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Introduction

In this paper we discuss an approach to construction of upper bounds for the optimal value of
a class of risk averse multistage stochastic programming problems. Specifically we consider
risk averse problems of the form (cf., [5, pp.264-266])


h
i
Min cT1 x1 + ρ|ξ1 
min
cT2 x2 + · · · + ρ|ξ[T −1]
min
cTT xT  .
(1.1)
A1 x1 =b1
x1 ∈X1

B2 x1 +A2 x2 =b2
x2 ∈X2

BT xT −1 +AT xT =bT
xT ∈XT

Here, for t = 1, ..., T , Xt is a nonempty polyhedral subset of Rnt (typically Xt := Rn+t ), ξt
is a vector composed from elements of vectors ct , bt and matrices At , Bt , ξ[t] := (ξ1 , ..., ξt )
denotes history of the random data process ξ1 , ..., ξT and ρ|ξ[t] are conditional analogues of
a law invariant risk measure. Specifically we consider convex combination of the expected
value and Average Value-at-Risk measure:
ρ(·) := (1 − λ)E(·) + λAV@Rα (·), λ ∈ [0, 1], α ∈ (0, 1).

(1.2)

Recall that the Average Value-at-Risk can be written in the following variational form (cf.,
[3])

AV@Rα (Z) = inf E u + α−1 [Z − u]+ .
(1.3)
u∈R

For ρ(·) = E(·) (i.e. when λ = 0) problem (1.1) becomes the standard risk neutral
linear multistage stochastic programming problem. In that case given a feasible policy

x̄t = x̄t (ξ[t] ), t = 1, ..., T , the corresponding value of problem (1.1) can be estimated by
generating
sample paths (scenarios) of the data process and averaging computed values
PT T
t=1 ct x̄t . This is a standard procedure in the so-called forward step of the Stochastic Dual
Dynamic Programming (SDDP) method (cf., [2]). In the risk averse case the situation is
considerably more involved. Using variational representation (1.3) of the Average Value-atRisk it is possible to write dynamic programming equations for problem (1.1) in terms of
variables (xt , ut ) (cf., [4]). This suggests an approach to construction of upper bounds for the
optimal value of problem (1.1). The aim of this paper is to study properties of such upper
bounds. In the next section we present a theoretical background and in section 3 numerical
experiments with this approach.
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Upper bounds

In this section we discuss a theoretical background of an approach to construction of the
upper bounds. By using (1.3) risk measure (1.2) can be written as

ρ(Z) = inf E (1 − λ)Z + λu + λα−1 [Z − u]+ .
(2.1)
u∈R

We assume that the random process ξt , t = 1, ..., T , is stagewise independent, i.e. random
vector ξt+1 is independent of ξ[t] , t = 1, ..., T − 1, and that ξ1 = (c1 , A1 , b1 ) is deterministic.
The corresponding dynamic programming equations can be written as follows (cf., [4]). At
the last stage the cost-to-go (value) function QT (xT −1 , ξT ) is given by the optimal value of
the problem
min cTT xT s.t. BT xT −1 + AT xT = bT ,
(2.2)
xT ∈XT

and QT (xT −1 ) = ρ QT (xT −1 , ξT ) . By using equation (2.1) we can write

QT (xT −1 ) = inf E (1 − λ)QT (xT −1 , ξT ) + λuT −1 + λα−1 [QT (xT −1 , ξT ) − uT −1 ]+ , (2.3)
uT −1 ∈R

where the expectation is taken with respect to distribution of ξT .
Now consider xT −1 = xT −1 (ξ[T −1] ) as a function of ξ[T −1] . It follows from (2.3) that

QT (xT −1 ) ≤ E|ξ[T −1] (1 − λ)QT (xT −1 , ξT ) + λūT −1 + λα−1 [QT (xT −1 , ξT ) − ūT −1 ]+ , (2.4)
where ūT −1 = ūT −1 (ξ[T −1] ) is now a function of ξ[T −1] . Let x̄T = x̄T (xT −1 , ξT ) be a feasible
solution of problem (2.2). Since QT (xT −1 , ξT ) ≤ cTT x̄T it follows that
QT (xT −1 ) ≤ E|ξ[T −1] [νT ],

(2.5)

νT := (1 − λ)cTT x̄T + λūT −1 + λα−1 [cTT x̄T − ūT −1 ]+

(2.6)

where
is a function of xT −1 and ξ[T ] , and ūT −1 is a function of ξ[T −1] . Note that equality holds if
and only if x̄T (xT −1 , ξT ),ūT −1 (ξ[T −1] ) are the optimal solutions of the corresponding problems.
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At stage t = T −1 we have that QT −1 (xT −2 , ξT −1 ) is equal to the optimal value of problem
min

xT −1 ∈XT −1

cTT −1 xT −1 + QT (xT −1 ) s.t. BT −1 xT −2 + AT −1 xT −1 = bT −1 .

