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A Wavelet-Based Penalized Mixed-Effects
Decomposition for Multichannel Profile Detection
of In-Line Raman Spectroscopy
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Abstract— Modeling and analysis of profiles, especially
high-dimensional nonlinear profiles, is an important and challenging topic in statistical process control. Conventional mixedeffects models have several limitations in solving the multichannel
profile detection problems for in-line Raman spectroscopy, such
as the inability to separate defective information from random
effects, computational inefficiency, and inability to handle highdimensional extracted coefficients. In this paper, a new waveletbased penalized mixed-effects decomposition (PMD) method is
proposed to solve the multichannel profile detection problem in
Raman spectroscopy. The proposed PMD exploits a regularized
high-dimensional regression with linear constraints to decompose
the profiles into four parts: fixed effects, normal effects, defective
effects, and signal-dependent noise. An optimization algorithm
based on the accelerated proximal gradient (APG) is developed
to do parameter estimation efficiently for the proposed model.
Finally, the separated fixed effects coefficients, normal effects
coefficients, and defective effects coefficients can be used to
extract the quality features of fabrication consistency, withinsample uniformity, and defect information, respectively. Using
a surrogated data analysis and a case study, we evaluated the
performance of the proposed PMD method and demonstrated a
better detection power with less computational time.
Note to Practitioners—This paper was motivated by the need of
implementing multichannel profile detection for Raman spectra
to realize in-line process monitoring and quality control of continuous manufacturing of carbon nanotube (CNT) buckypaper.
Existing approaches, such as the mixed-effects model or the
smooth-sparse decomposition method, cannot separate defective
information in random effects effectively. This paper develops a
penalized mixed-effects decomposition which decomposes Raman
spectra into four components: fixed effects, normal effects,
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defective effects, and signal-dependent noise, respectively. The
first three components can be applied to monitor the fabrication
consistency, degree of uniformity, and defect information of
buckypaper, respectively. With this new approach, several quality
features can be monitored simultaneously and the algorithm
based on the accelerated proximal gradient (APG) method can
satisfy the computation speed requirement of in-line monitoring.
This paper provides a solid foundation for in-line process
monitoring and quality control for scalable nanomanufacturing
of CNT buckypaper. Furthermore, the developed methodology
can be applied in the decomposition of other signal systems with
fixed, normal, and defective effects.
Index Terms— Detection, mixed-effects model, nanomanufacturing, profile monitoring, raman spectroscopy, wavelet.

I. I NTRODUCTION
ROFILE data, also called functional data or waveform
data, has been commonly observed in various industrial
sensing and monitoring systems. Examples of such profile
data include tonnage signals in stamping process [1] and
valve seat pressing data in the engine assembly process [2].
As a result, it is an important, yet challenging problem to
model and analyze profile data for process monitoring and
diagnosis. This problem is especially true in the continuous
CNT buckypaper manufacturing process, where in-line Raman
spectroscopy instrument is used to provide Raman spectra,
which is a special type of profile data, to indicate quality
characteristics and properties of buckypaper.
CNT buckypaper is an important multifunctional platform
material with great potential for creating lightweight, highperformance materials for various applications due to its
superior mechanical and electrical characteristics. One of the
critical roadblocks to scale-up the production of high-quality
buckypaper is on-line quality monitoring and control of its
production system. As an effective off-line characterization
method for nanostructure information, Raman spectroscopy
has been widely used in batch-to-batch nanomanufacturing
of CNT buckypaper [3], [4]. Recently, in-line Raman spectroscopy has been developed to monitor biochemical reactions
and pharmaceutical crystallizations [5], because of its nondestructive nature, fast data acquisition, and ability to provide
detailed material information [6]. However, the in-line Raman
spectroscopy techniques of monitoring biochemical reactions
and pharmaceutical crystallizations cannot be used to monitor
nanomanufacturing of CNT buckypaper majorly due to two
reasons.
1) Only specific intensity peaks are considered in the
monitoring of biochemical reactions and pharma-
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Fig. 1.
Schematic of in-line measurement procedure based on Raman
spectroscopy in a continuous CNT buckypaper production process.

