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1. I NTRODUCTION
This is a summary of a talk given by D. Garity on June 11, 2004 at the
21st annual Workshop in Geometric Topology held at the University of Wisconsin in Milwaukee. The results, with complete proofs, are being prepared
for publication elsewhere.
A subset A ⊂ Rn is rigid if whenever f : Rn → Rn is a homeomorphism
with f (A) = A it follows that f |A = idA . There are known examples in R3 of
wild Cantor sets that are either rigid or have simply connected complement.
However, until now, no examples were known having both properties.
The class of wild Cantor sets having of simply connected complement
known as Bing-Whitehead Cantor sets seemed to suggest that no such example exists because every one-to-one mapping between two finite subsets
of a Bing-Whitehead Cantor set X ⊂ R3 is extendable to a homeomorphism
of R3 which takes X to X (see [Wr4] for details).
Two Cantor sets X and Y in R3 are said to be topologically distinct or
inequivalent if there is no homeomorphism of R3 to itself taking X to Y .
In this paper we show that in fact uncountably many inequivalent examples of rigid Cantor sets with simply connected complement exist. The key
technique used is that of local genus, introduced in [Ze].
Sher proved in [Sh] that there exist uncountably many inequivalent Cantor sets in R3 . He showed that varying the number of components in the Antoine construction leads to these inequivalent Cantor sets. Shilepsky used
this result and constructed a rigid Cantor set in R3 (see [Sl]). Using slightly
different approach Wright constructed a rigid Cantor set in R3 as well (see
[Wr2]) and using the Blankinship construction [Bl] Wright later extended
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this result to Rn , n ≥ 4, (see [Wr3]). All these results rely heavily on the
linking of the components of defining sequences for the Cantor sets. This
linking yields non simply connected complements of the the Cantor sets,
so these constructions cannot be modified to give examples of rigid Cantor
sets with simply connected complement.
2. L OCAL

GENUS OF POINTS IN A

C ANTOR

SET

The following are some basic facts from [Ze] about the genus of a Cantor
set and the local genus of points in a Cantor set.
Let D (X ) be the set of all defining sequences for X . Let M be a handlebody. We denote
F the genus of M by g(M). For a disjoint union of handlebodies M = λ∈Λ Mλ , we define g(M) = sup{g(Mλ); λ ∈ Λ}.
Let (Mi ) ∈ D (X ) be a defining sequence for a Cantor set X ⊂ R3 . For any
subset A ⊂ X we denote by MiA the union of those components of Mi which
intersect A. Define
gA (X ; (Mi )) = sup{g(MiA ); i ≥ 0} and
gA (X ) = inf{gA (X ; (Mi )); (Mi ) ∈ D (X )}.
The number gA (X ) is called the genus of the Cantor set X with respect to
the subset A. For A = {x} we call the number g{x} (X ) the local genus of the
Cantor set X at the point x and denote it by gx (X ). For A = X we call the
number gX (X ) the genus of the Cantor set X and denote it by g(X ).
3. M AIN

RESULTS

Lemma 3.1. Let X ⊂ R3 be a Cantor set and A ⊂ X a countable dense
subset such that
(1) gx (X ) ≤ 2 for every x ∈ X \ A,
(2) ga (X ) > 2 for every a ∈ A and
(3) ga (X ) = gb (X ) for a, b ∈ A if and only if a = b.
Then X is a rigid Cantor set in R3 .
The main theorem, which we will prove after detailing the construction,
is the following.
Theorem 3.1. For each increasing sequence S = (n1 , n2 , . . .) of integers
such that n1 > 2, there exists a wild Cantor set in R3 , X = C(S), and a
countable dense set A = {a1 , a2 , . . .} ⊂ X such that the following assertions
hold.
(1) gx (X ) ≤ 2 for every x ∈ X \ A,
(2) gai (X ) = ni for every ai ∈ A and
(3) R3 \ X is simply connected.
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An immediate consequence of this theorem is the following.
Theorem 3.2. There exist uncountably many inequivalent rigid wild Cantor
sets in R3 with simply connected complement .
4. T HE C ONSTRUCTION
Let us fix an increasing sequence S = (n1 , n2 , . . .) of integers with n1 > 2.
We will construct inductively a defining sequence M1 , M2 , . . . for a Cantor
set X = C(S).
To begin the construction, let M1 be a unknotted genus n1 handlebody.
4.1. Stage n + 1 if n is odd. If n is odd then by inductive hypothesis every
component of Mn is a handlebody of genus higher than 2. Let N be a genus
r component of Mn .
The manifold N can be viewed as an union of r handlebodies of genus 1,
T1 ∪ . . . ∪ Tr , identified along some 2-discs in their boundaries as shown in
Figure 1.
x0
c
b

