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Temporally and spatially dense data-rich environments provide unprecedented opportunities and challenges
for effective process control. In this article, we propose a systematic and scalable adaptive sampling
strategy for online high-dimensional process monitoring in the context of limited resources with only
partial information available at each acquisition time. The proposed adaptive sampling strategy includes a
broad range of applications: (1) when only a limited number of sensors is available; (2) when only a limited
number of sensors can be in “ON” state in a fully deployed sensor network; and (3) when only partial
data streams can be analyzed at the fusion center due to limited transmission and processing capabilities
even though the full data streams have been acquired remotely. A monitoring scheme of using the sum
of top-r local CUSUM statistics is developed and named as “TRAS” (top-r based adaptive sampling),
which is scalable and robust in detecting a wide range of possible mean shifts in all directions, when
each data stream follows a univariate normal distribution. Two properties of this proposed method are also
investigated. Case studies are performed on a hot-forming process and a real solar flare process to illustrate
and evaluate the performance of the proposed method.
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INTRODUCTION

In modern quality control, online monitoring of high-dimensional data streams in real time has become increasingly important due to the pervasive use of multiple sensors to observe
a system. Examples of these cases include distributed sensing
networks (DSNs) and image sensing devices. Due to the complexity of a system, the amount of data needs to be collected
for monitoring becomes extremely large volume and high dimensional. However, with the resource constraints (e.g., limited
number of sensors, limited bandwidth or energy constraint, limited transmission and processing time), it often requires us to
make a decision based on partial observations during online
monitoring. To address this issue, this paper focuses on developing a systematic and scalable adaptive sampling strategy that
enables us to actively select the partial “observable” data to
maximize the change detection capability of the whole system
subject to the resource constraints.
A high-level description of our problem is as follows. Suppose
that there are m variables M = {1, . . . m} of interest. At each acquisition time t, Xt = (X1,t , . . . Xm,t ) denotes the measurement
values of these variables. We are interested in detecting a possible change on certain characteristics, say, means or variances, of
some components of Xt . However, due to resource constraints,
only q (q ≤ m) out of m data streams can be observed at each
acquisition time, in which the sampling rate is also constrained
by the system capacity. Mathematically, let δk,t be a binary
variable for the observation Xk,t , such that δk,t = 1 if and only
is observed at time t. Then, the resource constraints
if Xk,t 
imply m
k=1 δk,t = q for all time t. The question is how to
adaptively choose δk,t ’s at each time and how to use the ob-

served partial data to quickly detect the system change while
maintaining a prespecified in-control average run length (ARL)
requirement.
To highlight our main ideas, below we will focus on detecting
a change on the means of some components of Xt . Specifically,
the following assumptions are made: (1) The sampling strategy can be timely implemented without any cost within each
sampling interval. (2) When the process is in-control, Xt is
independently and identically distributed (iid) across different
time t with a joint distribution function F (Xt ), in which each
variable k has a normal probability density function f (Xk,t ).
(3) Without losing generality, the in-control mean and the incontrol variance of each variable k are assumed to be known
as in (Hawkins 1993). In practice, these parameters can be estimated offline from a sufficiently large sample of measurements
or known from engineering specifications when designing the
process. In addition, a preliminary transformation has been applied to the data, so that each variable has a mean of 0 and a standard deviation of 1. (4) At some finite time γ , there are changes
in the means of data streams made at a subset M0 ⊂ M. The
distribution of Xt after process changes is denoted as G(Xt ),
where each variable k has a normal probability density function
gk (Xk,t ) with mean uk and variance 1. The change point γ , the
subset M0 and its cardinality, and the magnitude and the di-
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rection of the post-change mean uk are generally unknown. In
addition, it is worth mentioning that the problem defined here is
called unstructured in the sense that we do not assume a spatial
structure that relates the data streams to one another (Xie and
Siegmund 2013).
The primary contribution of this article is to develop an adaptive sampling strategy over the spatial domain for online highdimensional process monitoring in the field of statistical process
control (SPC). In the SPC literature, adaptive sampling strategies with variable sample sizes and/or sampling intervals are
widely used in quality inspection to eliminate the defective units
(Montgomery 2009; Li and Qiu 2013). However, these existing
adaptive sampling strategies focus on actively selecting partial
information over the temporal domain (i.e., decide the data acquisition frequency). In the context of field estimation in the
offline spatial statistics, the idea of sequentially adding (reducing) the amount of acquisitions in the spatial domain is applied
to explore the correlation between measured samples (Fiorelli
et al. 2006; Rahimi et al. 2005). Our application of adaptive
sampling strategy over the spatial domain to SPC is new, as we
face the need of actively selecting which data streams should be
observed in the spatial domain.
From the technical point of view, our proposed adaptive sampling method includes two novel ideas. One is introducing a
compensation coefficient to the local data streams for not taking
observations, and the other is relocating resources to closely
monitor those data streams that most likely involve a change
based on past information. These two ideas allow our proposed
sampling strategy to behave like a random sampling when the
system is in-control and like a greedy sampling strategy when
the system is out-of-control. The proposed method is named as
top-r based adaptive sampling (TRAS). Our approach is inspired
by the monitoring scheme in (Mei 2011), which is based on investigating the sum of top-r local cumulated sum (CUSUM)
statistics. However, our approach is different from the one in
(Mei 2011) because the monitoring scheme proposed by Mei
(2011) assumes that all variables are measurable and independent. Therefore, it cannot be directly employed to the adaptive
sampling problem discussed in this article.
The proposed adaptive sampling strategy includes a broad
range of applications: (1) when only a limited number of sensors is available during online monitoring (e.g. see Limongelli
2003); (2) when only a limited number of sensors can be in
“ON” state in a fully deployed DSN at any given time for data
acquisition and transmission purposes (e.g., see Tan et al. 2012);
and (3) when only partial data streams can be analyzed at the
fusion center due to limited transmission and processing capabilities even though the full data streams have been acquired
remotely.
For simplicity, in the remaining of this article, we consider
only the scenario that the available data streams are collected
by q sensors and we focus on adaptively changing sensor layout
for quick change detection. This article is organized as follows:
In Section 2, we first review the topics related to our defined
problem and then focus on the cumulated sum (CUSUM)-based
methodologies for process monitoring. Section 3 proposes an
adaptive sampling strategy for online process monitoring and
further investigates two properties of the developed method. Parameter settings involved in the algorithm will also be discussed.
TECHNOMETRICS, AUGUST 2015, VOL. 57, NO. 3

Section 4 conducts two case studies based on a hot-forming process and also a real solar flare process to test and validate our
proposed method in practice. Finally, Section 5 draws a conclusion and discusses the future work.
2.

