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We provide details that are omitted from the Appendix of the paper due to space

limit.

Proof of Proposition 3.
Denote A3y := b3/b1, \g2 := by/bo, by dividing the FOCs of 1,3 and 2,4, we have
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By the property of the two sides of (1 — A\)(1 + A\™) = 22:”7?2A, A31 < Aga together with
the two equalities implies A\3; < A < M40, which leads to the contradiction.
For A3;1 = Ay = A, the equilibrium bids can be obtained by multiplying both sides of

the FOCs of players by b; and b; = by’
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The expected payoffs are

)\7’1<)\T‘1 —I— 1 — 7"1) 2 — Ty

Ui = =y T
Uy — 1 - 2\ 2—7’2U_ T e S
2t T2 4 N+ 12 2
2+ (2 =) A =1y (2 — ) AT
2N+ 1)? v

The expected revenue of the sponsor is
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Next, we demonstrate some details in the steps of verifying optimality of the agents’
bids.

Step 1. The comparison is trivial as v = Zv + 227%1).

Step 2. We proof that b; # by satisfying the FOCs of the agents was a deviation as
local minimum. When r; < 1, the FOCs of b; are monotonically decreasing in b;, that
there’s a unique solution b; = by thus no other candidates.

When r; > 1, we define B;(b;) by the FOCs of the agents as follows:
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and Bs(+) is defined symmetrically.
Then we can rewrite the two FOCs together
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The different part from the r; <1 case is that when r; > 1, lﬁngz)

in by, while ;ﬁ(lbzi) is still strictly increasing in by. As

1S not monotonic
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both terms in Iﬁngllai) is strictly increasing in b; on |0, (Tl_l)ﬁbj]. Note that by = by is still

a solution, but there could be another (b, b)) satisfying (1), and which one is the optimal

for the team’s payoff ur(by, by) is not intuitive. We check %ﬁ:’b;) = vBy(by) — 1 directly
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Thus Bj(by) is strictly increasing on (0, (:;}) E bj), and strictly decreasing on

1 1 1
((g;}) " bj,oo). As the equilibrium bid b; > b; > (251) " b;, By ((;;}) " bj) > 1
1

that if the equation Bi(b;) = % has another solution b}, then b} < <:13)E b; is a local

minimum.

Step 3. With b; = by, the agents’ FOC is
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Then the SOC of the agents is
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where z := 0™,y := b;"" and the can be simplified to the quadratic function of z as
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the peak of which is at %y Observe that %y < Yas3riry—ro—2r;—6 <0
by ry < 2.

However, the expression before simplification is more useful for most conditions as we
can derive some sufficient conditions which are intuitively holds.

Notice that f(z,y) = D — @) + @B) — @), where (2),@ are positive, and the signs of
(D,3) depends on 2r; — 1,r; — 1, respectively. Hence, we can derive several sufficient
conditions under which even positive (I),(3) will not be large enough to let f(x,y) > 0.

Case 1. When r; <0.5,2r; — 1 <0, —1<0, so f(z,y) < 0 for non-negative x, y.
Thus the utility of the agents is concave in b and the bid satisfying the FOC is optimal.

Case 2. When r; > 1, we refer to the simplified quadratic function ¢(z). Now
q(0) = —(2—79)(1—r1)y? > 0, that the FOC is always first increasing and then decreasing

n (0,1). Hence, the utility of the team has the similar shape as in the benchmark. We
show that the solution characterized in the Proposition is actually not the first solution,

i.e. local minimum by verifying the sign of FOC:

qz) <qly) = —@4r)(r+ Dy’ +4(rire — 1)y* — (2 —ro)(1 — 1)y
= 2(rry —4)y* <0,

where the first inequality was by z > y from A < 1, and the property of the quadratic



function with ¢(0) = —(2 — r9)(1 — r1)y* > 0. Hence the FOC is positive below b; and
negative above b; in the neighborhood, that b; is a local maximum. Its also the global
maximum as the utility has a single peak.

Case 3. Now the only case left is 71 € (0.5,1). As q(0) = —(2 — ro)(1 — ry)y? < 0,
when r17my < 1, g(z) peak at %y < 0 that ¢g(z) < ¢(0) < 0 for all z > 0. Hence
when r1ry < 1, the utility of the team is also concave in b.