ceutical crystallizations, while in the monitoring of
nanomanufacturing, the whole profiles need to be
analyzed.
2) The techniques used in the monitoring of biochemical
reactions and pharmaceutical crystallizations cannot separate defect information from the normal random effects.
Thus, we focus on developing a profile modeling and detection
approach based on in-line Raman spectroscopy for the roll-toroll CNT buckypaper fabrication process.
Raman analysis is critical for detecting the quality information of the product such as impurity, the degree of chemical
functionalization, and the alignment of CNTs in buckypaper.
For example, the radial breathing mode (<300 cm−1 ) is used
to determine the diameter of a single-walled CNT (SWCNT);
D-band (1250–1400 cm−1 ) is related to the disorder or molecular defects in the CNT structure; and D-band to G-band
intensity ratio is an effective indicator of CNT quality and
functionalization [7]. In addition, polarized Raman provides
angular dependence of the Raman intensity, and then the
degree of CNTs alignment can be estimated [8].
A schematic of in-line measurement procedure based on
Raman spectroscopy is shown in Fig. 1. In a roll-to-roll fabrication process of CNT buckypaper, samples of Raman spectra
are measured sequentially with Raman mapping technique.
Each sample is shown as a red square in Fig. 1. Within each
sample, a specific number of Raman spectra are collected in
the positions predetermined by design of experiment to represent the quality information in the sample area. Usually, the
maximin Latin hypercube design [9], which demonstrates good
space-filling properties and first-dimension projection properties, is implemented to obtain the representative sampling
positions, as shown in the drawing of partial enlargement in
Fig. 1. If each representative sampling position can be regarded
as a sensor channel to collect Raman spectra, the process
modeling and detection for buckypaper fabrication process can
be formulated as a multichannel profile modeling problem.
Three quality characteristics are of critical importance during the statistical process control of buckypaper fabrication
process as follows:
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1) the fabrication consistency of quality features measured
by Raman spectroscopy, which indicates whether there
is a gradual mean shift in the sequentially roll-to-roll
fabrication of CNT buckypaper;
2) within-sample uniformity, which quantifies the uniformity of quality features in the sample area (shown as red
square in Fig. 1), such as degree of alignment, degree of
functionalization, nanotube distribution, and dispersion;
3) within-sample defect information, which indicates
whether there are defects in the CNT buckypaper.
In addition, a specific band of the Raman spectrum denotes
corresponding defective information of the product. In our
previous publication [6], signal-dependent property of noise
in Raman spectra has been identified and validated with the
experimental data. A generalized wavelet shrinkage method
was proposed for denoising by applying individual adaptive
wavelet thresholds. However, the denoised Raman spectra
cannot be directly used in multichannel profile monitoring
because all components associated with different quality
characteristics (e.g., fabrication consistency, uniformity, and
defects) are all mixed in the signals. Therefore, profile modeling and signal decomposition for multichannels signals are
essential.
In order to monitor the aforementioned fabrication consistency, within-sample uniformity, and defect information for
the in-line Raman spectroscopy in the sequentially buckypaper
fabrication process, we propose a new multichannel profile
modeling and analysis approach with consideration of the
following two characteristics.
1) Signal-dependent noise in Raman spectra, which has
been validated in [6].
2) Multichannel profile modeling and detection based on
profiles in a sample reveal within-sample uniformity and
defect information in the sample area, while changes
among different samples illustrate the quality shift in
the sequential long-term manufacturing process.
In this paper, a new penalized mixed-effects decomposition
(PMD) method is proposed for the multichannel profile detection based on in-line Raman spectroscopy in the continuous
nanomanufacturing process. The proposed PMD can separate
the profiles into the following four parts:
1) fixed effects, which measure the fabrication consistency
among samples over time;
2) normal effects, which measure the within-sample uniformity of quality features;
3) defective effects, which reveal the existence and location
of the defects within a sample area;
4) signal-dependent noise, which is proportional to the
Raman intensity in terms of specific Raman shift.
To model waveform signals of Raman spectroscopy, wavelet
basis is applied to generate design matrices in the proposed
PMD. The merits of using wavelet basis will be discussed
in Section II. Another advantage is that random effects coefficients extracted by the PMD is sparse and has a much
lower dimension than the original data due to the L 1 norm
regularization term for defective effects coefficients. An APG
algorithm is developed to effectively and efficiently estimate
the parameters in the proposed PMD method. Sensitivity
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analysis is also conducted to determine the bounds of normal
effects based on product tolerance.
The remainder of this paper is organized as follows.
Section II provides a literature review of linear and nonlinear profile modeling and analysis. Section III describes the
proposed PMD formulation and compares it with the linear
mixed-effects model (LMM) and the smooth sparse decomposition (SSD) method. In addition, an APG algorithm for
parameter estimation is introduced, and a sensitivity analysis
of the bounds and the penalized parameter is conducted.
Section IV presents a surrogated data analysis to test the
performance of the PMD approach, followed with a real in-line
Raman case study that is implemented in Section V. Finally,
a brief summary is discussed in Section VI.
II. L ITERATURE R EVIEW
This section provides a detailed literature review for profile
modeling and analysis. Conventional methods of linear and
nonlinear profile modeling and analysis are discussed first.
Nonparametric techniques to handle nonsmooth profiles are
then introduced. Finally, mixed-effects model-based profile
modeling approaches and their limitations are discussed.
In [10]–[12], most of the researchers focused on linear
profile modeling and monitoring. Nonlinear profile monitoring was also investigated to address the nonlinearity of
profiles in the different manufacturing processes. Different
techniques, such as multiple and polynomial regression, cubic
spline, and B-spline, were used to monitor nonlinear profile
data [13]–[17]. However, the aforementioned approaches only
focus on the modeling of smooth and differentiable profiles,
which are not applicable when the profiles include spikes or
peaks such as those in the Raman spectroscopy of CNTs.
To address this challenge, a piecewise method is proposed
to divide a profile into several segments and fit them independently by using techniques mentioned above. However, these
techniques require engineering background and estimation to
decide all the break points and segment intervals. Besides, different segmentation approaches will also affect the modeling
and monitoring results for a given application.
Some other techniques are investigated to develop nonparametric methods to model nonsmooth signals directly. Among
all these techniques, principal components analysis (PCA),
wavelet analysis, and empirical model decomposition (EMD)
are the most common techniques that directly model nonlinear
and nonstationary profiles.
PCA is a powerful unsupervised statistical procedure to
reduce the dimension directly by orthogonal transformation
such that the selected principal components account for most
of the variability. Therefore, PCA is widely used in dimension
reduction and statistical process control [18], [19]. However,
there are some inherent limitations when the PCA method
is used. One limitation is its weak interpretability since all
the random variables are included in the principal components. Another limitation is the inconsistency when applying
PCA to process high-dimensional data with noise, proved by
Johnstone and Lu [20] by showing that the sample eigenvectors do not converge to the population eigenvectors and the
noise does not average out if the dimension is much higher

compared to the sample size. Sparse PCA was developed to
improve the interpretability by imposing the sparsity constraint
on the principal components [21]. However, sparse principal
components after dimension reduction usually do not cover all
the bands in profiles, which lead to the loss of detection power
in the band corresponding to the zero loadings. In addition, the
defects tend to be correlated in the neighbor bands of profiles,
and the sparse loadings ignore this kind of correlation.
Wavelet analysis is another powerful and widely applied
nonparametric tool for time–frequency transformation because
of the following three advantages.
1) It is an effective nonparametric approach that can model
nonlinear profiles with sharp jumps and nondifferentiable points.
2) It provides multiresolution time–frequency localized
representation, which overcomes the limitations of traditional Fourier transform (FT) and short-time (STFT).
3) Many natural images and signals have sparse representations using a wavelet basis, which is useful in denoising
and data compression.
Due to the popularity of time-dependent nonlinear profile data
in system monitoring and diagnosis, wavelet-based methods
are widely used to model the profile data for process modeling
and monitoring problems [2], [22], [23].
In addition, EMD is a powerful time–frequency analysis
technique. It can decompose the signal into a group of
orthogonal components called intrinsic mode function (IMF)
based on identification and interpolation of peaks and troughs
in the signal. EMD has been widely utilized in various areas
including process control, detection, and diagnosis [24], [25].
However, EMD suffers from three disadvantages.
1) The modes extracted by the method are not always physically meaningful, and the decomposition is limited to
decompose each mode based on the varying frequency.
2) It is noise sensitive, which is not suitable for Raman
spectra with signal-dependent noise.
3) It has mode mixing (identifiability) issue, which is
defined as a single IMF including oscillations of dramatically disparate scales, or a component of a similar
scale residing in different IMFs.
Considering all these factors of PCA, wavelet analysis, and
EMD, wavelet-based methods are preferred to model the
profiles in continuous nanomanufacturing.
In profile modeling and analysis, two kinds of variations are
commonly considered. One is within-profile variation which
is normally due to the random noise in the process such
as environmental noise and measurement errors; the other
is between-profile variation due to the inevitable profile-toprofile variability including process condition variations and
fixture or tooling tolerance. Both within-profile variation and
between-profile variation should be modeled to account for
the total variability. This desire motivated to develop a mixedeffects model.
Researchers developed parametric or nonparametric mixedeffects model for profile monitoring. For example, parametric
mixed-effects models were developed by treating a few model
parameters as random effects [13], [15]; this kind of model
is suitable for the data with complete domain knowledge
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and clear model structure; A nonparametric mixed-effects
model with B-spline and PCA was developed to monitor
nonlinear profiles [16], which is usually achievable for smooth
profiles. Paynabar and Jin [2] used the wavelet-based mixedeffects model to characterize nonlinear profiles. However, the
existing mixed-effects model cannot be directly used to profile
modeling and analysis in the continuous nanomanufacturing
for the following three reasons.
1) A mixed-effects model can only measure betweenprofile variation by random effects, instead of separating normal between-profile variation and defective
between-profile variation. The normal between-profile
variation results from measurements and product uncertainty within the tolerance, while the defective betweenprofile variation is due to the defects in the buckypaper,
which is not acceptable per engineering specifications.
2) There are too many coefficients used in a mixed-effects
model, especially for high-dimensional profiles. This
will result in both high false alarm rate (FAR) and low
detection rate (DR) in the multivariate process control.
3) The algorithms to do a parameter estimation of the
mixed-effects model are not computationally efficient
enough for in-line detection.
Thus, we proposed a PMD method that overcomes these
three limitations from the conventional mixed-effects models.
To address these challenges, the random effects are separated
into normal effects and defective effects in our proposed
model. Meanwhile, to reduce the dimensionality of the coefficients, wavelet basis and L 1 norm regularization are applied
since it can achieve a sparse representation of the data. The
proposed methodology will be discussed in detail in the
following section.
III. P ENALIZED M IXED -E FFECTS D ECOMPOSITION
In this section, we will first review the conventional
LMM [26] and the SSD model [27]. We will then introduce the
PMD for multichannel profile detection. After that the PMD
is compared with the LMM and the SSD. An APG algorithm
is developed to estimate parameters of the PMD. Finally, a
sensitivity analysis about the bounds of normal effects and
the penalized parameter is discussed.
A. Review of the Mixed-Effects Models and the
Smooth-Sparse Decomposition
An LMM [26] is formulated for multichannel profile modeling as
y i = X i β + Z i bi + ε i