LITERATURE REVIEW

This section contains two subsections. In Section 2.1, we will
review a couple of topics that are closely related to our defined
problem from the application point of view. Then, in Section
2.2, we will do a quick review of the CUSUM-based methodologies from the methodology point of review, as we will use the
CUSUM control chart specifically as a demonstration to monitor
each local data stream and then combine them together to produce an adaptive sampling strategy for online high-dimensional
process monitoring.
2.1 Review of Related Topics
Our research is related to a couple of topics in the literature
from the application point of view. The first one is the optimal
design of a sensor system in a DSN. Comprehensive reviews
of the state-of-the-art developments in DSNs for quality and
productivity improvements can be found in (Ding et al. 2006;
Mandroli et al. 2006). The conventional sensor system design
often assumes that the sensor layout is fixed during online monitoring. However, numerous studies have shown that variables
without sensor deployment will have a much lower detectability
and diagnosability (Li and Jin 2010; Liu and Shi 2013). To address this issue, adaptive sensor allocation algorithms have been
developed to improve the monitoring and diagnostic capabilities. One of the most recent research efforts has been done by Liu
et al. (2013), who integrated the multivariate T 2 control chart
and causal structures in a Bayesian network (BN) to develop an
adaptive sensor allocation strategy. Their approach can greatly
reduce the detection delay and increase the diagnostic accuracy
compared with the fixed strategy in (Li and Jin 2010; Liu and
Shi 2013). Unfortunately, there are three main limitations in that
approach: (1) a BN must be known; (2) it only focuses on single
mean shift detection; and (3) the computational complexity is
exponential in the number of variables.
Another closely related topic is the theory of searching and
tracking targets (Lim et al. 2006; Zoghi and Kahaei 2010;
Kagan and Ben-Gal 2013), in which the problem is to study
how to most effectively employ limited resources when trying
to find an object whose location is not precisely known (Frost
and Stone 2001). Although many research efforts have been
made on this topic, most of them assume that (1) a single target already exists in the searching space but at some unknown
location; and (2) the searching result is binary (Katenka et al.
2008), which can be used to update the location probability distribution of the target over the space by a Bayesian statistics
approach. In the case that there are multiple search agents and
multiple targets, additional questions arise regarding collective
decision making, sharing information, and online communication between the search agents. On the contrary, this article aims
at developing an online monitoring scheme, in which the data
streams are continuous flows of data. In addition, our method
does not require any assumption on the potential failure pat-
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terns (i.e., does not assume a prior probability distribution of the
change locations), nor information sharing (e.g. considering the
current spatial relationships between multiple search agents).
2.2

Review of CUSUM-Based Methodologies
for Process Monitoring

From the methodology point of review, our proposed methodologies rely heavily on efficient univariate control charts for
monitoring univariate local data streams. To demonstrate our
main ideas, we will choose the CUSUM procedure in this article as our baseline univariate control chart, though our ideas can
be extended to other efficient univariate control charts such as
exponentially weighted moving average (EWMA) and Shewhart
charts. Below, we will do a quick review of the CUSUM-based
methodologies for univariate data streams and its extension to
the multivariate case.
CUSUM-based methodologies are a set of sequential procedures to calculate cumulative sums based on likelihood ratios,
which can be used for detecting a shift in a process. The CUSUM
procedure was first developed by Page (1954), who proposed to
monitor a univariate variable with CUSUM statistic W1,t at time
t(t = 1, 2, . . .):


g1 (X1,t )
, 0
W1,t = max W1,t−1 + log 
and W1,0 = 0.
f X1,t
(1)


In the case that f X1,t and g1 (X1,t ) are normal distribution
density functions with common variances 1, and means 0 and
u1 , respectively, Equation (1) is reduced to


u21
W1,t = max W1,t−1 + u1 X1,t − , 0
and W1,0 = 0.
2
(2)

and Runger (1990) proposed two similar multivariate CUSUM
schemes, which are simpler but have a better ARL performance
than the ones in (Crosier 1988). Hawkins (1993) introduced
CUSUM procedures based on a set of regression-adjusted
variables. Ngai and Zhang (2001) considered a two-sided
CUSUM chart for monitoring process mean via projection
pursuit method. Chan and Zhang (2001) further extended the
method for monitoring the covariance matrix. Qiu and Hawkins
(2001, 2003) proposed a rank-based multivariate CUSUM
procedure, which is distribution free. Cheng and Thaga (2005b)
developed a multivariate max-CUSUM chart to simultaneously
monitor the shifts in both mean vector and covariance structure
with different directions. Qiu (2008) further proposed a
distribution-free multivariate CUSUM procedure based on
log-linear modeling, which transfers the multivariate vector
observations into a vector with only binary elements. Zou and
Qiu (2009) integrated the SPC methods with LASSO-based
variable selection algorithms, which can provide a balanced
protection against various shifts. A comprehensive introduction
to this topic can be found in a recent book by Qiu (2013).
However, this research line relies on the estimated joint density
function or other properties of multivariate vector observations,
and the computational cost is often high, which limits their
application to high-dimensional processes monitoring.
A different approach of using CUSUM for the multivariate
case is to combine local univariate procedure together into a
single global scheme. One intuitive idea is to monitor CUSUMs
of individual measurements simultaneously and raise an out-ofcontrol alarm whenever any of the univariate CUSUM charts
indicates an out-of-control (i.e., based on the maximum of local
CUSUM statistics) (see Woodall and Ncube 1985; Tartakovsky
et al. 2006). Specifically, the alarm will be raised at the first
time t such that maxk Wk,t ≥ b. Mathematically, this procedure
is defined by the integer-valued stopping time:
Tmax (b) = inf{t ≥ 1 : max Wk,t ≥ b},
k

When the postchange mean u1 is unknown, the standard approach is to estimate it by the maximum likelihood method
(Lorden 1971; Tsui et al. 2012) or replace it with a constant
parameter, which represents the interested-smallest magnitude
of mean shift to be detected, umin . When umin ≥ 0, the CUSUM
control chart is only able to detect a positive mean shift. In order
to detect the mean shift in both positive and negative directions,
the two-sided CUSUM procedures are suggested (Page 1954).
In addition, several efforts have been made to combine the twosided procedures into a single control chart (see Crosier 1986;
Cheng and Thaga 2005a).
Since the univariate CUSUM control chart was proposed,
numerous contributions have been made to study the CUSUM
control chart for the multivariate case. One approach is to
directly consider the density function or other properties of
multivariate vector observations. Healy (1987) viewed the
CUSUM procedures as a series of sequential probability ratio
tests and proposed a method for detecting a shift in both the
mean vector and the covariance matrix based on a linear combination of individual measurements. Crosier (1988) suggested
two multivariate CUSUM procedures, in which the first one
is based on the square root of T 2 statistics and the second
one is based on a vector-valued CUSUM scheme. Pignatiello
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(3)

where “inf“ is used to denote that Tmax (b) = ∞ if such t does
not exist; and b is a constant number that determines the operating characteristics of the procedure (i.e., maintain a prespecified
in-control ARL requirement). The approach of using the maximum of local CUSUM statistics is preferable when the number
of root cause variable is one. Another monitoring scheme was
proposed by Mei (2010), which is based on the sum of all local
CUSUM statistics. The proposed stopping time is
m

Tsum (c) = inf{t ≥ 1 :

Wk,t ≥ c},

(4)

k=1

where c is a suitable constant number like b in Equation (3). This
procedure is most effective when multiple variables simultaneously shift. Indeed, Tsum (c) is a maximum likelihood ratio-based
procedure when changes are allowed to occur at different times
for different data streams.
Recently, Mei (2011) further extended Tsum (c) to propose another global monitoring scheme based on the sum of the largest
r local CUSUM statistics. This is a maximum likelihood ratiobased procedure under the additional assumptions that different
data streams have different change-points and at most r data
streams are affected. Note that Tmax (b) in Equation (3) and
TECHNOMETRICS, AUGUST 2015, VOL. 57, NO. 3
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Tsum (c) in Equation (4) can be regarded as the special cases of
using the sum of top-r local CUSUM statistics when r = 1 and
r = m, respectively.
3.