When 779 > 1, there may be 0 or 2 solutions of SOC' = 0 on (0,y), due to ¢(0) <
0, %y < 0 and %y < 0.5y < y. If SOC = 0 has 0 solution, the utility
is still concave. If it has 2 solutions b,,b,, the shape of the FOC is complicated: first
decreasing until b, increasing on (b, b,) and decreasing on (b,, 1). We claim that FOC >
0 for all b € (0,b,), which suffices to show that its positive at the local minimum b,."!

The intuition is that b, is close to zero that b7'~! is large and leads to FOC > 0,
while the rigorous proof is technical. Denote the corresponding = at b, as xy. A sufficient
condition for FOC' > 0 at b, is to show that the second term in the FOC along is already

greater than 1
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where we abuse the notation to denote the corresponding xq,y with v = 1 to get rid of v.
1

This is valid as both R I) > and L b; is invariant of v.

Observe that on the LHS of (2 ) g7 Is Increasing and concave on (0,%) and on the
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RHS, 271 <z by 2 <1 and r; <12 On (0,%), as m in concave and z is linear, for
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that (2) holds. Hence, FOC > 0 at b,, that even when the SOC has 2 solutions, the

utility of the team is still increasing and has a single peak at b;.

—2 is increasing in s on (0, 1), (/\”H)Q <7

In conclusion, the bids we specified are indeed optimal for all admissible 7y, 7o O

!'Note that the FOC tends to +oo as x — 07 by ry < 1.

*Note that 2o < ¥ since SOC = 0 at o and 2rirp 1)
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Proof of Proposition 4. We demonstrate the details of establishing the condition

2 1(3 — 2r1) < (2 — 12) (11 + DA + (24 13), (3)

which is sufficient for % < 0 when r; < 1.

For r1 € (0,0.5], 2r1(3 — 2r1) < 2 < 247y thus L4120 <0 . As 2ry(3 — 2ry) <
1.5(3 — 1.5) = 2.25, L0122l < 0 for ry € [0.25,2)
Observe that for {(ry,re)|r; € (0.5,1),r9 € (0,0.25)},

27“1 (3 — 27"1)
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< (2 — 7,2))\7"1.

By r1 € (0.5,1),r € (0,0.25) and A™ is decreasing in ry, 7o, (2—15) A" > %)\(170,25) ~ 1.52.
Meanwhile, as the derivative of 21 Jj”) is (r1T1)2 —4, 2”£‘?J—rf”) is increasing on (0.5, @)
and decreasing on (@, 1), that at r; = @ it takes the maximum 14—44/10 ~ 1.35 <

1.52. Thus
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that %1;"2) < 0 also holds on 7, € (0 5,1),r9 € (0,0.25).
. For \g = (2_2”)#, recall that A is the solution
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Now we proof the claim A"~ <3
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where the first equivalence was obtained by the property of (1 — A\)(1 + \™) = 22_%22)\ as
shown in the paper.

Consider p as the solution of 1 —x = T2 T + . As 1 — z is strictly decreasing in  and

raTiam
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where the first inequality was by u < 1,71 > 0 and the last inequality is by ﬁ > 1.



Thus A > \¢ that the claim is valid. O

Proof of Proposition 5. Here we verify the sufficient condition for I, < IIy on
r1 € (0.5,1],79 — 0,0.25 by brute force

2T1(3—2T1)—2<0. (4)
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As ry — 0, A — 1 that (4) is now
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which holds as r; < 1.
At 75 = 0.25, the proof is more complicated. As A" (2r?A"™ — (r; +1)) < 0 and \™ is

decreasing in 7y,

AT (27 2T — (r+1) < >\(1,0.25)1(27"12)\(0.5,0.25)0'5 —(r1+1))

6
< ?(27“12 — (r1 + 1)),
as A\(1,0.25 ~ 0.867 > g and )\(0.570_25)0‘5 < 1. The subscripts (1,0.25) denotes that this A
is the value at ry = 1,7y = 0.25.
Then a sufficient condition for (4) holding at ro = 0.25 is