(2.7)

Then QT −1 (xT −2 ) = ρ (QT −1 (xT −2 , ξT −1 )) and by using equation (2.1) we can write

QT −1 (xT −2 ) = inf E (1 − λ)QT −1 (xT −2 , ξT −1 ) + λuT −2 + λα−1 [QT −1 (xT −2 , ξT −1 ) − uT −2 ]+ .
uT −2 ∈R

Consequently because of the inequality (2.5), we have that for xT −2 = xT −2 (ξ[T −2] ), ūT −2 =
ūT −2 (ξ[T −2] ) and a feasible solution x̄T −1 = x̄T −1 (xT −2 , ξT −1 ) of problem (2.7),
n
o
QT −1 (xT −2 ) ≤ E|ξ[T −2] (1 − λ)(cTT −1 x̄T −1 + νT ) + λūT −2 + λα−1 [cTT −1 x̄T −1 + E|ξ[T −1] [νT ] − ūT −2 ]+ ,
where we used equality

E|ξ[T −2] E|ξ[T −1] [·] = E|ξ[T −2] [·].
Moreover E|ξ[T −1] [cTT −1 x̄T −1 ] = cTT −1 x̄T −1 and E|ξ[T −1] [ūT −2 ] = ūT −2 and hence


cTT −1 x̄T −1 + E|ξ[T −1] [νT ] − ūT −2 = E|ξ[T −1] cTT −1 x̄T −1 + νT − ūT −2 .
Since function φ(·) := [ · ]+ is convex, we have by Jensen’s inequality
h
i
n
 o
T
T
E|ξ[T −1] (cT −1 x̄T −1 + νT − ūT −2 ) ≤ E|ξ[T −1] cT −1 x̄T −1 + νT − ūT −2 + .

(2.8)

+

It follows that
QT −1 (xT −2 ) ≤ E|ξ[T −2] [νT −1 ],

(2.9)

where


νT −1 := (1 − λ)(cTT −1 x̄T −1 + νT ) + λūT −2 + λα−1 cTT −1 x̄T −1 + νT − ūT −2 + .

(2.10)

And so on going backwards in time, we obtain the following upper bound for the optimal
value OPT of problem (1.1) (cf., [5, p.266]):
OPT ≤ cT1 x̄1 + E[ν2 ],

(2.11)

where x̄1 is a feasible point of the first stage problem. Note that since ξ1 is deterministic,
E|ξ1 (·) = E(·).
Expectation E[ν2 ] can be estimated by averaging. This suggests the following statistical
upper bound for the optimal value of problem (1.1). Let Qt+1 (xt , ut ), t = 1, ..., T − 1, be
approximations of the value functions Qt+1 (xt , ut ), say constructed by the SDDP algorithm.
This defines a feasible policy (x̄t , ūt ) = (x̄t (ξ[t] ), ūt (ξ[t] )), t = 1, ..., T . That is, for a generated
scenario (sample path) ξ2 , ..., ξT , values (x̄t , ūt ) are computed iteratively for t = 1, ..., T , as
optimal solutions of problems
Min

cTt xt + λut + Vt+1 (xt , ut )

s.t.

At xt = bt − Bt x̄t−1 ,

xt ∈Xt ,ut ∈R

3

(2.12)

where for t = 1 the corresponding term B1 x̄0 is omitted.
An upper bound for the optimal value of problem (1.1) can be computed as follows (cf.,
[5, p.266]). For a scenario (sample path) ξ2 , ..., ξT , set νT +1 = 0 and compute iteratively for
t = T, ..., 2,
νt = (1 − λ)(cTt x̄t + νt+1 ) + λūt−1 + λα−1 [cTt x̄t + νt+1 − ūt−1 ]+ ,