ADAPTIVE SAMPLING STRATEGY

When dealing with a process monitoring problem in the context of limited resources, there are two intuitive ways of choosing
the sample strategy. The first one is to (randomly or purposely)
fix q out of m data streams to monitor the process. However,
the approach relies on that the set of q data streams and the set
M0 (the set of variables with shift) intersect; otherwise, it will
completely miss to detect the change. Considering an example
with only m = 1000 variables, 5 shift variables, and q = 5 sensors randomly distributed, the probability that these two sets
interact is only 0.0248. As the dimension parameter m becomes
larger, this probability will become even smaller, and thus this
approach (pre-fix q out of m data streams) is ineffective to monitor the process change in high-dimensional settings when the
potential failure locations are unknown. The second approach
is called random sampling, which will randomly choose q of
m data streams to monitor at each time. Although this idea is
straightforward, it is surprising that both the application and
the performance of this approach (i.e. randomly choose q out
of m data streams to monitor the process) to high-dimensional
settings has not been fully studied yet in the SPC literature.
By using the random sampling algorithm, the probability that
these two sets never interact to each other will decrease as time
goes. This provides us a confidence that the shift variables will
be monitored at certain time. Unfortunately, an obvious limitation of this random sampling approach is that if the monitored
variable with change is not significantly large to trigger an outof-control alarm immediately, then it will likely switch to other
variables to monitor at next time step, which deteriorates the
detection performance. Thus, one interesting question here is
whether we can develop a more intelligent sampling strategy
that can integrate the advantages of these two intuitive sampling
approaches in an automatic way. If so, the new method would be
able to quickly detect a wide range of possible changes with no
prior knowledge of the potential failure patterns by adaptively
and automatically adjusting to and then sticking to sampling the
shift variables.
To tackle this challenging question, we propose to extend the
idea of top-r local CUSUM statistics in Mei (2011) for effective
monitoring of the high-dimensional process in the context of
limited resources. In the proposed approach, we first monitor
each data stream locally through some classical computationally
simple but efficient univariate control charts, and then combine
all local univariate control charts together to produce a single
global monitoring statistic. There are two novel ideas in the
proposed strategy: (1) introducing a compensation coefficient 
to the local statistics for not taking observations, and (2) focusing
on only the r most significant local univariate control charts and
considering the sum of the corresponding local statistics (in the
log likelihood scale) for some suitable choice of r.
The reason of introducing the compensation coefficient 
is to make sure that no data streams will be left unobserved
for a long period when the system is in-control and thus the
proposed method will behave similarly to the random sampling
TECHNOMETRICS, AUGUST 2015, VOL. 57, NO. 3

method. On the other hand, the sum of top-r local statistics will
smooth out the noise when at most r data streams are affected
and thus our proposed algorithm will become a greedy algorithm and eventually stick to sampling those out-of-control data
streams. In other words, our proposed method can be regarded as
a combination of the two intuitive sampling approaches, random
sampling when the system is in-control and fixed (greedy) sampling at the shift variables when the system is out-of-control.
The novelty of our method is that it can integrate these two
intuitive sampling approaches automatically.
We mentioned before that the proposed TRAS algorithm will
be an effective tool for monitoring of high-dimensional process.
Here, we would like to further clarify the meaning of the word
“effective” in our context. First, “effective” should be evaluated by comparing with a baseline model, which is the random
sampling method, rather than the SPC/CUSUM method that
knows exactly where the changes will occur. This is because
the core challenge here is “how to manage the limited monitoring resource” rather than a traditional SPC problem which is
“how to monitor a specified target.” Thus, the effectiveness of an
algorithm or control chart should be compared with a baseline
method (random sampling) in term of how well they can manage
the limited monitoring resource for SPC purpose. In this regards,
the “absolute” performance of our proposed TRAS algorithm on
some extreme conditions might not be numerically appealing,
but it can still be promising if the baseline (random sampling)
method performs much worse. For instance, let us consider an
extreme example in which we want to detect a mean shift in
m = 105 variables but only with one resource q = 1. The detection delays of all reasonable SPC methods will be much larger
as compared to those SPC/CUSUM methods that have a precise
knowledge about which variable will be changed, and thus such
approach will lead to an unfair comparison. Second, in this paper, from an asymptotic point of view (see Section 3.2 for more
details), we will demonstrate that the proposed TRAS algorithm
will lead to an “effective” detection of the change variable in the
long run. However, since the asymptotic results do not always
translate into empirical properties due to slow convergence rate,
we acknowledge that it would be an interesting question to investigate the practical “effectiveness” of the proposed method,
which will be studied as a future study.
Below, we will present the details of the proposed method
in Section 3.1 and further discuss its properties in Section 3.2.
Parameter settings of the proposed method are discussed in
Section 3.3.
3.1 Methodology Development
There are three essential components in our proposed adaptive sampling strategy: (1) how to construct local statistics with
dynamic partial observations; (2) when to indicate process is
out-of-control; and (3) how to redistribute sensor layout. Below we will explain each of them in detail and then provide an
overview of our proposed method.
3.1.1 Local Statistics. In this article, we are interested in
detecting both positive and negative mean shifts in any variable.
Thus, a two-sided local statistic for each variable k at time t is
defined as (see Cheng and Thaga 2005a, b):
 (1)
(2) 
,
(5)
, Wk,t
Wk,t = max Wk,t
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(1)
(2)
where Wk,t
and Wk,t
are the local statistics for detecting positive
and negative mean shifts, respectively.
Due to limited resources, only q data streams are available
at each acquisition time. Therefore, depending on whether a
sensor is deployed on the variable k, the adaptive sampling
strategy focuses on defining how to construct the local statistics,
(1)
(2)
and Wk,t
. In the scenario that a sensor is deployed on
Wk,t
variable k at time t, we use the following equation to calculate
the local statistics based on Equation (2) (for t = 1, 2, . . .):


u2
(1)
(1)
= max Wk,t−1
+ umin Xk,t − min , 0
Wk,t
2
and


u2min
(2)
(2)
,0 ,
(6)
Wk,t = max Wk,t−1 − umin Xk,t −
2
(1)
(2)
where Wk,0
= Wk,0
= 0. Since the postchange mean uk in Equation (2) is usually unknown, it has been replaced by a constant
positive parameter umin , the interested-smallest magnitude of
mean shift to be detected, as introduced in Section 2 (see the
guidelines in Section 3.3 on how to determine the value for
umin ).
On the other hand, when a sensor is not deployed on variable
k at time t, we construct the local statistics by introducing a
compensation coefficient  ≥ 0:
(1)
(1)
Wk,t
= Wk,t−1
+

and

(2)
(2)
Wk,t
= Wk,t−1
+ ,

(7)

where  is a constant tuning parameter for not taking observations when updating the local statistics (see the guidelines in
Section 3.3 on how to determine the value for ).
It is worth mentioning that the two-sided local statistic Wk,t is
always nonnegative for all variables k and all time t based on
Equations (5)–(7), and it will be large no matter whether the
process has a positive or negative mean shift in variable k. In
the following study, we will assume that the constructed local
statistics are all two-sided, unless otherwise specified.
3.1.2 Stopping Time. Let W(1),t ≥ · · · ≥ W(k),t ≥ · · · ≥
W(m),t denote the decreasing order statistics of {Wk,t , k =
1, 2, . . . , m}. Inspired by Mei (2011), the stopping time of the
monitoring procedure can be determined as
r

Ttop,r (d) = inf t ≥ 1 :

W(k),t ≥ d ,

(8)

k=1

where W(k),t denotes the kth largest local statistics and d is
a suitable constant number like b and c in Equations (3) and
(4). Empirical results have shown that using the sum of topr local CUSUM statistics is sensitive and robust to detect process
change with suitable choices of r (Mei 2011) (see the guidelines
in Section 3.3 on how to determine the values for r and d).
3.1.3 Redistribute Sensor Layout. We let l(k),t denote the
variable index of the decreasing order statistic W(k),t . Since a
larger local statistic indicates that the variable is more likely to
have a mean shift, we will redistribute sensor resources onto the
variables with the first q largest local statistics after checking
the stopping rule at each time t:
S = {l(1),t , . . . , l(q),t },

(9)

where S denotes the new sensor layout. In the case that there
are more than one variable achieving the same statistic value

Figure 1. The overall flow chart of the TRAS algorithm.

