ; u$ ; n
! by fixing the
average number of photons populating the resonator n
bias phases and performing 1-tone spectroscopy with a vector network
analyzer while sweeping the probe tone power. The correspondence
! is calibrated from room temperabetween the probe tone power and n
ture measurements of input line attenuation and resonance frequency
and quality factors of the device10 extracted from small signal measurements. From this type of measurement, for each combination of
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FIG. 2. (a) Measured resonance frequency xa at the signal port of the device,
while sweeping bias phases uþ and u$ . Dark green color indicates below our
experimentally measurable bandwidth, restricted by 4–12 GHz circulator. (b) Theory
plot of xa based on expression (5) evaluated for a set of fit parameters:
a ¼ 0:145; xJ ¼ 0:053, and xr =2p ¼ 15:61 GHz. (c) Comparison between measured and theory resonance data as a function of uþ =2p, evaluated for two values
of u$ corresponding to the two cuts in the 2D frequency landscapes. The two
curves intersect in two specular points, highlighted with blue circles. One point corresponds, for each curve, to the same value of xa but different combinations of c3
and c4 coefficients.

u6 , K can be extracted as the frequency Stark shift per photon
n jn! ¼0 .
dDStark =d!
Stark shift experimental data are presented in Figs. 3(a) and 3(b)
for two fixed values of u$ over many values of uþ . For each value of
u$ , the figures show positive, negative, or zero Stark shift as a function
of uþ . Zero Stark shift points, where all the curves in Figs. 3(a) and
3(b) intersect, can be identified as Kerr-free points.3,4 In Fig. 3(a), for
u$ corresponding to aeff ¼ 0:144, the Kerr-free point appears at
uþ =2p ¼ 0:07 while, in Fig. 3(b), for u$ corresponding to
aeff ¼ 0:102, the Kerr-free point appears at uþ =2p ¼ 0:123. This is in
accordance with the fact that, for a SNAIL, the flux value at which the
Kerr-free point is located depends on the value of a.3,4 From additional
Stark shift measurements of the same type in Figs. 3(a) and 3(b), we
extract the Kerr coefficient as a function of uþ and u$ , shown in Fig.
3(c). In this figure, it is possible to identify a Kerr-free line (KFL),
which marks the boundary between positive (blue) and negative (red)
Kerr, and it corresponds to a continuous region of the u6 plane with
suppressed K. These data demonstrate that it is indeed possible to
keep K ¼ 0 for different combinations of bias phases, corresponding
to different combinations of potential energy expansion coefficients
cn. In Fig. 3(d), we plot the Kerr constant predicted by theory based on
the model presented in Ref. 3. The model is evaluated in the same
range of u6 as in Fig. 3(c) and for the same set of fit parameters as
used for the theory plot of the resonance frequency in Fig. 2(b). The
theoretically predicted KFL deviates from the measured one in
Fig. 3(c). The formula used in the theoretical evaluation of the Kerr
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FIG. 3. Measured Stark-shift data and Kerr. (a) Stark shift for a fixed value of u$ .
As a function of uþ , the Stark shift can be positive, negative, or zero. The shift is
suppressed in correspondence of Kerr-free points, where the resonance frequency
does not depend on the average number of photons !n populating the resonator. (b)
Stark shift for a different value of u$ with respect to Fig. 3(a). Here, the Kerr-free
point corresponds to a different value of uþ . (c) Measured Kerr constant as a function of u6 . Positive (blue) and negative (red) Kerr regions are connected by a
Kerr-free line where K ¼ 0. (d) Theory plot of Kerr constant. A Kerr-free line is predicted by theory, but it appears distorted with respect to the measured one.