27”1(3—27“1)—2 <0

6
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7
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which holds as ry <1 and -4+ 16 — 15 = -3 < 0.
In conclusion, for r; € (0.5,1], (4) holds at the two ends 75 — 0,0.25. As the LHS of
(4) is a quadratic function of \™* with 2r1? > 0, it holds for all ry € (0, 0.25]. O

Proof of Proposition 4 when r; = 5 = r. The proof follows four steps: (i) £ < 0, (ii)
IIp < IIg on (1,2], (iii) ITIp > IIg on (0,0.8] and (iv) IIp, IT5 has single crossing on (0.8, 1).
Steps (ii)—(iv) are based on an equivalent function f(r) with IIp > Ilg < f(r) > 0.



Step 1. As we restrict r{ =ry =17, for r < 2,
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The derivative itself was too complicated for analysis:
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We claim that given any r € (0,2), there exists a unique solution A € (0, 1), around
which the expression (1—X)(1+X") is decreasing in A and 2=\ is increasing in A. Following
this claim, £ < 0 is trivial: Since (1 —\)(1+ A") is decreasing in r by A € (0,1) and 2=\
is increasing in 7, any 1’ = r+¢ > r with € — 0 implies (1= A)(1+A") < (1=A)(1+\") =
2\ < 22, that the new solution A’ < A,

Now we prove the claim by monotonicity. Asr € [0, 2)
in \. For (1—-MX\)(1+\"),

, 2 > ( that QT 5 A Is increasing
T

d(1 = A\)(1+ A"
A

= AT 11— (r+ 1N\

= N r—(r+1DN) -1,

(1= N)(1+\)
d\?

= r(r—=DAN2—r(r4+ )N
= r)\r_2(r —1—=(r+1)N).

D For r > 1, w is increasing on (0, :jrl) and decreasing on (%,1). As

NI | — 1 and WA |9 UMD o (0, 1) that (1—A)(1+
A") is strictly decreasing in \.

Now we only need to prove that 3!\ € (0,1). Observe that there’s no solution on
[1,400) since (1 —=A)(1+A) <0 < =X As (1 — A\)(1 + \) is strictly decreasing
in A\ and %/\ is strictly increasing in A\, the existence and uniqueness is trivial since
(1-0)1+0)=1>0=3=-0and (1-1)(1+17)=0< 7 1.

Note that when r = 1, (1 —A)(1+\) =1— \?is decreasing on (0,1), thus there also
exists a unique .

@) For r < 1, r—1<()that#<()on}\e(01) Then%is

dax
d(1—X)(1+A7) d(1=A)(14+A7) /\) 14A7) | L — 9.0

decreasing in A on (0,1). Since =—"5—"*|x04 = 400 and

(1 — A)(1 + \") is concave, and increasing on (0, \), decreasing on ()\, 1) for some \ as
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the solution of A"~ *(r — (r 4+ 1)A) = 1, which is equivalent to (r — (r + 1)A) = A'™". As
P =1>—-1=(r—(r+1)-1),0"=0<r=(r—(r+1)-0),and A' " > X on (0, 1),
A < 5, which is the solution of (r — (r +1)A) = A,

Observe that at 5, (1 — X)(1 4 ") > 2=\ since

2 r \" 2r r
1—M1+\N)=——1[(1 >

( J1+X) r+2( +(T—|—2>) 2—rr+2

o 14 r T> r?

r+2 2 —7r’

which ?olds as 1+ (T%)r >_1 > ? by r € (0,1). Then as (1 — A)(1+ \") is increasing

on (0, A) and decreasing on (A, 1), (1 —=A)(14+A") > =X on (0, -%5), that any solution of

(1=A)(1+ ") = £~ lies in (45,1), on which (1 — A)(1+ A") is strictly decreasing.
Similarly, the existence and uniqueness directly follows from (1 — A\)(1 + X)) > 22\

at L5, and (1 -1)(1+1") =0 < 2 - 1.

In conclusion, (I) and (2) prove the claim, which implies (i).