as W(q),t , which results in a nonunique solution for S, we will
randomly choose one of the solutions to update S.
3.1.4 Overview of the TRAS Algorithm. The initial sensor
layout is not critical since the adaptive sampling strategy will be
updated at each acquisition time according to the online measurements. An overview of the TRAS algorithm is illustrated in
Figure 1.
Recall that no matter whether the process has a positive or
negative mean shift in variable k, the corresponding local statistic Wk,t will become large. Thus, our proposed method is robust
in the sense that it is able to detect a wide range of possible shifts
in all directions without making any assumption on the spatial
structure of variables or requiring any prior knowledge on the
potential failure pattern. On the other hand, since only m local statistics are recursively calculated at each time epoch, the
computational cost is linear in the number of variables. Therefore, the proposed method is scalable for online monitoring of
a large number of data streams. It is interesting to compare our
proposed approach with the existing multivariate SPC methods
from the spatial-temporal viewpoint. The existing multivariate
SPC methods (e.g., T 2 control chart) often first look at the spatial
domain and then consider the temporal domain. Our proposed
approach switches the spatial and temporal domains and thus
leads to a scalable scheme with significantly reduced computational complexity. Furthermore, since the proposed method has
a recursive formula, in which the next sampling strategy only
depends on the current information collected at the fusion center
(i.e., the algorithm satisfies Markov property), it can save much
cost and time for storing large amount of data.
3.2

Properties of TRAS Algorithm

In this section, we provide two properties associated with the
TRAS algorithm. These two properties ensure that the TRAS
algorithm can not only quickly detect a wide range of possible shifts in all directions, but also identify the shift variables
under certain constraints. In the properties, the following variable plays an important role, which characterizes the difference
TECHNOMETRICS, AUGUST 2015, VOL. 57, NO. 3
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between the true postchange mean uk and our preassigned parameters umin and :
ρk = umin uk −

u2min
− .
2

(10)

Recall that M = {1, . . . , m}. We first investigate the property
when there is no mean shift or only small mean shifts occurring
in the system (i.e. ρk ≤ 0 for all variables k from the set M).
Property 1. Assume ρk ≤ 0 for all variables k from the set
M. Let set U denote those k ∈ M such that a sensor will never
be redistributed to the variable k after some finite time t0 . Then
as d → ∞, P (U = ∅) → 1, where ∅ represents the empty set
(proof is in Appendix A).
The first property discusses the randomness of sensor layout
when either the system is in-control or only small mean shifts
occur. When ρk ≤ 0, a sensor will not stick to the variable k, but
will be redistributed to other variables with infinite number of
times. In other words, sensors will not stick to a certain layout
and any variable will not be always left unattended though only
a limited number of variables can be observable at any given
time.
Let card(∗) denote the cardinality of the set ∗. Next, we investigate the property when modest mean shifts occur in the system
(i.e. there exists some variable k such that ρk > 0).
Property 2. Let B = {k ∈ M : ρk > 0}. Then, for any finite
time t, once a sensor is deployed on the variable k ∈ B at time t,
there is a nonzero probability such that the sensor will never be
redistributed to other variables, as d → ∞ (proof is in Appendix
B).
The second property indicates that sensor resources will eventually stick to the set of variables with modest mean shifts.
According to Property 1, we have already shown that sensor
resources will not stick to the variables in M\B, and thus
they must be redistributed to the variables in B at some time.
Since once a sensor is deployed on the variable in B, there is
always a nonzero probability such that the sensor will never
be redistributed to other variables. Therefore, sensor resources
will eventually stick to the variables that belong to B. It worth
mentioning that when the number of sensors q ≥ card (B), all
variables in B will eventually have sensor deployed and the remaining sensors are redistributed among the variables in M\B.
As a result, this property also indicates that the TRAS algorithm is able to localize the process changes. However, since the
TRAS algorithm is developed on the basis of individual local
information, it can only identify the shift variables instead of
the root causes.
From the above two properties, one may ask how our proposed
TRAS algorithm jumps from the state of random sampling in
property 1 to the greedy sampling in property 2? In other words,
what opportunities the proposed TRAS algorithm actually
capitalizes on while the random sampling strategy misses?
When the process is out-of-control and our proposed algorithm
has not observed any of the change variables yet (i.e. behave as
the random sampling), the variables that are not currently monitored will gain higher probability to be monitored in the next iteration by the introduction of the parameter . This implies that
our proposed algorithm is indeed better than the random sampling method since it encourages the method to move towards
TECHNOMETRICS, AUGUST 2015, VOL. 57, NO. 3

the change variables. On the other hand, when our proposed
algorithm has observed some change variables, the change variables will have higher probability to still be monitored in the
next iteration since the local statistics of change variables will
be aggregated in a larger magnitude than the others not being
monitored by using the CUSUM approach. In summary, as compared to the random sampling method, our TRAS algorithm is
good at the following two things: (i) when change occurs, the
method is intended to monitor the change variables rather than
randomly walking over them; (ii) when the method happens to
capture the change variables, it has the capability to stick to
these variables.
3.3 Parameter Settings
In this section, we will discuss how to set the values of four
parameters, umin ,, r, and d in the TRAS algorithm.
1. The selection of umin : As discussed in Section 3.1.1, the parameter umin represents the interested-smallest magnitude
of mean shift to be detected. In reality, the practitioner can
determine the value of umin based on the engineering domain knowledge to ensure production yield. For example,
in a manufacturing process, the tolerance specifications
for each variable specified in product/process design can
be used to determine the interested-smallest magnitude of
mean shift, umin (Liu and Shi 2013).
2. The selection of :  ≥ 0 is a tuning parameter, which is
associated with how frequently the sensor resources will
be reallocated. In practice,  cannot be either too large or
too small. If  is too large, then the reallocation scheme
will be dominated by . As a result, a sensor will be redistributed onto the variable that currently does not have
a sensor deployed after each time no matter whether this
variable has a shift or not. By property 2, if we want to detect and localize the shift from variable k, then ρk > 0 or
u2
> . On the other hand, acequivalently, umin |uk | − min
2
cording to property 1, if  is too small, then the monitoring
system may take a longer time to reallocate sensors from
the in-control variables onto the shift variables.
3. The selection of r: At first, r should be smaller than q, the
total number of sensors. Otherwise, the sum of top-r local
statistics will include unobserved variables when the system is out-of-control, which will degrade the performance
of the control chart. Ideally, r should be chosen approximately equal to the total number of root cause variables.
On the other hand, Mei (2011) showed that when the total
number of root cause variables is unknown, the monitoring scheme with relatively small r value is more robust to
detect a wide range of possible shifts.
4. The selection of d: d is the threshold to stop the monitoring procedure. The practitioner can determine the optimal
d value from sufficiently large in-control measurements
or via Monte Carlo simulation and bootstrap technique
(Efron and Tibshirani 1993; Chatterjee and Qiu 2009).
The value of d is related to the prescribed in-control ARL
of the monitoring scheme, ARLU , when no change occurs
in the system.
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Figure 2. BN structure of a hot-forming process (Li and Jin 2010).

4.
4.1

CASE STUDIES

Hot-Forming Process

In this section, we will evaluate the performance of the proposed TRAS algorithm and compare it with the existing one in
Liu et al. (2013) under different shift scenarios based on a hotforming process. A Bayesian network (BN) for the hot-forming
process was identified by Li and Jin (2010) and is shown in
Figure 2. There are four process variables [4: temperature; 3:
material flow stress; 2: tension in workpiece; and 5: blank holding force (BHF)] and one quality variable (1: final dimension of
workpiece). Figure 3 illustrates a two-dimensional (2-D) physical illustration of the hot-forming process. All variables are
assumed to follow standard normal distribution when the system is under normal operation condition. In addition, the linear
Gaussian parameterization of a BN is assumed to be known (Li
and Jin 2010):
card(PA(i))

Xi =

p (PAk (i) , i) XPAk (i) + Vi ,
k=1

where PA (i) denotes the parents of i; p (PAk (i) , i) is called the
path coefficient (the number annotated on the arc of the BN),
which refers to the conditional probability p(Xi |XPAk (i) ), and
also the causal influence from the k th parent of i to i; Vi ∼
N(0, σi2 ) represents the random noise that cannot be described
by the linear part of the model, and is assumed to be independent
to XPAk (i) and Vj (j = i).
As mentioned in Section 1, the method in Liu et al. (2013) is
based on integrating the multivariate T 2 control chart and the
causal structures [in the following pages, we denote this algorithm as causation-based adaptive (CBA) algorithm] when only
partial information is available. However, it has four limitations
when it is used in practice. First, it assumes that a priori knowledge about the BN for the system is available. Second, it assumes