(1)

where y i is a measurement profile and X i and Z i are the
design matrices associated with the fixed effects and the random effects, respectively. β and bi are the coefficients vectors
associated with the fixed effects and the random effects. ε i is a
noise vector that depends on the fixed effects and the random
effects intensity because of the signal-dependent property.
The mixed-effects model has been widely used in functional
data analysis [2], [13], [15], [16]. However, this conventional
mixed-effects model has the following limitations when it
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is applied to multichannel profile modeling based on in-line
Raman spectra.
1) It can only separate the fixed effects and the random
effects, but cannot separate the normal random effects
and the defective random effects. As a consequence, it
cannot be directly used in the monitoring of fabrication consistency, within-sample uniformity, and withinsample defect information for the Raman spectra
simultaneously.
2) The coefficients extracted by a mixed-effects model
are still high dimensional, which brings challenges to
achieve both a low FAR and a high DR in the multivariate process monitoring problem.
3) In general, a restricted maximum likelihood (REML)
method or an expectation–maximization method can be
used to estimate the model parameters. However, those
methods are computationally expensive, which does not
meet the need for real-time detection in a continuous roll-to-roll nanomanufacturing process, especially
for profiles with heterogeneous noise, such as Raman
spectra.
To separate the defect information from the smooth functional
mean profile, an SSD method [27] is proposed to decompose
each profile y into a smooth functional mean Bθ , a sparse
anomaly B a θ a , and a noise vector e by solving the following
optimization problem:
arg min ||e||2 + λθ T Rθ + γ |θ a |1
θ ,θ a

Subject to y = Bθ + B a θ a + e

(2)

where || · || and | · |1 are L 2 operator and L 1 norm operator,
respectively. B, B a , and R, are the design matrices for smooth
part, sparse part, and a roughness matrix, respectively. λ and
γ are tuning parameters to realize regularization for smooth
coefficients θ and sparse coefficients θ a . An accelerated proximal algorithm is applied to efficiently estimate θ and θ a
simultaneously.
The SSD method is effective and efficient to separate the
background, anomalies, and defect for both smooth functional
data and images with the smooth background. However, it cannot be applied to the multichannel profile detection problem
based on in-line Raman spectra for the following two reasons.
1) The SSD is designed for anomaly detection under
smooth background, while Raman spectrum is inherently
nonsmooth. Therefore, a spline basis, which is used in
the SSD, is not suitable for the nonsmooth profiles.
2) The loss function of the noise term does not consider the
covariance matrix, which is not appropriate for signaldependent noise in Raman spectra.
Inspired by the SSD, we propose to decompose the defect
random effect and the normal random effect by using wavelet
basis to describe the waveform signal of Raman spectra and
using a covariance matrix to consider the signal-dependent
noise.
B. Penalized Mixed-Effects Decomposition
A typical in-line Raman process monitoring problem is
shown in Fig. 1. The sequentially measured Raman profiles
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are grouped into N samples, and each sample has n i profiles
containing n i j observations for different Raman shifts. The
samples are indexed by i = 1, . . . , N and the profiles in
the i th sample are indexed by j = 1, . . . , n i . The PMD for
multichannel profile detection of Raman spectra is formulated
as
yi j = μi + Wθ i j + W a δ i j + ei j
where yi j is a measurement profile with dimension n, corresponding to the j th profile in the i th sample; μi denotes fixed
effects in the i th sample; W and W a are wavelet-based design
matrices with dimension n × p and n × q for normal effects
and defective effects, respectively; θ i j and δ i j are coefficients
vectors associated with normal effects and defective effects
with regards to the j th profile in the i th sample. ei j represents
a signal-dependent noise vector for the j th profile in the i th
sample.
In the problem formulation, a weighted sum of square loss
function is applied to model the signal-dependent noise and
the L 1 norm regularization is implemented to encourage the
sparsity of the defective random coefficients. Aside from this,
the normal effects will be bounded by B L and B U , which
can be determined by the product tolerance and a sensitivity
analysis. Therefore, the proposed PMD is formulated as
arg min eiTj −1 ei j + γ |δ i j |1
θ i j ,δ i j

subjectto yi j = μi + W θ i j + W a δ i j + ei j
B L  Wθ i j  B U

B U = diag() ◦ ω1 ,


B L = − diag() ◦ ω2

(3)

where  is a variance–covariance matrix of Raman spectra
noise;  denotes the componentwise inequality; B L and BU
are a lower bound and a upper bound for normal effects;
diag() denotes the vector of diagonal elements of ; ◦
represents the hadamard product (element-wise multiplication
for two vectors). Other detailed introduction for each notation
in the model (3) can be illustrated as follows.
1) μi denotes the fixed effects within each sample. Monitoring μi (i = 1, . . . , N) reveals the fabrication consistency of the samples, which is the long-term mean
shift among samples as the sequentially roll-to-roll CNT
buckypaper fabrication process goes on. Usually, it can
be calculated by the median vector of multiple profiles
in each sample for robust estimation.
2) Wθ i j represents the normal effects within each sample.
θ i j can be used to quantify the uniformity of quality
features in the sample area, such as degree of alignment,
degree of functionalization, nanotube distribution, and
dispersion. Because of the sparse representation property
of most waveform signals in the wavelet analysis, the
dimension of θ i j is much lower than the original dimension of Raman spectra, which can improve the pecision
and efficiency of profile modeling. In addition, Wθ i j is
bounded by BU and B L . BU and B L determine the
monitoring robustness for the uniformity. If the degree
of uniformity requirement is strict, the bounds will be
tighter. We can estimate the bounds by the corresponding