assumes that the G-SNAILs are all identical, and in each G-SNAIL,
the central array of three JTJs is made with identical elements.
However, SEM inspection showed a 5% variation of a along the array
of G-SNAILs. Moreover, in each G-SNAIL, the array of three nominally identical JTJs was not uniform with the central JTJ having about
10% bigger area than the other two. These imperfections could be
responsible for the mismatch between measured and simulated Kerr.
We can now evaluate the span of resonance frequencies xKFL
over which the device can operate when flux biased along the KFL in
Fig. 3(c). We perform 1-tone spectroscopy measurements for many
combinations of u6 selected along the KFL and extract the correspondent resonance frequencies. The measured data, shown in Fig. 4(a),
demonstrate that our device can operate with suppressed Kerr over a
continuous range of frequencies of about 1.7 GHz.
Finally, to prove that our device is capable of three-wave mixing
when flux biased along the KFL, we operate it as a parametric amplifier
over the whole range of Kerr-free resonance frequencies in Fig. 4(a).
For each value of xKFL , we apply a pump at a frequency 2xKFL and
measure the resulting gain curve while varying probe signal frequency
x. Gain data, presented in Fig. 4(b), show that it is possible to achieve
20 dB gain over the whole 1.7 GHz range in Fig. 4(a). This demonstrates that for all the combinations of flux biases u6 belonging to the
KFL in Fig. 3(c), the expansion coefficient c3 of potential energy (2)
can be kept large enough to ensure three-wave mixing operations.
This is in accordance with our theoretical analysis, which predicts c3
variations across the experimentally measured KFL in Fig. 3(c) of less
than a factor of 2 (not shown).
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FIG. 4. Device performances along a Kerr-free line. (a) When evaluated along a
Kerr-free line, the resonance frequency xKFL can be chosen on the range of
1.7 GHz. This proves that, with two flux-bias knobs, it is possible to suppress the
Kerr effect while varying the resonance frequency over a continuum. (b) Threewave mixing gain over a Kerr-free line. By applying a resonant pump at frequency
xp ¼ 2xKFL , this figure demonstrates that the c3 coefficient is non-zero all over
the selected portion of the KFL, enabling three-wave mixing operations.

We want to clarify that the KFL in Fig. 3(c) does not exactly correspond to the region where we expect our device to have maximized
dynamic range when operated as a parametric amplifier. In fact, the
presence of a strong pump dresses the Kerr constant and shifts the
positions of Kerr-free points from what predicted by Stark shift experiments.4 Nonetheless, with an additional tuning of uþ and an appropriate detuning of the pump frequency,4 our device should be capable
of delivering 20 dB parametric amplification with a maximized
dynamic range over a continuum of operating frequencies. This feature is under investigation in an optimized device whose flux-lines
embed low-pass filters to limit the amount of internal losses,
which were appreciable in our device. Such losses are indeed detrimental for a correct characterization of the dynamic range, which can
result overestimated by a variable amount depending on the flux-bias
condition.
In summary in this Letter, we presented an experimental demonstration of the advantages that a doubly flux biased G-SNAIL can provide in terms of potential energy engineering. In particular, it was
shown that, when employed as elementary blocks of a parametric
amplifier, G-SNAILs provide enough tunability to the potential energy
expansion coefficients c2, c3, and c4 to suppress the Kerr effect over a
continuous region of the u6 plane, namely, a Kerr-free line.
Moreover, when the flux biased along a KFL, our device was capable
of three-wave mixing 20 dB amplification over a range of resonance
frequencies of about 1.7 GHz.
From our perspective, G-SNAILs are promising candidates as
elementary blocks of a high performance three-wave mixing traveling
wave parametric amplifier (TWPA), a device that requires to simultaneously satisfy impedance- and phase-matching conditions. As the
former is controlled by the linear response of the employed device,
while the latter is strongly affected by Kerr,11 we believe that the GSNAIL could provide enough tunability to a TWPA in order to satisfy
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both requirements while being capable of three-wave mixing amplification, as suggested by the experimental data presented in this paper.
Overall, the flexibility of G-SNAILs can be beneficial for all the applications based on superconducting circuits, where it is required to
properly balance the efficiency of two parametric processes to maximize performance.6,12
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