Figure 3. Two-dimensional illustration of the hot-forming process
(Li and Jin 2010).
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that only a single mean shift may occur in the system until it is
detected by the control chart. Third, the computational cost is
exponential in the total number of variables m, which makes it
difficult to be implemented online, especially for large-volume
and high-dimensional datasets. Fourth, it only takes the spatial
relationship of measurements into consideration, but ignores the
temporal relationship when detecting process changes. Hence,
it still results in a relatively long detection delay. To demonstrate
the effectiveness of our proposed method, in the following case
studies, we assume that the BN is unknown when implementing the TRAS algorithm, whereas the BN is available when
implementing the CBA algorithm in phase II monitoring and
diagnosis.
4.1.1 Single Mean Shift Case. In this case study, we focus
on comparing the performance of the proposed TRAS algorithm with the CBA algorithm when only a single mean shift
may occur at any variable in the hot-forming process. Specifically, the following discussions will consider five potential
single mean shift scenarios with different shift magnitudes,
τ = 1.5, 2, 2.5, 3 and different number of available sensors,
q = 2, 3, 4. In addition, the in-control ARL, ARLU , is chosen
to be 100. Since the TRAS algorithm can only identify the shift
variables, it is not suitable for root cause diagnosis, especially
when the causal structure is unknown. However, since only a
single mean shift may occur in the system and the shift will
propagate and dilute along the BN (e.g. a mean shift in X2 with
u2 = 1 will result in a mean shift in X1 with u1 = 0.574), we
will use a simple rule of root cause diagnosis for the TRAS
algorithm: the variable with the largest CUSUM statistic is the
root cause variable. This diagnostic approach can demonstrate
how many times the out-of-control alarm is triggered with the
largest contribution from the root cause variable. To evaluate
the monitoring and the diagnostic capabilities, we specifically
focus on the following metrics when each time the same amount
of mean shift occurs at each variable: (1) the maximum out-ofcontrol ARL, RLmax ; (2) the average out-of-control ARL, RL;
(3) the minimum rate of uniquely correct diagnosis, UFmin ; and
(4) the average rate of uniquely correct diagnosis, UF. A diagnosis result is called uniquely correct if the true mean shift
variable is uniquely identified. According to the definitions of
these metrics (see Appendix C for details), RLmax and RL are
desired to be as small as possible, whereas UFmin and UF are
desired to be as large as possible. Parameter settings (e.g. values
for τ , q, and α) and performance evaluation metrics (e.g. RLmax ,
RL, UFmin and UF) are selected to be consistent with (Liu et al.
2013).
The TRAS algorithm is implemented during online monitoring no matter when the system is in-control or out-of-control.
Thus, the sensor layout is not unique at the moment when a mean
shift occurs, and it can affect the monitoring performance. In
order to address this issue, we consider the worst initial sensor deployment (WISD), which will provide the least favorable
sensor layout for detection when a mean shift occurs in the system. Define {ρ(k) } as the increasing order statistics of {ρk }. In
other words, when a mean shift occurs at variable k, we assume
that sensors are deployed right on the variables associated with
{ρ(1) , . . . , ρ(q) }, no matter how sensor placement has evolved beTECHNOMETRICS, AUGUST 2015, VOL. 57, NO. 3
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fore. In this way, we can get the most conservative performance
evaluation of the TRAS algorithm.
Table 1 summarizes the performance comparisons between
the TRAS algorithm and the CBA algorithm under different
combinations of mean shift magnitude τ , compensation coefficient , and number of available sensors q. In this study, we
choose r = 2 and umin = 1.5 according to the characteristics of
the actual system. The detailed simulation steps can be found in
Appendix C. The numbers in the “CBA” column can be referred
to (Liu et al. 2013). The column “Impv.” shows the percentage
of improvement (i.e., positive value) or deterioration (i.e., negative value) in each performance metric by implementing the
TRAS algorithm ( = 0.1) over the CBA algorithm.
According to Table 1, we can draw the following conclusions:
1. The TRAS algorithm outperforms the CBA algorithm in
both monitoring and diagnostic capabilities. In most of the
scenarios, the TRAS algorithm can significantly improve
the detection delay (which is related to RLmax and RL metrics) and also the diagnostic accuracy (which is related to
UFmin and UF metrics) compared with the CBA algorithm,
although the causal information is unknown when implementing the TRAS algorithm. On the other hand, the differences between the RLmax and the RL metrics are much
smaller for the TRAS algorithm under different mean shift
scenarios. This characteristic ensures that a mean shift can
be detected in a timely manner no matter where the root
cause is. In this way, a more robust monitoring scheme is
obtained, and thus less defective products will be produced
due to quick detection of process changes.
2. The performance of the TRAS algorithm is relatively stable when  changes within a certain range. However,
when  is set to be a very large number (e.g.  = 1.5:
in this way, ρk < 0 for uk = 1.5), the performance of the
TRAS algorithm deteriorates very fast, especially when
the number of available sensors is small (due to page
limits, the result is omitted). On the other hand, the system associated with different number of available sensors need different optimal  values. For example, when
q = 2,  = 0.1 provides the best performance compared
with  = 0.01 or 0.5. On the contrary, when q = 3 or
4,  = 0.5 provides the best performance compared with
 = 0.01 or 0.1. According to the empirical study, as the
number of available sensors increases, a larger  value is
preferred.
3. As τ increases, the detection delay of both methods decreases, which is consistent with our intuitions; however, the amount of improvement in the “Impv.” columns
becomes smaller. It is known that the CUSUM-type chart
is more sensitive to detect small mean shifts than the Shewhart chart (Montgomery 2009). However, in this example, even with large mean shifts, the detection delay of the
TRAS algorithm (which is based on the CUSUM statistics) is still comparable to the CBA algorithm (which is
based on T 2 statistics). On the other hand, the diagnostic
accuracy of both methods becomes smaller as τ increases.
This is because as the mean shift becomes significant, the
TECHNOMETRICS, AUGUST 2015, VOL. 57, NO. 3

abnormality can be more easily noticed by the system even
with a poorly deployed sensor layout.
4. As q increases, less information is lost in the system, and
thus the detection delay of both methods decreases. In addition, the amount of improvements in both the detection
delay and the diagnostic accuracy of the TRAS algorithm
become less pronounced. As a result, the TRAS algorithm
is more sensitive and robust than the CBA algorithm for
process change detection, especially when the number of
available sensors is small.
4.1.2 Multiple Mean Shifts Case. The CBA algorithm is
only able to detect single mean shift, but the TRAS algorithm
can detect a wide range of possible shifts in all directions. Consequently, in this study, we focus on evaluating the performance
of the TRAS algorithm when multiple mean shifts occur in the
network. In addition, we are interested in studying the effect
of sensor layout on the detection delay of the TRAS algorithm
when the mean shifts right occur in the system. Specifically,
two approaches to the initial sensor deployment are considered in the following analysis. The first one is called the WISD
as introduced in 4.1.1, and the second approach is called random initial sensor deployment (RISD), which will randomly
distribute q sensors to the variables when mean shifts right occur in the system. By comparing these two approaches, we can
get a thorough study about the robustness of the TRAS algorithm to the initial sensor layout. Similarly to the single mean
shift case, different mean shift magnitudes τ and different number of available sensors q are considered. In this study,  is
chosen to be 0.1. The evaluation process is similar to the single
mean shift case in Section 4.1.1, and thus it is omitted here.
Tables 2 and 3 elaborate the performance of the TRAS algorithm when two variables simultaneously have a mean shift with
identical magnitude but in the same and the opposite directions,
respectively. According to the results in Tables 2 and 3, we can
get the following conclusions:
1. As q and τ increase, less information is lost during online
monitoring and the mean shift becomes more significant,
and thus detection delay decreases. In addition, since mean
shifts with different directions will mitigate each other
when propagating to downstream variables, the detection
delay in Table 3 is larger than that in Table 2.
2. Compared with the RISD, the WISD only has a little
larger detection delay in both RLmax and RL metrics (the
difference is within one ARL in almost all scenarios).
Thus, this study shows that the sensor layout at the moment
when a mean shift occurs in the system has little effect on
the monitoring performance. In other words, the TRAS
algorithm is able to timely update the sensor layout for
detecting process changes.