F IGURE 1. Manifold N
We replace the component N of genus r by a single smaller central genus
r handlebody and a linked chains of genus 2 handlebodies. We use 6 genus
2 handlebodies for each handle of N. See Figure 2 for the linking pattern in
one of the genus 1 handlebodies whose union is N.
Notice that the new components in N are actually unlinked if we regard
them as handlebodies in R3 . Stage n + 1 consists of all the new components constructed as above. The construction can be done so that each new
component at stage n + 1 has diameter less than half of the diameter of the
component that contains it at stage n.
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F IGURE 2. Linking along the spine of some handle of N

c
b

F IGURE 3. Modification in defining sequence
4.2. Stage n + 1 if n is even. If n is even, we replace every genus r torus in
Mn , r > 2, by a parallel interior copy of itself and every genus 2 torus by an
embedded higher genus handlebody as shown in Figure 3.
More precisely, let us assume inductively that there exist handlebodies of
genus n1 , n2 , . . . , nN among the components of Mn . There are also K genus
2 components for some K and we replace one of these genus 2 handlebodies
by a genus nN+1 handlebody, one by a genus nN+2 handlebody, . . . and one
by a genus nN+K handlebody. The components of Mn+1 then consist of
handlebodies of genus n1 , . . .nN+K .
This completes the inductive description of the defining sequence. Define
the Cantor set associated with the sequence S, X = C(S) to be
X=

\

Mi .

i

From the construction it is clear that X is a Cantor set.
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4.3. The countable dense subset A. Each point p in X can be associated
with a nondecreasing sequence of positive integers greater than 2 as follows. At stage 2n − 1, p is in a unique component. Let mn be the genus of
this component. The sequence we are looking for is m1 , m2 , . . .. By construction, each mn+1 is either equal to mn or is greater than mn . It is greater
than mn precisely when the component of stage 2n containing p is a genus
2 torus. Let A be the set of points in X for which the associated sequence
is bounded. Then A is countable and each point in A is associated with a
sequence that is eventually constant. A is dense because each component of
each Mi contains a point ofA.
4.4. Remaining Details. The following results can be shown:
• The local genus at points of A is correct
• The local genus at points of X \ A is correct,
• The complement of X is simply connected.
5. Q UESTIONS
As stated in the introduction Bing-Whitehead Cantor sets have some
strong homogeneity properties and therefore are not rigid.
• Does varying the numbers of consecutive Bing links and Whitehead
links yield inequivalent Cantor sets? (This number cannot be arbitrary. See [Wr4] for details.)
The construction above gives a rigid Cantor set such that gx (X ) ≤ 2 for
x ∈ X \ A and gai (X ) = ni for ai ∈ A. Hence g(X ) = ∞.
Let a positive integer r be given.
• Does there exist a rigid Cantor set X such that gx (X ) = r for every
x ∈ X ? (For r = 1 the answer is affirmative. See [Sl], [Wr2].)
• Does there exist a rigid Cantor set X having simply connected complement such that gx (X ) = r for every x ∈ X ?
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