(2.13)

where x̄t , ūt are computed by solving problems (2.12) for the considered scenario. Note that
cT1 x̄1 + E[ν2 ] gives an upper bound for the objective value of the constructed policy, and
hence for the optimal value of the multistage problem (1.1). Generate M scenarios ξ2j , ..., ξTj ,
j = 1, ..., M . For each scenario compute
the corresponding value ν2j by using the iterative
P
j
procedure (2.13). Compute ν̄ = M −1 M
j=1 ν2 and the corresponding standard deviation
v
u
u
σ̂ = t

M

1 X j
(ν − ν̄)2 .
M − 1 j=1 2

Then
U BM := cT1 x̄1 + ν̄ + 2σ̂

(2.14)

can be used as the required (statistical) upper bound.
Remark 2.1 Value ν̄ is an unbiased estimator of E[ν2 ]. For T = 2, if equality in (2.5)
holds and x̄1 is an optimal solution of the first stage problem, then cT1 x̄1 + E[ν2 ] is equal
to the value of the considered policy. However, when T ≥ 3, cT1 x̄1 + E[ν2 ] could be bigger,
and as we will see in the next section much bigger, than value of the considered policy.
This is because inequality (2.8), based on Jensen’s inequality, generically is strict. Therefore
the point estimate cT1 x̄1 + ν̄ is upwards biased. Note that if the last terms in the recursive
equations (2.13) are positive, i.e., cTt x̄t + νt+1 − ūt−1 > 0, then this will have multiplicative
effect (of multiplying by λα−1 ) and may result in a very large value of the corresponding
point estimate. Think for example about a random variable Y with mean close to zero and
large variance. Then E([Y ]+ ) can be much larger than [E(Y )]+ . In particular if E[Y ] ≤ 0,
then [E(Y )]+ = 0, while E([Y ]+ ) may have a large positive value. A procedure for removing
such ‘bad terms’ was suggested in Kozmik and Morton [1] in a framework of asset allocation
problems without transaction costs. However, that procedure was adjusted to the considered
quite specific example and it is not clear how to do this in a general situation. It was also
suggested in [1] to employ Importance Sampling (IS) techniques to reduce variability of such
upper bound estimates. Note, however, that the IS could reduce variability of a considered
estimate, but cannot change the involved bias.
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Numerical experiments

The numerical experiments are implemented on the Brazilian interconnected power system.
A detail description of the dataset could be found in [6].
Table 1 shows lower bound estimation, point estimate U B = cT1 x̄1 + ν̄ of the upper bound
and standard deviation of the upper bound. Upper bound U BM is calculated by (2.14) and
gap is given by (U BM − LB)/LB. Observe that we have fairly good upper bound estimation
when stage number T ≤ 9. For T ≥ 10, the upper bound explodes and becomes useless.
The reason is as follows. Brazilian power system largely relies on hydro energy generation.
The cost of hydro energy is low while that of thermal energy is much higher. When T is
small, we have adequate rainfalls producing inflows to satisfy the demand. Thermal power is
barely used and hence all the stage costs are very stable. Nevertheless, the upper bound can
still have huge bias due to multiplicative effect (see the case of T = 9 in figure 1 and figure
2). When T becomes larger, additional thermal power generation is inevitable and hence the
distribution of stage cost shows heavy tail and large variance. Along with the multiplicative
effect, the upper bound estimation explodes and turns useless.

T
2
3
4
5
6
7
8
9
10
11
12
24

LB
5.29 × 105
7.90 × 105
1.05 × 106
1.31 × 106
1.56 × 106
1.81 × 106
2.07 × 106
2.31 × 106
2.57 × 106
2.87 × 106
3.13 × 106
9.98 × 106

UB
5.31 × 105
7.94 × 105
1.05 × 106
1.31 × 106
1.57 × 106
1.82 × 106
2.08 × 106
2.33 × 106
3.92 × 107
6.18 × 108
1.07 × 109
5.21 × 1016

UBSD
7.23
14.90
22.51
24.41
26.72
27.05
29.98
1.28 × 105
1.10 × 109
1.61 × 1010
2.05 × 1010
1.09 × 1018

UBM
5.31 × 105
7.94 × 105
1.05 × 106
1.31 × 106
1.57 × 106
1.82 × 106
2.08 × 106
2.46 × 106
1.14 × 109
1.67 × 1010
2.15 × 1010
1.14 × 1018

Gap
0.40%
0.50%
0.52%
0.51%
0.50%
0.48%
0.46%
11.61%
NA
NA
NA
NA

Table 1: Bound Estimation
Figure 1 shows logarithm of iterative value of ν, i.e, log(ν2 ), . . . , log(νT ) for 3000 sample
paths, where νt is given by (2.13). Multiplicative effect comes into play when T ≥ 9. Note
that when T ≤ 8, the curves under 3000 sample paths are very close to each other and thus
overlap as a single line. When T = 9, one curve diverges from the rest of 2999 curves due to
the multiplicative effect.
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Figure 1: Evolution of upper bound (logarithmic scale).