4.2 Solar Flare Detection
In this section, we conduct a case study based on a real dataset
collected from the solar data observatory, which illustrates the
occurrences of solar flares. A solar flare is defined as a sudden,
transient, and intense variation in brightness, which is usually
observed over the Sun’s surface (Augusto et al. 2011). A solar
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Table 1. Performance comparisons between the TRAS algorithm and the CBA algorithm under different combinations of , τ , and q values
for single mean shift case
CBA

TRAS
( = 0.01)

TRAS
( = 0.1)

TRAS
( = 0.5)

Impv.

CBA

TRAS
( = 0.01)

q = 2 and τ = 1.5

TRAS
( = 0.1)

TRAS
( = 0.5)

Impv.

q = 2 and τ = 2

RLmax

27.24

9.03

8.77

10.36

67.80%

15.15

6.45

6.19

7.25

59.14%

RL
UFmin

17.66
0

8.40
0.56

8.17
0.60

9.93
0.75

53.74%
–

9.06
0

5.98
0.49

5.79
0.54

6.95
0.73

36.09%
-

UF

0.40

0.83

0.84

0.92

110%

0.45

0.82

0.84

0.92

86.67%

RLmax

9.16

5.25

q = 2 and τ = 2.5
5.05

5.83

44.87%

5.69

4.67

5.01

22.50%

RL
UFmin

5.38
0

4.90
0.41

4.74
0.45

5.58
0.66

11.90%
-

3.66
0

4.32
0.33

4.16
0.36

4.81
0.54

−13.66%
-

UF

0.47

0.80

0.82

0.91

74.47%

0.48

0.77

0.79

0.88

64.58%

RLmax

17.75

7.88

q = 3 and τ = 1.5
7.72

7.65

56.51%

8.67

5.51

5.33

37.72%

RL
UFmin

13.03
0.20

7.27
0.64

7.16
0.67

7.10
0.73

45.05%
235%

6.26
0.23

5.10
0.58

5.01
0.62

4.97
0.74

19.97%
169.57%

UF

0.61

0.87

0.88

0.90

44.26%

0.69

0.87

0.88

0.92

27.54%

RLmax

5.06

4.43

q = 3 and τ = 2.5
4.36

4.28

13.83%

3.50

3.53

3.69

−7.43%

RL
UFmin

3.76
0.22

4.10
0.52

4.03
0.55

3.99
0.69

−7.18%
150%

2.68
0.18

3.86
0.44

3.46
0.46

3.42
0.61

−29.1%
155.56%

UF

0.68

0.86

0.87

0.92

27.94%

0.64

0.84

0.86

0.91

34.38%

RLmax

17.44

7.51

q = 4 and τ = 1.5
7.36

7.14

57.8%

8.35

5.22

5.03

38.2%

RL
UFmin

12.08
0.56

6.85
0.63

6.75
0.65

6.55
0.71

44.12%
16.07%

5.86
0.42

4.74
0.56

4.69
0.59

4.57
0.67

19.97%
40.48%

UF

0.72

0.86

0.87

0.89

20.83%

0.77

0.85

0.86

0.89

11.69%

RLmax

4.70

4.22

q = 4 and τ = 2.5
4.14

4.03

11.91%

3.27

3.59

3.47

−9.17%

RL
UFmin

3.46
0.20

3.76
0.46

3.72
0.49

3.64
0.59

−7.51%
145%

2.47
0.05

3.17
0.36

3.15
0.39

3.10
0.48

−27.53%
680%

UF

0.75

0.82

0.83

0.87

10.67%

0.72

0.79

0.80

0.84

11.11%

flare can emit large energetic charged particles, which may disturb the Earth’s ionosphere and radio communications. Thus,
there is a pressing need to detect the solar flare as soon as possible. At each second, tons of solar flare images will be captured
and generated by the satellite. However, due to the transient
characteristic of the solar flare process and large amount of

q = 2 and τ = 3
4.41

q = 3 and τ = 2
5.40

q = 3 and τ = 3
3.76

q = 4 and τ = 2
5.16

q = 4 and τ = 3
3.57

dataset, traditional methodologies for image change detection
(Radke et al. 2005; Qiu 2005) by analyzing the full data stream
can usually exceed the transmission and processing capabilities
during online monitoring, and thus are incapable of detecting
solar flares in real time.

Table 2. Performance evaluations of the TRAS algorithm under different combinations of initial sensor layouts, τ and q values for multiple
(two) mean shifts with same direction
TRAS (WISD) TRAS (RISD) TRAS (WISD) TRAS (RISD) TRAS (WISD) TRAS (RISD) TRAS (WISD) TRAS (RISD)
q=2

τ = 1.5

RLmax
RL

5.98
5.05

q=3
RLmax
RL

5.11
4.24

q=4
RLmax
RL

4.37
3.75

τ =2
5.20
4.24

4.51
3.94

4.43
3.63

3.75
3.20

4.12
3.39

3.04
2.73

τ = 1.5

τ = 2.5
3.61
3.05

3.86
3.39

3.06
2.58

3.13
2.68

2.84
2.39

2.43
2.21

τ =2

τ = 1.5

τ =3
2.88
2.46

3.45
3.05

2.38
2.05

2.77
2.36

2.21
1.89

2.09
1.90

τ = 2.5

τ =2

2.41
2.10
τ =3

τ = 2.5

2.01
1.74
τ =3
1.85
1.58
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Table 3. Performance evaluations of the TRAS algorithm under different combinations of initial sensor layouts, τ and q values for multiple
(two) mean shifts with different directions
TRAS (WISD) TRAS (RISD) TRAS (WISD) TRAS (RISD) TRAS (WISD) TRAS (RISD) TRAS (WISD) TRAS (RISD)
q=2

τ = 1.5

RLmax
RL

8.25
7.00

q=3
RLmax
RL

7.13
5.96

q=4
RLmax
RL

6.65
5.30

τ =2
7.59
6.31

5.83
5.08

6.49
5.33

4.94
4.23

6.01
4.90

4.59
3.68

τ = 1.5

τ = 2.5
5.07
4.26

4.78
4.22

4.27
3.56

3.98
3.44

3.94
3.27

3.61
2.91

τ =2

τ = 1.5

τ =3
3.97
3.34

4.26
3.76

3.24
2.75

3.45
3.01

2.99
2.52

3.10
2.46

τ = 2.5

τ =2

τ =3

τ = 2.5

The dataset is recorded in a video format and is publicly available online at http://nislab.ee.duke.edu/MOUSSE/index.html.
There are in total 300 frames in the video, each of which contains a size of 232 × 292 = 67744 dimensional online data.
According to the video, there are at least two obvious transient
flares which occur at frames t = 187 ∼ 202 and t = 216 ∼ 268,
respectively. For monitoring purposes, the background information has been already removed and the remaining data is
approximately normally distributed as mentioned in (Xie et al.
2013).
In this study, the parameters are selected as umin = 3,  =
0.1, r = 40 (we have also tried other combinations of the parameters, and achieved a similar result). In addition, we assume
that only 2000 out of 67,744 pixels are available (i.e. q = 2000)

3.43
2.83
2.71
2.30
τ =3
2.44
2.08

at each data frame, and can be sent back to the fusion center for
analysis due to limited transmission and processing capabilities.
Figure 4(a) and Figure 5(a) show the snapshots of the video
at frames t = 198 and t = 230, when the first and second solar
flares are brightest, respectively. Figure 4(b) and Figure 5(b)
illustrate the snapshots at frames t = 202 and t = 268, when
the first and second solar flares are nearly over, respectively.
Figure 4(c) is the snapshot at frame t = 186, which is the moment right before the first solar flare occurs, and Figure 5(c)
shows the snapshot at frame t = 300, which is the last frame
of this video. Figures 4(d)–(f) and Figures 5(d)–(f) demonstrate
the locations of sampled data streams which are marked by
white dots at the corresponding frames t = 198, 202, 186, and
t = 230, 268, 300, respectively.