Step 2. Recall that the expected revenue of the sponsor under different seedings are

4—r)r 6—r)r
HB:(4)U, Hs=(8)v,
ror2=r)NT 1+ A) =7
I, = -
b= vt 2N+ 1)2

Observe that for r € (0,2) satisfying Assumption 2,

roor2=r) N1 HN) =7 (6 —r)r
IIp >1ls < §U+ 2N+ 1) v > 3 v
4
& f(r):4)\r_1—(1—)\r)2—2_T>O.

At r = 1, the solution of A> = A+ 22X -1 =X +21-1=0is A = v/2— 1, and
Ip = %v < g = Ilg, then for IIp < IIg to hold on (1,2), we only need to show that
f'(r) <0on (1,2).

flir) = =227InA+2\"In A +4)"""1n A
d\ 4

AT e N T g — DN - ——
+ ( " e +4r ) )dr (2—17)?

For r € (1,2), as A € (0,1) and 2 < 0, =2A* InA + 2X"InA < 0,4\ 'In\ <



0, —ﬁ <0, (=2rA M4 2rA) D < 0 and 4(r — DAL < 0, thus f/(r) <0, ie.
IIp < IIg holds on (1,2).
Step 3.

flr)y =41 —(1-\)% =

4
AN = (1= )\")2 . 5
& (L= X+ 5 (5)

As X' is decreasing in r, (1 — A\")? is increasing in r. As 243 is also strictly increasing
in r, the RHS (1 — A\")? + 5% is strictly increasing in r. Notice that 4\~ > 4. By
(I=XN)2+52 ~348 <datr =08 Vre (0,08, 4N " >4>(1-N)2+1 e
f(r) > 0 that there’s no zero point in (0, 0.8].

Step 4. We show that there exists a unique zero point by showing the monotonicity
of each side of equation (5). We already know the RHS is strictly increasing in r as stated
in Step 3. As 4N ' > (1-N)?+ 52 atr=08and 4 < (1— (vV2-1))2+ L atr =1,

we only need to show that A" ™' is strictly decreasing on (0.8, 1). The first derivative is

d/\T—l r—1 r—2d>\ r—2 d)‘
i AN In A+ (r—=1)A %—)\ ()\ln)\—(l—r)a),
For general r € (0.8,1), plug in 2:
d\" d\
nA—(1-r)%
o <0 & AlnX—( T)dr<0
A _dy (- - 6oy
(I—=r) “dr  ((r+DA—r)\ 42
4\ A A 247
- DA — 7)™t — (1= AN
< (2—7’)21n)\<1—r((r+) ") L ( )
4\ 2 r+1 1 r A 247
Dy ey e Sl B N s
1—7r 4\
)\'I’+1 1
< (2—7“)2—1n)\< T

where the last equivalence was by A"t — A" + %/\ —1=0.
The RHS A"*! 4-1 is decreasing in r as 7+1 > 0 and A € (0, 1), that A" ™' +1 is greater
than the value at r = 1, i.e. (vV2—1)2+1=4—2/2= 1.17. We can also show that both
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(2 o) 2 and %)‘ 5 are strictly decreasing in r, that T)Q . 5 is strictly decreasing. Then for
€ (0.8,1) = o Thax —2~ is lower than the value at r=0.8, Wthh is 22 ~ 0.51, which is

much smaller than4 2\/’ Hence, for r € (0.8,1), g=5r —fax < 0. 51 < 4 2v2 < A4,
that 24— < 0.
Now we have the monotonicity of both 4\~ and (1 — A")? + 5+ on (0.8,1). Then
by f(0.8) > 0 and f(1) < 0, f(r) = 0 has a unique solution 7 in (0.8,1) with f(r) > 0
on (0.8,7) and f(r) < 0 on (7,1). As f(r) > 01in (0,0.8) and IIp > IIg < f(r) > 0
Proposition 4 also holds when we exert the restriction r; = ro = r, with the cutoff
€ (0.8,1). O

Proof of \{ > k and \ > k. As

k(1 + k)2

A\ =
U OEAR 4 k)2 4 L4 (1 )k

k(1 + k)2
EOR(L+ k)2 4+ 1+ (1—r)kn —

2
& h(k) =14kt gt - 200

N2>k &

1+ 2™ + k**) > 0.