weighted standard deviations of the Raman intensity for
a specific Raman shift. The weight vectors ω1 and ω2 can
be determined by the product tolerance and sensitivity
analysis, which will be discussed in Section III-E.
3) W a δ i j describes the defective effects within each sample, which is to model the defect information. It reveals
whether there are specific sampling points with defective
quality features occurred in certain bands of a Raman
spectrum. L 1 norm regularization encourages the sparsity of the anomalous coefficients, which synergizes with
the inherent sparsity of wavelet coefficients. Penalized
parameter γ can be determined by the cross validation
described in Section III-F. Furthermore, according to
the mathematical link between wavelet coefficients and
original signal segments [22], we can derive which
specific bands of a Raman spectrum have defects based
on the location of the nonzero coefficients.
4) ei j denotes the signal-dependent noise. The detailed
noise source and its signal-dependent characteristic are
validated in [6]. A weighted sum of square loss function
for the signal-dependent noise can separate the noise
accurately, which will improve the effect and efficiency
of profile monitoring based on the random effect. The
variance–covariance matrix can be obtained by the real
Raman spectra data collected during phase-I analysis [6].
5) W and W a are the wavelet-based design matrices for
the normal effects and the defective effects, which
are determined by the selected wavelet basis and its
coefficients. W is required to be orthogonal. The wavelet
basis usually can be selected upon a defined criterion [6].
It is worth noting that similar as the design matrices
determination in the mixed-effects model [26]; usually,
W a is chosen as a subset of columns of W based
on random effects pattern from engineering knowledge.
If we do not know the design matrix columns associated
with random effects, we can choose W a equals to W.
Even W and W a are the same, the identifiability can also
be ensured. We realize the identifiability of coefficients
by two settings: a) the Wθ i j is bounded by B U and B L
and b) both eiTj −1 ei j and γ |δ i j |1 are considered in the
loss function. For example, first, μi can be isolated by
the median profile. Since δ i j is in the loss function, while
θ i j is not in the loss function. The model will distribute
as many components as possible into θ i j until Wθ i j is
bounded. If Wθ i j is bounded, other components in the
profiles will be distributed into δ i j and ei j according to
the tradeoff between eiTj −1 ei j and |δ i j |1 .
C. Comparison Between the PMD and the LMM/SSD
In this section, the PMD is compared with the conventional
LMM and the SSD, as shown in Fig. 2. In comparison with
the LMM, fixed effects obtained by the PMD correspond to
fixed effects separated by the LMM, while random effects in
the LMM can be further decomposed into normal effects and
defective effects by the PMD. The normal effects are generated
from the uncertainty of the spectra measurement and normal
production conditions. Usually, the tolerance of product design
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deeper decomposition than the LMM and 2) the PMD and the
SSD decompose the profiles from different point of views.
D. Algorithm for Parameter Estimation

Fig. 2. Schematic of decomposition comparison among the PMD, the LMM,
and the SSD.

In this section, the PMD (3) is simplified to a weighted
least absolute shrinkage and selection operator (LASSO) [28]
problem. After that the APG algorithm to solve this convex
optimization problem will be derived.
It can be shown that the variance–covariance matrix 
is a diagonal matrix with all the diagonal entries equal to
the variance of Raman intensity corresponding to the related
Raman shift. Thus,  is invertible and each diagonal entry is
positive. Equation (3) can be transformed into the following
equation:
min

θ i j ,δ i j

( yi j − μi − Wθ i j − W a δ i j )T −1

× ( yi j − μi − Wθ i j − W a δ i j ) + γ |δ i j |1
subjectto B L  W θ i j  B U


B U = diag() ◦ ω1 , B L = − diag() ◦ ω2 .
(4)

Fig. 3. Ten Raman spectra with three defects in different bands of different
profiles. (a) 3-D mesh plot of ten Raman spectra. (b) 2-D plot of ten Raman
spectra. (Note that defects are marked by the red circles.)

Thus, (4) is a weighted LASSO problem with linear constraints. We can further prove the PMD shown in (4) is
equivalent to a weighted LASSO problem, and a detailed
description is shown in Proposition 1.
Proposition 1: Assume W is orthogonal, the PMD in (4) is
equivalent to minimize a weighted sum of square loss function
plus L 1 norm regularization in the form of

T


argmin F(δ i j ) := z i j − Wθ ∗i j −1 z i j − Wθ ∗i j + γ |δ i j |1
δi j

is used to control the uncertainty of manufacturing and measurement process. However, defective effects are generated
from defects such as impurities mixed in the CNT buckypaper
or large interspace hole in aligned CNTs, which should be
detected during the manufacturing process. Thus, the PMD
could be regarded as an improved mixed-effects model that
can achieve more detailed decomposition.
The SSD decomposes each profile y into a smooth functional mean Bθ , a sparse anomaly B a θ a , and a noise vector
e, which works well for the data with smooth background
and sparse defects. However, when applied to the nonsmooth
Raman spectra, the defective effects can also be very smooth
like the other band (e.g., band between 200 and 300 of Raman
shift index in Fig. 3), not associated with D-band or G-band, in
a Raman spectrum. In this situation, the defective information
will be mistakenly regarded as the smooth background by
using the SSD. On the other hand, the sparse peak regarded
as an anomaly in the SSD may also be the fixed effects or
normal effects, such as the G-band peak in a Raman spectrum.
The PMD combines the advantage of the LMM and the SSD
and decomposes a profile into fixed effects, normal effects,
defective effects, and signal-dependent noise, which can be
used to monitoring different quality features like shift in fixed
effects, degree of uniformity, and defects.
In summary, Fig. 2 provides a schematic of decomposition
comparison between the PMD and LMM/SSD. Intuitively,
two facts are conveyed by Fig. 2: 1) the PMD can realize

(5)
θ ∗i j

where
= W z i j ◦I(B L  z i j  BU ) + W B L ◦ I
(z i j  B L ) + W T B U ◦ I(z i j  B L ), z i j := yi j − μi −
W a δ i j , I (·) is an indicator operator. The formulation above
is the weighted LASSO formulation.
The proof can be found in Appendix A.
Conventional LASSO solvers, such as least-angle regression, cannot efficiently solve the weighted LASSO problem
for high-dimensional data [27]. Consequently, an effective and
efficient algorithm should be developed to solve the problem
to satisfy the in-line monitoring requirement. A popular efficient optimization algorithm, the proximal gradient method
[27], [29] can be used to solve (5). The proximal gradient
method is focused on the minimization of summation of a
group of convex function. The function in (5) can be regarded
as two subfunctions: f (δ i j ) := (z i j − Wθ ∗i j )T −1 (z i j − Wθ ∗i j )
and g(δi j ) := γ |δ i j |1 . Since −1 is a positive semidefinite
matrix, f (δ i j ) is a convex differentiable function. Besides,
g(δ i j ) is a nondifferentiable convex function. We also proved
in Proposition 2 that f (·) is Lipchiz continuous, which can
guarantee the proximal gradient method to converge.
Proposition 2: f (·) is Lipchiz continuous, which implies
there is a constant L that makes gradient function ∇ f (·)
satisfy ∇ f (a)−∇ f (b) ≤ La − b for any a, b ∈ R with
L = (2/min(diag()))W a 22 , where ||||22 denotes square of
matrix spectral norm.
T

T
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The proof can be found in Appendix B.
Therefore, the proximal gradient algorithm can optimize
F(δ i j ) by using an iterative algorithm given by