Figure 4. Detection of the first solar flare: snapshots of the video (a) at frame t = 198, when the first solar flare is brightest; (b) at frame
t = 202, when the first solar flare is nearly over; and (c) at frame t = 186, the moment right before the first solar flare starts. The locations of
2000 sampled data streams are (d) at frame t = 198; (e) at frame t = 202; and (f) at frame t = 186.
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Figure 5. Detection of the second solar flare: snapshot of the video (a) at frame t = 230, when the second solar flare is brightest; (b) at frame
t = 268, when the second solar flare is nearly over; and (c) at frame t = 300, the last frame of this video. The locations of 2000 sampled data
streams are (d) at frame t = 230; (e) at frame t = 268; and (f) at frame t = 300.

Figures 4 and 5 show that our method cannot only detect
the occurrences of solar flares, but also localize the flares. The
locations of the sampled data streams clearly show the patterns
of the solar flare in Figures 4(e) and 5(e). On the other hand,
when there is no solar flare occurring, locations of sampled data
streams are nearly random and do not show any obvious pattern
as illustrated in Figure 4(f). In addition, comparing Figure 5(e)
and (f), when the solar enters a normal state after the flare
disappears, the adaptive sampling strategy does not stick to
the locations of the previous solar flare and tends to be random
again. Therefore, these two phenomena further validate property
1 of the TRAS algorithm. Due to this characteristic, the TRAS
algorithm has also the potential to detect multiple shifts that
occur at different times.
Although methodologies have already been investigated to
estimate the threshold d, accurately determining its value given
a prescribed in-control ARL is still a challenging problem, especially when the training sample is small. Chatterjee and Qiu
(2009) proposed a bootstrap procedure that repeatedly draws
observations with replacement from the in-control data to estimate the control limit. Qiu (2008) and Qiu and Li (2011) applied
Monte Carlo simulation and used a bisection search algorithm
to calculate the threshold value. In this study, we estimate the
value of threshold d based on the data in the first 100 frames
with bootstrap technique (the detailed steps can be found in
Appendix D) to demonstrate the effectiveness of our algorithm.
Phaladiganon et al. (2011, 2013) conducted a comprehensive
study between the number of in-control data size and the control limit estimation when using bootstrap-based control charts.
They showed that the variability of control limit estimation is

greater when a small number of bootstrap samples are involved,
but stabilizes as the number of bootstrap samples increases. In
addition, they concluded that the determination of the appropriate number of bootstrap samples to use is not obvious. Zou
and Tsung (2009) further showed that how large the number of
in-control samples needed to accurately estimate the threshold
d depends on the dimension m. To limit the scope of this study,
we decide not to investigate the sensitivity of our algorithm in
this article but leave it as a future work.

Figure 6. The monitoring statistics (i.e. the sum of top-r local statistics) over different acquisition time by implementing the TRAS algorithm.
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Figure 7. The monitoring statistics (i.e. the sum of top-r local statistics) over different acquisition time by implementing the random sampling algorithm.

Figure 6 plots the values of the monitoring statistics by implementing the TRAS algorithm at frames t = 101 ∼ 300. The
horizontal line represents d = 1050, which corresponds to the
in-control ARL of 2500. Although 2000 pixels are available,
which accounts for only 2.95 % of the total information, our
method can still quickly detect the two solar flares at frames
t = 190 and t = 221 as shown in Figure 6. This is comparable
to the results in (Xie et al. 2013), where the two solar flares are
detected at frames t = 191 and t = 217. However, the method
in (Xie et al. 2013) is based on the generalized likelihood ratio
procedure (Siegmund and Venkatraman 1995) and assumes that
all 67,744 pixels in each data frame are available. In addition,
there is no recursive formula in (Xie et al. 2013) and thus their
method is not suitable for online monitoring applications.
To further demonstrate the effectiveness of the TRAS algorithm, we have also considered the random sampling approach
with the same parameter settings and the detection result is
shown in Figure 7. The random sampling approach detects the
two solar flares at frames t = 196 and t = 222, which is slower
than the TRAS algorithm. Moreover, it sends lots of misleading messages (e.g., the in-control sample at t = 223) which can
create much trouble in practice as the users need to determine
if the out-of-control sample at t = 222 is truly out-of-control or
just a false-positive error. As a contrast, the difference between
the out-of-control and the in-control samples by implementing
the TRAS algorithm is much clearer in Figure 6, and thus the
TRAS algorithm provides a better detection performance.
5.

CONCLUSION

Quick process change detection is an important and challenging topic in many industrial and civilian applications. This article
develops a novel adaptive sampling monitoring scheme by introducing a compensation coefficient to the local data streams
for not taking observations and by using the sum of top-r local statistics for online process change detection. The use of
this framework has several advantages over other approaches,
which include significant decreases in computational cost (the
TECHNOMETRICS, AUGUST 2015, VOL. 57, NO. 3