The simplest case is r1 = 1, where
3 2 2
h(k):2+k—1(1+2k+k2)20 & <k+—> S(-) )

which always holds for k + § € [3,3] by k € [0,1].
For r # 1, h(1) =0,

2+7”1<

(k) = (r?—1E" 24+ 2r — 1)E 2 — 2r k" !+ 2r kP

2
= k"? <r12 — 14 (2r — k™ — —J; Sy (k+ k”“))

2
XX T12—1+(2T1—1)k3m— +rl

T (k‘ + k’rl+1) =. hl(k’)

Ifry <4,m%<1,2r, —1<0, that 2'(k) <0, h(k) > h(1) =0 on [0,1], that \; > k
always holds.

d 1—7r
3The first derivatives are —272° = o <0 and 1“ = ﬁ A(1-InA) <

11



2—|—T1

h(k) = (1+—r0k”_1+k?”_1—-—Z——(1+2k”—kk%ﬁ
2—|—T1 2—|—T1
> 1 k2 — — 2k 4 k2

_243n @24n)’ 2-n 0 24mY
4 4(2—7"1) 4 2—7“1

2+7’1 2+T1
> 1 1— -3
= +7r+ 4 4
= 07

%, 1] and k£ € [0,1], and the last inequality is by

k™ € [0,1] and gf—x > 1. So A\; > k also holds.
For A, for all ry € (0,2), it always holds:

where the first inequality is by r; € (

2
2 hel4kt>1. O

A>ke (1-kK1+E") >
2 — T2

Proof of Proposition 8. We discuss why there are three candidates for the equilibrium

when r > 1 and show that candidates (2) and (3) are suboptimal. Recall that the FOC

of any player i given bids (b;, by,) from opponents j, k is

bjr 4 bkr

bt
r (2 (bZT + b]?" + ka)

S0 =1,

and the corresponding SOC is

(" + ") ((r + )b — (r = 1)(b;" + bkr))v_

—rpr2
r P (blfr + bjr 4 bkr)g

From the FOCs, we obtain

r— Aso + A} r r r— A

A2 = EQ—I——)\Q;Q Aho = (14 A3) Al b A32; (6)
YA (1= )

Aot =282 a2 2= "y of A = 1. 7
27 2Ty "

Compared with the » < 1 case, the discussion of r > 1 is more complicated as the
equation A2 — 2\ + 1 have two solutions: 1 and n > 1. If A\3o = A4, we get the candidates
(1) and (2). If Mgy = 1 < M\, by (6) M\42 = € which is the solution of A" = 2\" "' — 1. If

12



r € (1,2), the solution is smaller than 1, which violates A3y = 1 < 42, while we have the
candidate (3) by similarly considering Azs < 1 = A\jo. Note that when A33 = €, by (7) Mg
can only be 1. If r = 2, A3 = Ao = 1 is the unique candidate, which lead to negative
payoffs which is suboptimal. If r > 2, we have a candidate A3 = 1 < Ay = €, but the

1*“2(21;6’;))3“1 < 0 which is still suboptimal. Note that then the

candidate (1) results in u; = 222* < 0, while (2) results in up = % < 0, both of

which are suboptimal. Actually, there’s no pure strategy equilibrium when r > 2 using

payoff of player 3 would be

the discussion which we will go through in detail for € (1,2) utilizing A5, < A}, and (7):

Asp(1 4+ Ago — 1) — (r = 1) A5\
(14 Ay + Ajp)?

1+ Agp + Mg = TA5 — TAY

N (1+ A5y + Np)?

Ap <1 = /\g2—2/\32+1>0,U3: < 0,

< 0.

Aza >1 = A3 € (1,?7),UT

For r € (1,2), we show that there’s no candidate with Azy < Ao satisfying Ass, Ago &
{1,n}. Asr >0, A32 < Ag2 = Ay < )y, then using (7),

g (1= Aao) L — s
hy = ————————= > )} —= > A3, 8
R I VL ®
and symmetrically
)\7’—1(1 — )\42) 11— /\42
N, =2 T2 ——= < Ao 9
32 (1— )\22_1) 42 1— )\22_1 42 (9)

Note that the A" and 2\ — 1 cut the Ry, into three regions: (0, 1) and (7, +00) in which
A" > 2\ —1, and (1,7) in which A" < 2\ — 1. We use this property to rule out cases of
A32, \42 violating (8) or (9).