 

(k)
, ∇ f δ i j (k−1)
+ δ i j − δ (k−1)
δ i j = argmin f δ (k−1)
ij
ij
δi j

+

L
(k−1)
δ i j − δ i j 2 + γ |δ i j |1
2



where super-indices (k) and (k − 1) denote the iteration
numbers and ·, · means the inner product operator.
Proposition 3: The proximal gradient algorithm for the
PMD in (5), given by



 

(k)
, ∇ f δ i j (k−1)
+ δ i j − δ (k−1)
δ i j = argmin f δ (k−1)
ij
ij
δi j

+

L
(k−1)
δ i j − δ i j 2 + γ |δ i j |1
2



has a closed-form solution in each iteration k, in the form of
a soft-thresholding function as follows:
(k)

δi j = S γ

L


2
(k−1)
(k−1) 
δ i j − W Ta −1 yi j −μi −Wθ ∗i j − W a δ i j
L

with L = (2/min(diag()))W a 22 .
S(γ /L) (x) = sgn(x)(|x| − (γ /L))+ is the soft-thresholding
operator, and sgn(x) is the sign function and x+ =
max(x, 0). The proof of the Proposition 3 can be found
in Appendix C.
Therefore, the convergence of the proximal gradient
algorithm is guaranteed [29]. In order to improve the convergence speed of the optimization algorithm, an APG
method [30] can be applied to adjust the original proximal
gradient algorithm. The final algorithm can be summarized as
follows.
Algorithm 1: Accelerated Proximal Gradient Based Algorithm
for the Penalized Mixed-Effects Decomposition
While j = 1 : N
Initialization:
(0)
2
W a 22 ,
δ i j = 0, L = min(diag())
μ i = median( y i· ), x (0) = 0, t 0 = 0
End
(k-1)
(k)
While δ i j − δ i j >
Let


θ ∗i j = W T z i j ◦ I B L  z i j  B U − W T B L ◦




I z i j  B L − W T BU ◦ I z i j  B L
Update

(k)
δ i j = S γ (x (k−1) − L2 W Ta −1 y i j − μ i
L

−Wθ ∗i j − W a x (k−1) )
Update
1+ 1+4t 2k−1
2

tk =
Update
(k−1)
−
x (k) = δ i j
End
End

t k−1 −1
tk

(k−1)

δi j

(k−2)

− δi j



E. Sensitivity Analysis of the Bounds
In the modeling and analysis, how to determine the bounds
B L and B U is a very important topic. The bounds are
related to the product uniformity tolerance, which is a tradeoff
between manufacturing cost and product quality. A sensitivity
analysis is conducted to study how the optimal value changes
with respect to perturbations of the constraints.
According to the analysis in Section III-D, the optimization
problem (4) is convex. Meanwhile, Slater’s condition holds for
linear box constraints in this optimization problem [31]. Thus,
the strong duality does hold for this optimization problem,
which indicates that the best bound that can be obtained from
the Lagrange dual function is tight.
In order to investigate the sensitivity of the optimal value
with respect to the perturbations of the constraints, a perturbed
version of the optimization is formulated as
min (z i j − Wθ i j )T −1 (z i j − Wθ i j )+γ |δ i j |1

θ i j ,δ i j

subjectto B L − Wθ i j 
Wθ i j − B U 

BL

BU

(6)

where B L and B U are perturbated values of the bounds
of normal effects, and z i j = yi j − μi − W a δ i j .
Let G(θ i j , δ i j ) := (z i j − Wθ i j )T −1 (z i j − W θ i j )+γ |δ i j |1 .
Let p∗ ( B L , BU ) be the optimal value of the perturbed
problem in (6). Thus, p∗ (0, 0) is the optimal value of the
original unperturbed problem in (4). Let (λ∗1 ,λ∗2 ) be optimal
for the dual equation, then we obtain [31]
p∗ ( B L , B U )≥ p∗ (0, 0) − λ∗T
1

B L − λ∗T
2

BU .

We can draw the conclusions that: 1) if λ∗1k or λ∗2k is large
and we tighten the kth constraint by choosing the negative
B Lk or BU k , then the optimal value p∗ ( B L , B U ) will
increase greatly and 2) if λ∗1k or λ∗2k is small and we lossen
the kth constraint by choosing the positive B Lk or BU k ,
then the optimal value p∗ ( B L , BU ) will not decrease too
much. Based on the Karush–Kuhn–Tucker condition of the
optimality [31], the constraint B Lk = (W θ i j )k will be active
if λ∗1k is nonzero. In practice, the selection of bounds can be
done by running the modeling and analysis based on phaseI data sets, and checking whether the detected defective part
is acceptable under the corresponding uniformity tolerance. If
some small peaks detected as defective parts are acceptable
under uniformity tolerance, we can loose the corresponding
bounds to realize better decomposition. The sensitivity analysis of the bounds will be discussed in the surrogated data
analysis in Section IV-B.
F. Criterion for Selection of the Penalized Parameter
The penalized parameter γ directly controls the tradeoff of
weighted sum of square loss function for the signal-dependent
noise eiTj −1 ei j and L 1 norm regularization of the anomalous
coefficients |δ i j |1 . Thus, γ has a significant impact on the
performance of the PMD. In this paper, we use the cross
validation to determine the value of the penalized parameter γ .
The optimal penalized parameter γ suffices minimum mean
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sum of square of difference between the original signals and
estimated signals
1

γ ∗ = argmin
γ ∈R +

n

N
i=1


ni
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N 
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TABLE I
D ETECT R ATE , FAR, D ETECTED I NTENSITY D IFFERENCE ,
AND C OMPUTATION T IME FOR D IFFERENT M ETHODS

T
( yi j − ¯ŷi[ j ] ) ( yi j − ¯ŷi[ j ] )

where yi j is the original j th measurement profile with dimension n in the i th sample; ¯ŷ i[ j] is the estimated j th measurement profile in the i th sample. ¯ŷ i[ j] is estimated by the mean
profile of other reconstructed
 i profiles except the j th one in
the i th sample. ¯ŷ i[ j] = nh=1,h
= j (μ̂i + W θ̂ ih + W a δ̂ ih ).
This criterion makes full use of the uniformity of different
profiles in the same sample. In-control profiles should be used
when the optimal penalized parameter γ ∗ is selected.
IV. S URROGATED DATA A NALYSIS OF R AMAN S PECTRA
In this section, the performance of the PMD is evaluated
through the surrogated Raman spectra from a practical experiment. Twenty Raman spectra are collected by measuring a
piece of SWCNTs buckypaper sample. A Renishaw inVia
confocal micro-Raman microscopy is used in the experiment,
which is set with 785-nm laser source and 0.5-s exposure
time. Ensemble averaging is applied to improve the signal-tonoise ratio and generate the mean vector as the ideal Raman
spectrum for further surrogate profiles generation. Ten surrogated Raman spectra are generated based on the ideal Raman
spectrum. Specifically, we consider three types of defects in
different bands of the profiles: D-band in the third profile, a
middle band between D-band and G-band in the sixth profile,
and G-band in the tenth profile, respectively. Moreover, signaldependent noise is generated by e ∼ N(0, diagonal(S) + 42),
and S is the corresponding spectrum with dimension 512.
The diagonal(S) denotes the matrix with diagonal vector S
and zero nondiagonal elements. The signal-dependent noise
distribution has been validated by the real Raman spectra data
in [6]. All the profiles with defective information and signaldependent noise are shown in Fig. 3, and the defective parts are
marked by the red circles. We can observe that the defects are
hidden in the noise, and it is not feasisble to pick up defective
profiles mannually.
A. Performance Comparison Between the PMD
and the LMM/SSD
We compare our proposed PMD with two benchmark methods: the LMM and the SSD as introduced in Section III. For
the LMM, the median vector of all the profiles are extended
to generate the design matrix of the fixed effects; and the
design matrix of the random effects are generated based on the
linear spline regression settings [26]. For the SSD, two cubic
spline basis matrices are generated as the design matrices with
100 and 128 kn; and the tuning parameters are selected automatically based on the generalized cross validation criterion
and Otsu’s method [27]. The SSD is implemented to analyze
all ten profiles. In the PMD, the penalized parameter γ can
be determined by the cross validation in Section III-F, and
the selected penalized parameter γ ∗ is 0.15 in this surrogate
data analysis. The weight vectors ω1 and ω2 were adjusted
carefully to make that the sensitivity of detecting defects