complexity is only linear in the number of variables), and extensive savings for physical sensors, data acquisition, transmission,
and processing time. The proposed adaptive sampling algorithm,
which is named as TRAS, has two properties: (1) quickly detect
a wide range of possible changes with no prior knowledge of
the potential failure patterns; and (2) adaptively select/sample
the data streams to be observed from the whole streaming data
to maximize the sensitivity for process change detection when
there are only q (q ≤ m) out of m data streams observable at
each acquisition time. Two properties of this algorithm are also
given with proofs in this article. The methodology has been
tested and validated on a hot-forming process and a real solar
flare example. Both studies have demonstrated the capabilities
of the TRAS algorithm to quickly detect and also localize the
process changes.
This research establishes a new direction in online process
monitoring by developing an adaptive sampling strategy to determine which data streams should be observed in the spatial
domain when only a limited number of resources are available.
Due to the simplicity and effectiveness of the TRAS algorithm,
it can also be extended to other applications such as syndromic
surveillance in epidemiology, network traffic control, intrusion
detection, and surveillance video. There are several important
topics for future research that are related to this work. First,
the current compensation coefficient  is a constant number.
Further studies can be done to investigate the adaptive value
of  based on online measurements to further minimize the
detection delay. Second, the theoretical basis of the threshold
selection and the sensitivity analysis of the in-control data size
on the threshold estimation are challenging but important topics
that need further study. Moreover, it is an interesting question to
derive a relationship function between the out-of-control ARL
and the parameters of the TRAS algorithm, which not only depends the parameters q and |M0 |, but also m,  and the specific
failure pattern (magnitude and location of the shift variables).
This can provide us a guideline that ensures the TRAS algorithm is able to detect the interested failure pattern within a user
specified ARL requirement under certain conditions.
Moreover, it will be interesting to extend or modify the TRAS
algorithm to non-Gaussian distributions. Here the local CUSUM
control chart has to be replaced by another efficient local univariate control chart that is capable to monitor each data stream
locally with nonnormal distributions (via either parametric or
nonparametric approaches). The good news is that it is still
applicable to apply our two main ideas of introducing the compensation coefficient  for not taking observation and using the
sum of top-r local statistics (in a log-likelihood scale) to monitor the change in the system. As a concrete example, we may
consider using a likelihood-ratio-based control chart to replace
the CUSUM control chart when local data streams are Bernoulli
or Poisson distributed. Then we can still introduce the compensation coefficient  to each unobserved control chart and use
the sum of top-r local statistics (in a log-likelihood scale) to
monitor the change in the system as we did before. We expect
that the robustness of our proposed method on non-Gaussian
data depends on the robustness of the univariate local control
charts on non-Gaussian data. Similarly, it is also possible to revise our algorithm to detect shifts in both local means and local
variances (see Healy 1987), though we feel that it will not be
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effective to detect a shift on the correlations between different
data streams, as the TRAS algorithm ignores the correlation
structures by summing up the local statistics. We will investigate the aforementioned extensions of our method and also the
performances in the future work.
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APPENDIX A: PROOF OF PROPERTY 1
This appendix proves the first property of the TRAS algorithm. Denote M\U = {k ∈ M|k ∈
/ U }. First of all, let us consider the following
lemma:
Lemma 1.Wk ,t ≥ Wk,t , for all t > t0 , all k  ∈ M\U , and all k ∈ U .
We can prove lemma 1 via contradiction. Assume there exists some
t > t0 , k  ∈ M\U , and k ∈ U , such that Wk,t > Wk ,t . Let St denote
the sensor layout at time t. If k  ∈ St , then the sensor on variable k  will
be redistributed to other variables in M\U at time t + 1. Since the
incremental part of the local statistics for both variables k  and k is
always , a sensor cannot be redistributed back to variable k  without
first deployed on variable k. In this way, k  ∈ U , which contradicts
/ St , then it follows the
to the assumption. On the other hand, if k  ∈
same logic that a sensor cannot be redistributed to variable k  without
first deployed on variable k, which also contradicts to the assumption.
Therefore, we have proved lemma 1 and now we will use it to prove
the first property of the TRAS algorithm.
Since sensor resources will never be redistributed to the variables in U after time t0 , all variables k  ∈ M\U must have sensor deployed with infinite number of times. Now, let us first consider the case when ρk < 0. Without loss of generality, we assume
E(Xk ,t ) = uk ≥ 0. The incremental part of the local statistics for
any variable without sensor deployed is always , while the incremental part for any variable k  with sensor deployed is either
2
2
or −umin Xk ,t − umin
or 0. Since only one term (eiumin Xk ,t − umin
2
2
2
2
or −umin Xk ,t − umin
ther umin Xk ,t − umin
2
2 ) can be positive at any given
time and Xk ,t is an iid normal random variable, there must be a se∞
u2min
u2
min
ries of Xk ,t such that either ∞
t=1 (umin Xk  ,t − 2 )≥t or
t=1 (−umin Xk  ,t − 2 )≥
∞
∞
u2min
u2
min
t . Since ρk  < 0, P ( t=1 (umin Xk  ,t ;− 2 )≥t ) + P ( t=1 (−umin Xk  ,t  − 2 )≥t ) =
√
√
√
√
limt→∞ (1 − ϕ( umint + tu2min − uk t)) + limt→∞ (1 − ϕ ( umint
√
√
+ tu2min + uk t)) = 0. Thus, there is no such series of Xk ,t . Second,
let us consider the case when ρk = 0. Define Yk ,n = umin Xk ,t0 +n −

u2min
−  and Hk ,n = ni=1 Yk ,i . Then, Yk ,n is an iid normal ran2
dom variable with mean 0 and variance u2min . Consequently, {Hk ,n :
n ≥ 1} refers to the oscillating random walk process. Denote D =
a.s.
min{Hk ,n : n ≥ 1}. Thus, D → −∞ as n → ∞ (Gut 1988). In other
words, there must exist a time t, such that Wk,t > Wk ,t . Therefore, it
is impossible that sensor resources are always reallocated among the
variables that only belong to M\U . In other words, U must be an
empty set. In this way, we have finished the proof for property 1.

APPENDIX B: PROOF OF PROPERTY 2
This appendix proves the second property of the TRAS algorithm.
Let St denote the sensor layout at time t. Considering the variable
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k, where k ∈ St and k ∈ B, then Wk,t ≥ Wk ,t for all k  ∈
/ St . Without loss of generality, let E Xk,t = uk ≥ 0. Define Yk,n = Xk,t+n −
n
umin

− umin
and Hk,n =  Yk,i . Then, Yk,n is an iid normal random
2
i=1


variable with mean uk − umin
− umin
and variance 1. Consequently,
2
{Hk,n : n ≥ 0} refers to the Guassian random walk process, where
Hk,0 = 0. Denote D = min{Hk,n : n ≥ 0} We are interested to show
that P (D = 0) is nonzero as the stopping criteria d → ∞. Since
P (D =0) = P(Hk,n ≥ 0, for alln ≥ 0), it is equivalent to show that there
is a nonzero probability that once a sensor is deployed on the variable
k ∈ B at time t, it will never be reallocated to other variables (i.e.
/ St , and n ≥ 0). According to (Chang and
Wk,t+n ≥ Wk ,t+n for all k  ∈
Peres 1997; Janssen and Van Leeuwaarden 2007), the probability that
the minimum of the Gaussian random walk is zero satisfies:

P (D = 0) =

√
δk
2δk exp √
2π
for

∞

r=0

√
0 < δk < 2 π,


 
r
ζ 12 − r
δ2
− k
r! (2r + 1)
2
(B.1)


− umin
and ζ () is the Riemann zeta function. It is
where δk = uk − umin
2
worth mentioning that P (D = 0) is an increasing function as δk gets
√
larger (even when δk ≥ 2 π ), which means the random walk is less
likely to go back to 0 as δk increases. In this way, we have finished the
proof for property 2.

APPENDIX C: DETAILS OF THE SIMULATION STEPS
This appendix elaborates the details of the simulation steps when
comparing the performance between the TRAS algorithm and the CBA
algorithm under different combinations of  ( = 0.01, 0.1, 0.5),
τ (τ = 1.5, 2, 2.5, 3), and q (q = 2, 3, 4) values for single mean shift
case.

1. Given each value of the number of available sensors q, the mean
shift magnitude τ , and the incremental parameter , the following substeps are performed for each single mean shift fault
scenario i(i = 1, . . . 5) (i.e. mean shift occurs at variable i):
i. A dataset of Xt = {X1,t , X2,t , X3,t , X4,t , X5,t } with M(=
5000) samples is generated, in which a mean shift τ is introduced at Xi,1 , the first sample of Xi .
ii. Implement the WISD. For each incoming sample, calculate
the local statistics and update sensor layout based on the
TRAS algorithm in Figure 1.
iii. Index of the first out-of-control sample is recorded as RLi .
In addition, set UFi equal to one if the variable associated
with the largest local statistic is the root cause variable, i.
iv. Repeat Steps 1–3 for N (= 10,000) times. The average of
RLi , RLi and the average of UFi , UFi are computed and
recorded.
2. Calculate the maximum out-of-control ARL, RLmax =

maxi (RLi ) and the average out-of-control ARL, RL = RLi /5.
i

Similarly, calculate the minimum uniquely correct diagnosis rate,
UFmin = mini (UFi ) and the average of uniquely correct diagno
sis rate, UF = UFi /5.
i

3. Repeat Steps 1 and 2 for different combinations of  ( =
0.01, 0.1, 0.5), τ (τ = 1.5, 2, 2.5, 3), and q (q = 2, 3, 4) values,
and present the results in Table 1.
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APPENDIX D: DETAILS OF FINDING THE
THRESHOLD VALUE d
This appendix describes the detailed steps to estimate the threshold
value d given any prescribed in-control ARL, ARLU . Specially, we
conduct the following evaluation processes:
1. Set dmin and dmax a small and a large values as the initial lower
max
.
and upper bounds of d, respectively. Let d = dmin +d
2
2. Generate a bootstrap dataset with M(= 5000) samples by randomly drawing the data with replacement from the first 100
frames.
3. Implement the TRAS algorithm and record the index of the first
out-of-control sample, RL.
4. Repeat Steps 2–3 for N (= 10,000) times, which produce N bootstrap datasets. Calculate the average of RL, RL.
5. If the RL is larger than ARLU , let dmax = d; Otherwise, let dmin =
max
.
d. Then update d = dmin +d
2
6. Repeat Steps 2–5 until there is only small difference between
RL and ARLU .
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