If \gp < 1, by 7 € (1,2), 1 — Xj3 ' < 0 and A}, — 2A35 + 1 > 0 holds in (8). For A, (9)
requires that either A\jo < 1 and A5, — 232 + 1 < 0 which is a contradiction, or A\gs > 1
and N}, — 2A40 + 1 > 0 which implies Ay > 7.

Similarly, if A3y > 1, we obtain 1 < A3s <1 < A\go.

However, A\yo > n > 1 result in Ur < 0 as 1 + A, — rAj, < 0: given any Az2 > 0, in
(6), Njy = (14 Njy) sy " — A%, has two solutions 1 and ¢, the relative size of which depends
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on the first derivatives at 1:

A >1 & rij, < (r=1(14+ M) \po

'
Ag2=1
1

<~ /\32>( ! )T.
r—1

As )\32 < )\42, Mg > (ri_l)% > (rTll)%7 iLe. 1+ )\22 —7“)\22 < 0.

Hence, (1)-(3) are the only candidates. For (2) where Az2 = Ao = 1, the expected

|
Ag2=1

payoff of the team is negative as

14207 — 20
Up= — S o 142 — 2 < 0

(14 A3y + Ajp)?
1
s > Ly’
T\ 22

= ! < 2 1 % 1
2r — 2 2r — 2

1
& r—5< (2r —2)'"r,

which holds for all » € (1,1.5). For r € (1.5,2), we use n” — 2n+ 1 = 0 to get another

equivalent condition n > 42(::1) which is trivial as n > 1 and 2r — 1 < 4(r — 1) < 3 < 2r.
1

r—5 < (2r — 2)1*% for r € (1,1.5) is trickier to proof, but one can verify that this

inequality is binding at r = 1.5, and (2r — 2)'~+ is first decreasing on (1,7,) and then

increasing at a rate smaller than 1 on (74, 1.5), where r; solves r+1In(2r—2) = 0. Thus this
inequality holds on (1,1.5). In conclusion, for r € (1,2) candidate (2) results in Ur < 0,
thus suboptimal.

For candidate (3), U3 < 0 & € < (gj)% is still trivial for r € (1.5,2) as r — 1 >
2 —r < 2r > 3. For r € (1,1.5), one can verify that the SOC of player 3 is positive thus

the bid is suboptimal

"2 e —2(r —1 2(r—1
O 2Ar ) 2 )
b3 (em + 2) r+1
M<2 M ' —1,
r+1 r+1

which is more complicated, but still has a familiar shape: the RHS is first decreasing and
then increasing at a rate smaller than the LHS while RHS =047 > 04 =LHS at r = %
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Lastly, candidate (1) by = b3 =by =b = %Tv is optimal, as the SOC is negative

(b + b ((r + 1) — 2(r — 1))

_ br—2
r 9b2r

v <0,

by (r+1) > 2(r — 1) < r < 3. And non-negative payoff requires 22 > 0 < r € (0, 3].
Now we demonstrate the details of result (ii) on r € (0, 1) following three steps:
1. Il and IIg has a single crossing r** s.t. Il < Ilg.
2. r™ < 0.8 < 7 that Il < IIg < IIp on (0,7*) and seeding {(1,2),(3,4)} is not

optimal on (7**,1).

3. I s decreasing and M¢ is increasing. Therefore 3r* € (r**,7) such that for
re (r,r), B2 > Uowp e (p ),
Recall
r&(1+¢)
1 ———"v, ifr <1
Iy = (6—7”)7"1)7 M, — iv+r(2—r))\r (1+ X)) _Tv, I, — 1+
8 2 2(A" +1)2 2rv
T, lf T Z 1

For r € (0,1), from £ solves A" = 2\ — 2 we obtain £ € (1.5,2) and the derivatives as

d "1
d_ e,
dr 2 —rf

2 . . . . . . .
Note that % > 0 since the numerator of % is increasing in r and the denominator is

decreasing in 7.
Step 1. For r € (0,1), with " = 2§ — 2,

e >y < fl(—lkz”g 58 g -
2(—1) _6—r
< Re—12” 8

& m() = —42 1) +4(6 —r)E —22+7 > 0.