in the D-band and the G-band regions is higher than other
regions since the D-band and the G-band are closely related
to the degree of functionalization and degree of alignment
of CNT buckypaper. According to the comparison among
Coiflet, Daubechies, and Symmlet families, Daubechies 18 is
chosen as the wavelet basis upon a criterion defined by the
optimal estimated peak intensity [6]. Corresponding wavelet
design matrices W and W a are generated based on the first
level of wavelet coefficients. The variance–covariance matrix
is  = diagonal(S) + 42.
In order to evaluate the performance of the proposed PMD
and the benchmark methods, we have defined the following
criteria for comparison:
1) detection rate (DR) defined as the proportion of the real
defect points detected as the defect points;
2) false alarm rate (FAR), defined as the percentage of the
false classification of defect points in all the nondefective points, which is the smaller, the better;
3) detected
(DPID), defined as
 dpeak intensity difference
|max(Ii ) − max(Ii∗ )|/|max(Ii∗ )|, where nd
1/n d ni=1
denotes the number of real defect bands, max(Ii )
denotes the detected peak intensity in band i, max(Ii∗ )
denotes the real peak intensity in the band I , which is
the smaller, the better;
4) mean square error (MSE);
5) computation time.
The criterion (1) is the larger the better. The criteria (2–5)
are the smaller the better.
The decomposition results by the LMM, SSD, and PMD are
shown in Fig. 4 and Table I. The fixed effects, random effects,
and noise separated by the LMM are shown in Fig. 4(a)–(c),
respectively. We can observe that the random effects separated
by the LMM include both normal and defective effects. Also,
part of defective effects remains in the noise. The DR is
100%, but the FAR is as high as 85.69%, and the DPID is
77.73%. Thus, it is difficult to quantify the uniformity and
detect the defects based on the LMM. Fig. 4(d)–(f) shows
the decomposition results by the SSD, including smooth part,
sparse part, and noise. The FAR is only 2.21% but the DR
is very low (13.33%), and the DPID is huge (74.10%). The
reason for such a low DR and a large DPID is that the SSD
only applied to curves with smooth functional mean, and
it mistakenly detected the spikes existed in the G-band of
Raman spectra in the normal situation as anomalies due to the
spline basis, while the simulated defects remain in the smooth
part with fixed effects and normal effects. Therefore, we
cannot realize the quantification of uniformity and detection
only based on the smooth part. With the PMD, the result
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Fig. 4. Decomposition comparison among the LMM, the SSD, and the PMD. [Note that all the x-axis denotes Raman shift index, and all the y-axis denotes
the Raman intensity (a.u.).] (a)–(c) Fixed effects, random effects, and noise separated by the LMM method, respectively. (d)–(f) Smooth part, sparse part, and
noise separated by the SSD method, respectively. (g)–(j) Fixed effects, normal effects, defective effects, and noise separated by the proposed PMD method,
respectively.

of successfully separating the whole profiles into four parts
including fixed effects within each sample, normal effects
within each sample, defective effects within each sample, and
signal-dependent noise are shown in Fig. 4(g)–(j). Monitoring
the fixed effects in Fig. 4(g) for different samples can reveal
fabrication consistency of quality features, which is the longterm mean shift among samples as the sequentially buckypaper
fabrication process goes on. Meanwhile, the normal effects,
which are usually due to the inherent uncertainty of regular
product fabrication and measurement, are separated and shown
in Fig. 4(h). As shown in Fig. 4(i), the defects information
in the third, sixth, and tenth profiles, can be detected in the
defective effects without false detection in other profiles. The
DR is 100%. The FAR is 2.63% because of the boundary effect
when applying wavelet basis as shown in Fig 4(i). The DPID
is 30.95%.
In addition, the signal-dependent noise is shown in Fig. 4(j).
According to these four decomposed effects, we can monitor
fabrication consistency, within-sample uniformity, and withinsample defect information of quality features based on in-line
Raman spectroscopy.
Table I shows that the MSE of the LMM, SSD, and PMD
are 9.93, 10.06, and 9.18, respectively. The MSE of the PMD
is the smallest one, which makes sense because the normal
effects and defective effects are separated thoroughly. The
computation time of the LMM, SSD, and PMD are 1203.27,
0.55, and 0.94 s. The computation time of the LMM is very
large since the estimation based on REML estimation is very
slow while the APG algorithm for the SSD and the PMD is
very quick. The computation efficiency of the SSD and the
PMD meet the requirements of real-time process monitoring
based on in-line Raman spectroscopy.
The dimension of the original Raman spectra is 512 while
only 64 wavelet coefficients in the first level are extracted
for normal effects. The dimension of θ i j is much lower than
the original dimension of Raman spectra, which improves the

Fig. 5.

Comparison between the simulated noise and the estimated noise.

efficacy and efficiency of profile modeling. Similarity measure
can then be used to quantify the uniformity among ten profiles. Another 64 wavelet coefficients of defective effects δ i j
includes the defective information in corresponding profiles.
Due to the property of wavelet transformation, each defective
coefficient is related to a specific band in the Raman spectra,
which provides useful information for root cause analysis of
the defect.
In terms of noise, the simulated noise (underlying truth)
and the estimated noise by the PMD are shown in Fig. 5.
We observe that the estimated noise after applying the PMD is
quite consistent with the original simulated noise during generating simulation profiles. We introduce an index to quantify
the difference between the simulated noise and the estimated
noise, De = esim − eest 2F /esim 2F , where esim and eest are
the simulated noise and the estimated noise, respectively, and
 · 2F is square of the Frobenius norm. In the surrogated data
analysis, De = 0.3029, which implies the nonuniform noise
is modeled well in the PMD.
B. Sensitivity Analysis of the Bounds and
the Penalized Parameter
In order to evaluate detection accuracy of the PMD with
different bounds choice, we fix the penalized parameter to
0.15. Then, we compare the simulated defects (underlying
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Fig. 6. Comparison between real defects and detected defects in different profiles under different bounds. [Note that all the x-axis denotes Raman shift
index, and all the y-axis denotes the Raman intensity (a.u.).] (a) Real defects in three profiles. (b)–(f) Detected defects by the proposed PMD method under
different bound parameter w.