Figure 2 shows typical patterns of stage cost. The left one shows a typical pattern of
stage cost in T = 9 while the right one shows that in T = 12. We take natural logarithm of
the stage costs in order to show the tail of the plot.
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Figure 2: Stage costs (logarithmic scale).

Figure 3 shows histograms of the point estimate of upper bound. They are all rightskewed. Again, we take natural logarithm in order to show the tail of the plot. When T ≤ 8,
the histograms are light-tailed; when T ≥ 9, the histograms are heavy-tailed. Note that
when T = 120, all point estimates of the upper bound are unreasonably large. The reason
is that the multiplicative effect and the heavy-tailed pattern of stage cost appear almost in
certain somewhere through the 120 stages.

7

Figure 3: Point estimate of upper bound (logarithmic scale).
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Table 2 shows the impact of demand on the upper bound estimation. We increase the
demand by 10%, 20%, 30%, 40% and 50%. As shown from the table, the gap generally
becomes bigger with increase of the demand.
T
2
2
2
2
2
2
3
3
3
3
3
3
4
4
4
4
4
4

Demand
10%↑
20%↑
30%↑
40%↑
50%↑
10%↑
20%↑
30%↑
40%↑
50%↑
10%↑
20%↑
30%↑
40%↑
50%↑

LB
5.29 × 105
5.29 × 105
5.29 × 105
8.03 × 105
2.67 × 106
6.34 × 106
7.90 × 105
7.90 × 105
7.93 × 105
2.06 × 106
5.64 × 106
1.40 × 107
1.05 × 106
1.05 × 106
1.10 × 106
3.33 × 106
8.56 × 106
2.22 × 107

UB
5.31 × 105
5.31 × 105
5.31 × 105
8.08 × 105
2.69 × 106
6.37 × 106
7.94 × 105
7.94 × 105
7.97 × 105
2.08 × 106
5.70 × 106
1.42 × 107
1.05 × 106
1.05 × 106
1.13 × 106
3.59 × 106
9.04 × 106
2.38 × 107

UBSD
7.23
6.66
6.98
1.89 × 105
4.12 × 105
9.81 × 105
14.90
13.3083
1.53 × 104
5.90 × 105
1.07 × 106
3.35 × 106
22.51
19.5257
2.68 × 105
1.40 × 106
2.69 × 106
9.36 × 106

UBM
5.31 × 105
5.31 × 105
5.31 × 105
1.19 × 106
3.51 × 106
8.33 × 106
7.94 × 105
7.94 × 105
8.27 × 105
3.27 × 106
7.83 × 106
2.09 × 107
1.05 × 106
1.05 × 106
1.67 × 106
6.40 × 106
1.44 × 107
4.25 × 107

Gap
0.40%
0.40%
0.40%
47.78%
31.39%
31.50%
0.50%
0.50%
4.36%
58.87%
38.83%
49.27%
0.52%
0.52%
51.83%
92.38%
68.46%
91.69%

Table 2: Bound estimation with increasing demand
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Conclusions

As it was discussed in Section 2 the considered upper bound is upwards biased. The main
reason for this bias is that the involved Jensen’s inequalities of the form (2.8) can be strict
(see Remark 2.1). This could have a multiplicative effect onto computed values of the upper
bound estimates. Numerical experiments of Section 3 demonstrate that this bias could be
huge especially when the number of stages is large and/or the random data process has a
large variability even with small number of stages. Similar observation was made in Kozmik
and Morton [1]. As it was pointed before, the left hand side of (2.8) can be zero while the
right hand side could have a large positive value. In a framework of asset allocation problems
without or with small transaction costs, a procedure was suggested in [1] aimed at removing
such unnecessary terms with large positive values. Unfortunately it is not clear how to apply
those ideas to a general situation considered here.
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