We obtain the single crossing of II¢ and IIg by verifying the monotonicity of m(&)

= 4((6 —71)—2(2 - r){)% + (26 — 1)
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As % > 0 and (2£ — 1) > 0, a sufficient condition for d”;—q(f) >0 is

6—r
6-1)—22-1E>0 & €<
61 -22-1E=0 & <L
3+r 6—r
< .
R R

In the last inequality, £ < 32i holds since ¢ is increasing and convex, and £ = 2 = %

at r = 1. The other side also holds as 3—;” < 46:27; & 12 —2r > 12 — 2r — 2r2. Hence,
drg—i&) > 0 and the single crossing with cutoff ** < 0.8 is obtained by m(1.5) = —4(2 —
0)1.5%2 +4(6 — 0)1.5 — 224+ 0 = —4 < 0 and m(&)],—0s =~ 0.69 > 0.

Step 2. As we showed 0.8 < 7 in the Proof of Proposition 4 when r; = ry = r, we have
r** < 0.8 <7 that [Io < IIg < IIp on (0,7¢) and seeding {(1,2),(3,4)} is not optimal on

(rc,1). By Steps 1 and 2, for result (ii) on r € (0,1) we only need to show that IIo and

Iy has a single crossing 7* on (r**;1). Note that numerical simulation suggests r* < T,
which is not essential as Il > max{Ilg,[Ip} on (r*,1) by the single crossing proved in
Step 1.

Step 3. Dividing the revenue of the sponsor by rv yields

I, 1 2-rmXN'1+)N-1
oo 2" 2(\" +1)2 ’
Oo _ &0+¢ _208-1)
ro o (1+E)?2 (26-1)7

It is easier to verify that 1;1_5 is increasing in & thus also increasing in 7 on (0, 1):

i _ A2-9

s (261737 7

as € € (1.5,2).
On the other hand, the monotonicity of 12—5 is complicated as we cannot do a similar

. . . r . . rv —r r—1 _r r—1
simplification to \". The idea is that deDT/ = (22(/\);\1)2 (ANR+B(N)) < %(B(/\)—

A(N)) as 2 > —1 which can be verified by checking the second derivative, where

r—1 At 1 2
A = —2r(1
()\) )\ _'_r 7"( +>\)1+AT+1+)\T2—T’
14+ A A" 1 2
B(\) = — 14+X=2(14+ X A)1n .
(V) 2—r+(+ (1+ )1+/\T+1+/\’“2—r)n
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Note that lim, o A(\) = lim, ,o B(\) = —1, and A(\) > —1 as

_1 2
AN > -1 & —(r—1)AT—(r+1)A’“—1+rT+r+1+2—_TT>0
4r

& AT 4 ,
2—r

which holds by the claim A" < Z—ET onr € (0,1). Note that the first equivalence was by
multiplying 1 + A" on both sides and the second was by A\"™' — X" + ZA—-1=0.
Meanwhile, B(\) < —1 as both

1+
LT <-1 & A>1-r
2—r
2r
& (1—1—1—7“)(1+(1—r)r)>2_r(1—r)
2(1—r)
1 1—r)
& 14+(1-r)> 5
2(1—r)
1 1—r)">1
< 1+(1=-r)">1> SR
which always holds, and 1+ A — 2(1 + )‘)1+/\” + 1+/\T2 T)\ > 0 by
A" 2\
1+X2—=2(14+ A = (1+M(1- 0
FA-2TE N = (A= o) >0,

as \" < 1. ;
22D
In conclusion, by A(\) > —1, B(\) < —1, we obtain B(\) — A(\) <0, i.e. a - < 0.
Forr € (0,1), as —D is decreasing and C is increasing, there exists a cutoff r* € (O 8,1)

since I}—f ~ 0.55v < % ~ (0.66v at r = ().8 and 1}—5 ~ 0.60v < W = gv at r=1.

In conclusion, we have the revenue comparison result (ii). O
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