Fig. 7. DPID, DR, and FAR at different weighting coefficients w. (Note that
weighting coefficients correspond to different bounds by ω1 = −ω2 = w1;
the red-dashed vertical line denotes the selected weight parameter.)

truth) introduced in the surrogated data and the detected
defects in the decomposed defective effects under different
bounds. Let bounds ω = ω1 = −ω2 = w1, where w is the
weighting coefficient. The visual comparison can be found in
Fig. 6(a)–(f).
The comparison based on the criteria, including DPID,
DR, and FAR are shown in Fig. 7. Fig. 6(a) corresponds
to the simulated defects in the surrogated data. Fig. 6(b)–(f)
is associated with decomposed defective effects under
w = 0.5, 0.9, 1.3, 1.7, and 2, respectively. From Fig. 7, it is
obvious that the DPID tends to become larger as the weighting
coefficient w increases. The DR is lower than 100% when
w > 1.8. The FAR becomes lower as the weighting coefficient
w increases, and FAR is close to zero when w ≥ 1. The DR
is high and meanwhile the FAR is low when 1 ≤ w < 1.8.
Also the result is consistent with the detected defects shown
visually in Fig. 6.
All the defects in different profiles can be detected accurately when w = 1.3 or 1.7. The detected Raman intensities
tend to be a little smaller than the Raman intensities of the
true defects. This can be explained from the following three
aspects.

1) The most important one is due to the use of L 1 norm
regularization, which leads to the soft-thresholding of
the true defective information.
2) The reduced amount of detected defects can also be
explained as pure normal effects within the bound.
The detection sensitivity is controlled by the setting
of bounds. The real defective information exceeds the
bounds cannot be interpreted by the pure normal effects
and it will be recognized by the defective effects. Thus
the reduced amount of detected defects tend to be large
when the bounds change from 0.5 to 2, which is consistent with the trend of DPID in Fig. 7. If the weighting
vector is w = 0.5 and 0.9, there are false detection in
other normal profiles shown in Fig. 6(b) and (c), which
will increase the type-I error during monitoring. While
applying large weight vector such as w = 2 results in
under-detection in the sixth and the tenth profiles shown
in Fig. 6(f), which will increase the type-II error during
monitoring. A reasonable setting of bounds can realize
the tradeoff between the detection power and the FAR in
the monitoring. Usually we choose tighter bounds under
the D-band, the G-band, or other important zones in
a Raman spectra since they are closely related to the
degree of functionalization and the degree of alignment
for the quality of buckypaper.
3) Although we choose oracle bounds for the PMD, the
detected defects are smaller than the simulated defects.
One reason of this is that the signal-dependent noise
compensates part of defective change in the profiles
and the compensation results in the reduced amount of
Raman intensity in defective effects.
We also explore the sensitivity analysis of the penalized
parameter γ in the surrgoated analysis. In this case, we fix
the bounds by ω1 = −ω2 = 1. The change of quantitative
indices, including DPID, DR, and FAR, over the penalized
parameter γ is shown in Fig. 8. From Fig. 8, it is obvious that
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Fig. 10. In-line Raman spectroscopy measurement zone and quality information obtained by the PMD.
Fig. 8. DPID, DR, and FAR at different penalized parameters γ . (Note that
the red-dashed vertical line denotes the selected penalized parameter γ ∗ .)

Fig. 9. Renishaw inVia micro-Raman system with custom-designed remote
optical probe and roller sample stage.

the DPID tends to become larger as the penalized coefficient
γ increases, while the DR tends to become smaller. The
reason of aforementioned properties is that larger penalized
parameter results in more regularization on the L 1 norm of
the anomalous coefficients. The pattern of DR and DPID has
step/ladder patterns because there are three types of defects in
different bands of the profiles in the surrogated data. Once a
defect is missed, the DR has a step decrease. For the FAR, we
can find that it decreases slightly as the increase of penalized
parameter. That means the FAR is not highly dependent on the
penalized parameter, and it is mainly influenced by the bounds
( B L and BU ). Furthermore, the selected optimal penalized
parameter γ ∗ = 0.15 obtained via the cross validation is
shown in the red dashed line in Fig. 8. The selection of γ ∗
can achieve very high DR with low FAR and DPID.
V. C ASE S TUDY
In this section, the proposed PMD is applied to a case
study of in-line Raman spectra modeling and analysis. The
setup of in-line Raman spectroscopy is shown in Fig. 9. In the
experimental setup of the case study, near infrared laser with
a wavelength of 785 nm and a power of 150 mW was used to
eliminate the effect of ambient light. Low magnification lens
was used to achieve a larger focus tolerance.
Raman mapping technique is used to record Raman spectra
in the measurement zone with a rectangular shape and a
grid pattern. The measurement points and part of the quality
information obtained by the PMD are shown in Fig. 10.
As shown in Fig. 10, ten samples with each sample containing ten measurement points are tested sequentially with a
distance of 12 μm in the x-axis, which are marked with the

Fig. 11.

Fixed effects separated by the PMD in different Raman samples.

red rectangular (dotted line) or green rectangular (line). All
measurement locations are marked with a blue cross or a red
circle. Raman spectrum with 512 Raman shifts (dimension)
is collected for each measurement point. Within the same
Raman sample, the distance between two measurement points
is 1.2 μm in the y-axis, which is much smaller than the
distance (12 μm) between samples in the x-axis. All the
Raman spectra are collected based on a piece of SWCNTs buckypaper in the Renishaw confocal research Raman
microscopy with 785-nm laser source and 0.5-s exposure time
for each measurement point.
The PMD is implemented to decompose the in-line Raman
spectra into fixed effects, normal effects, defective effects, and
signal-dependent noise. The fixed effects of these ten Raman
samples are shown in Fig. 11. We can observe that there is a
mean shift started from the ninth sample. The samples after the
mean shift are marked by the green rectangulars in Fig. 10.
The Raman intensity tends to be smaller than other normal
samples, which likely comes from the measurement equipment
(the focus depth change due to sample local deformation) or
product quality (the degree of functionalization, the degree of
alignment changes, nanotube distribution, and dispersion).
The defective effects separated by the PMD show that the
first two measurement points in the second sample, the eighth
and the ninth points in the fourth sample, and the ninth point
in the tenth sample are defective points, which are marked
as red circles in Fig. 10. The original Raman spectra and
defective effects by the PMD in the second, the fourth, and
the tenth samples are shown in Fig. 12. The sixth sample,
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Original Raman spectra and defective effects separated by the PMD in the second, fourth, sixth, and tenth samples.

which is a normal Raman sample, is also shown in Fig. 12
for the benchmark. We can observe that the defective effects
remain constant for the sixth sample. We find that the defective
effects occur in the G-band zone for the second and tenth
samples. The defects are due to impurity of raw material,
different degree of functionalizations, different alignment of
CNTs, or bad nanotube dispersion. Moreover, a large spike is
detected as defective random effect between the D-band and
the G-band for the fourth sample, which may result from some
measurement errors, such as external light.
VI. S UMMARY
In the continuous CNT buckypaper manufacturing process,
in-line Raman spectroscopy is applied in collecting Raman
spectra, which is a complicated profile data, to monitor
the quality characterization and quantification of buckypaper.
Three quality characteristics are primary concerns during the
monitoring and control of buckypaper fabrication process:
1) quality consistency; 2) within-sample uniformity; and
3) within-sample defect information.
The main contribution of this paper is to propose a new
PMD method to achieve multichannel profile detection and
analysis based on in-line Raman spectroscopy in the continuous nanomanufacturing process. The proposed PMD can
decompose the profiles into four parts: fixed effects, normal
effects, defective effects, and signal-dependent noise. Wavelet
basis is applied as a design matrix in the penalized mixed
model because its ability for sparse representation of the
Raman spectrum and its ability to handle nonsmooth profiles.
A weighted sum of square loss function is applied to model
the signal-dependent noise and the L 1 norm regularization is
implemented to induce the sparsity of the defective random
coefficients. The PMD combines the advantage of the LMM
and SSD, and performs better in multichannel profile detection
based on the in-line Raman spectroscopy. An APG-based
algorithm is developed to efficiently handle the parameter
estimation of the PMD with linear constraints. The developed
algorithm is computationally efficient and meets the real-time

monitoring requirement during the CNT buckypaper fabrication process. Furthermore, the sensitivity analysis of the
bounds is conducted to demonstrate how to determine proper
bounds to achieve a tradeoff between the detection power and
the FAR.
A surrogated data analysis is conducted to compare the
performance of the PMD with the LMM and the SSD. The
PMD decompose the simulated profiles into four parts successfully. The suitable bounds can be determined by the sensitivity
analysis and the product tolerance. We have defined the five
criteria for comparison: 1) detection rate (DR); 2) false alarm
rate (FAR); 3) detected peak intensity difference (DPID);
4) mean square error (MSE); and 5) computation time. The
PMD can get a higher DR with a lower FAR and a lower DPID
compared to the benchmark methods. The PMD can realize
100% DR with 2.63% FAR and 30.95% DPID. In addition,
the MSE and the computation time are lower than the benchmark methods. The case study shows that the decomposition
based on the PMD is able to detect the mean shift of fixed
effects and detect the defects in different bands of different
profiles. All these studies indicate that the PMD works well
for the modeling and analysis of multichannel in-line Raman
spectroscopy.
A PPENDIX A
Proposition 1 Proof: Given δ i j , θ i j can be derived by the
optimization problem as follows:
θ i j = argmin(z i j − Wθ i j )T −1 (z i j − W θ i j ) + γ |δ i j |1
δi j

subjectto B L  Wθ i j  BU
where z i j = yi j − μi − W a δ i j .
Since  is the diagonal matrix with each entry is positive,
we can solve the optimization componentwise by univariate
quadratic programming with linear constraints. (Note that if
 is not diagonal, the optimization can be solved by the
quadratic programming with linear constraints. However, the
computation speed will be slower.) Considering the orthogonal
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wavelet basis matrix W, the problem can be solved by a
closed-form solution
θ ∗i j = W T z i j ◦I (B L  z i j  BU ) + W T B L ◦ I(z i j  B L )
+ W T B U ◦I(z i j

BL)

It can be shown that
T −1 


δ i j = argmin F(δ i j ) = z i j −Wθ ∗i j  z i j −Wθ ∗i j +γ |δi j |1
δi j

Proposition 2 Proof: It is readily to show that −1 is
a diagonal, positive definite matrix with all diagonal entries
equal to the variance of Raman intensity corresponding to
the related Raman shift. Thus, the spectrum norm of matrix
−1 is the maximum eigenvalue of the matrix −1 , which is
1/min(diag())
−1  = 1/min(diag()).
We can write down the gradient function
∇ f (a)
T



= ∇ yi j −μi −W a a−Wθ ∗i j −1 yi j −μi −W a a−Wθ ∗i j


= −2W Ta −1 yi j − μi − W a a − Wθ ∗i j
Then, we can get the difference between the gradient function
for a and the one for b satisfies
∇ f (a) − ∇ f (b)


= 2W Ta −1 W a (a − b)


≤ 2W T −1 W a  · a − b
2

≤ 2−1 W a 22 · a − b
= (2/min(diag()))W a 22 · a − b.
Thus, f (·) is the Lipchiz continuous, which implies that
there is a constant L that makes gradient function ∇ f (·)
satisfing ∇ f (a) − ∇ f (b) ≤ La − b for any a, b ∈ R
with L = (2/min(diag()))W a 22 .
A PPENDIX C
Proposition 3 Proof: The proximal gradient algorithm for
the PMD problem in (5), given by



 (k−1)  
(k)
(k−1)
δ i j = argmin f δ i j
+ δ i j − δ i j , ∇ f δ i j (k−1)
+


L
δ i j − δ (k−1) 2 + γ |δ i j |1
i
j
2

δ (k)
ij

 

 

= argmin f δ (k−1)
, ∇ f δ i j (k−1)
+ δ i j − δ (k−1)
ij
ij

L
2
δ i j − δ (k−1)

+
γ
|δ
|
ij 1
ij
2

 


1 
∇ f δ (k−1)  + δ i j − δ (k−1) , ∇ f δ i j (k−1)
= argmin
i
j
i
j
2L
δi j

2
L
 + γ |δ i j |1
+ δ i j − δ (k−1)
ij
2



 (k−1) 2
L
1
(k−1)
δ i j − δ
 + γ δi j
− ∇ f δi j
= argmin
ij

1
2
L
δi j


L
δ i j − δ (k−1) − 2 W T −1 yi j − μi − W θ ∗
= argmin
a
ij
ij
2
L
δi j


 + γ |δ i j |1
− W a δ (k−1)
ij
+

A PPENDIX B

δi j

For each iteration given by (k−1) step

δi j

which is the weighted LASSO formulation.

a

To prove the proposal above, we write down the gradient
function


∇ f (a) = −2W Ta −1 yi j − μi − Wθ ∗i j − W a a

 (k−1) 
(k−1) 
= −2W Ta −1 yi j − μi − Wθ ∗i j − W a δ i j
.
∇ f δi j



has a closed-form solution in each iteration k, in the form of
a soft-thresholding function as follows:

2
(k)
(k−1)
(k−1) 
δ i j = S γ δ i j − W Ta −1 yi j −μi − W θ ∗i j −W a δ i j
L
L
with L = (2/min(diag()))W a 22 .
S(γ /L) (x) = sgn(x)(|x| − (γ /L))+ is the soft-thresholding
operator, and sgn(x) is the sign function and x+ = max(x, 0).

= Sγ

L

δ (k−1)
−
ij


2 T −1 
Wa 
yi j − μi − Wθ ∗i j − W a δ (k−1)
i
j
L

which is the exact soft-thresholding solution.
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