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Controlling the Residual Life Distribution of Parallel
Unit Systems Through Workload Adjustment
Li Hao, Kaibo Liu, Member, IEEE, Nagi Gebraeel, and Jianjun Shi

Abstract—Complex systems often consist of multiple units that
are required to work together in parallel to satisfy a speciﬁc engineering objective. As an example, in manufacturing processes, several identical machines may need to operate together to simultaneously fabricate the same products in order to meet the high production demand. This parallel conﬁguration is often designed with
some level of redundancy to compensate for unexpected events. In
this way, when only a small portion of units fail to operate due to
either unexpected machine downtime or scheduled maintenance,
the remaining units can still achieve the engineering objective by
increasing their workloads up to the designed capacities. However,
the workload of a unit apparently impacts the unit's degradation
rate as well as its failure time. Speciﬁcally, this paper considers
the case that a higher workload assignment accelerates the unit's
degradation and vice versa. Based on this assumption, we develop a
method to actively control the degradation as well as the predicted
failure time of each unit by dynamically adjusting its workloads.
Our goal is to prevent the overlap of unit failures within a certain
time period through taking advantage of the natural redundancy
of the parallel structure, which may potentially lead to a better utilization of maintenance resources as well as a consistently ensured
system throughput. A numerical study is used to evaluate the performance of the proposed method under different scenarios.
Note to Practitioners—Complex systems often require multiple
units simultaneously working in parallel to meet a speciﬁc objective. For example, this parallel conﬁguration usually exists in
manufacturing processes, which provide some level of natural
redundancy to prevent the loss of production yield due to machine
failure or scheduled maintenance. However, without an active
control strategy, it is not uncommon that a number of units are
likely to exhibit a similar degradation path and thus lead to an
overlap of unit failures. In such a case, the production requirement
may not be satisﬁed by the remaining functional units. To prevent
this incident, the paper presents a novel approach that aims at
dynamically adjusting the workload assigned to each unit to
actively control its degradation path and failure time. Speciﬁcally,
our method is based on the assumption that the degradation rate
of a unit is directly related to its workload. To implement this
method, it is necessary: 1) to identify the key units that operate
in the system; 2) to estimate the general relationship between the
workload and the degradation rate of an individual unit using
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historical data and domain knowledge; 3) to understand the
failure threshold and the repair time of each unit; and 4) to use
online condition monitoring techniques to monitor the degradation level of each unit. With all of this information available, the
proposed method predicts the future degradation level as well as
the residual life of a unit under various workload assignments.
Based on the predicted residual life, our method then provides
a heuristic workload adjustment strategy that aims to prevent
the overlap of unit failures. Our empirical results show that the
proposed method consistently yields less overlap of unit failures
and less loss of production than other commonly used strategies in
practice, such as equal or random workload assignment strategy.
Index Terms—Degradation-based control, multi-unit systems,
prognostics, residual life prediction, stochastic degradation model.

NOMENCLATURE
Number of units.
Demand per unit time.
Capacity of unit
Workload of unit

.
at time .

Throughput rate of the system at time .
Number of functional units at time .
Amplitude of the degradation signal of unit
at time .
Instantaneous degradation rate of unit
.

at time

Brownian motion degradation error of unit
at time .
Diffusion parameter of

.

Cutting length in a machining process.
Cutting speed in a machining process.
Tool life in a machining process.
Total production time in a machining process.
Tooling degradation rate in a machining process.
Exponent in the relationship of the cutting speed
and the tool life .
Production rate in a machining process.
Idle time between two consecutive machining
operations in a machining process.
Degradation coefﬁcient for unit

1545-5955 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

.

HAO et al.: CONTROLLING THE RESIDUAL LIFE DISTRIBUTION OF PARALLEL UNIT SYSTEMS THROUGH WORKLOAD ADJUSTMENT

Mean of the prior distribution of

.

Variance of the prior distribution of

.

Sampling interval.
Column vector that represents the workloads of
unit from to
.
Column vector that represents degradation
increments of unit observed from to .
Probability density function of a distribution.
Mean of the posterior distribution of
at .

updated

Variance of the posterior distribution of
updated at .
Pre-deﬁned failure threshold for unit

.

Cumulative distribution function of an inverse
Gaussian distribution.
Mean parameter of the conditional residual life
distribution of unit computed at .
Shape parameter of the conditional residual life
distribution of unit computed at .
“Degradation indicator” of unit which is
related to the severity of degradation.
Repair time of unit

C

.

I. INTRODUCTION

OMPLEX systems often consist of multiple units, each of
which operates jointly or independently to achieve certain
outcomes/objectives. We hereafter refer to this type of system as
a “multi-unit system.” Among the multi-unit systems, one particular conﬁguration is the one with a parallel structure, in which
multiple units need to operate independently and simultaneously in parallel to meet the system requirement. For example, a
wind farm has multiple wind turbines operating independently
in parallel to produce electricity to meet the required system
output; an aircraft often relies on multiple parallel engines operating simultaneously to generate sufﬁcient horsepower; and in
the automotive painting process with parallel paint booths, multiple cars can be simultaneously painted [1]. Another example
is the single-stage manufacturing workcell, which often consists
of several identical machines arranged in parallel to simultaneously perform the same and speciﬁc operation to satisfy a high
production demand and achieve a smooth production ﬂow [2]. It
is noted that, in the above examples, each wind turbine, engine,
paint booth, or machine refers to a unit in the corresponding
system.
In theory, each individual unit is subject to a natural and inevitable degradation process when performing operations. If the
degradation level of a unit exceeds a pre-deﬁned threshold, then
the unit is deemed to be failed and has to go through a maintenance process to restore to its original state before it can restart
to function properly. In parallel unit systems, when a unit failure
occurs, the remaining functional units have to be assigned with a
heavier-than-usual workload to maintain system requirements.
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For example, in manufacturing systems, the maximum production rate (i.e., capacity) of a machine is usually designed to be
higher than its normally assigned workloads, i.e., the system exhibits some level of natural redundancy to compensate for unexpected events. The Federal Reserve reported that the average
redundancy in the U.S. manufacturing industries is estimated to
be around 20% [3]. While such a redundancy structure by design attempts to provide a robust production scheme, it is not
uncommon in practice that a large number of units may possibly exhibit a similar degradation path, especially when similar
workloads are assigned to those units. When this case happens,
it will highly likely lead to an overlap of unit failures and eventually result in system requirements being unsatisﬁed.
To address this issue, the objective of this paper is to provide a
dynamic workload adjustment strategy to prevent the overlap of
unit failures in parallel unit systems. We assume that the degradation rate of a unit is directly inﬂuenced by its workload; in
particular, a unit operating under a higher (lower) workload is
assumed to degrade faster (slower). Based on this assumption,
our key idea is to actively control the unit's degradation rate as
well as the expected failure time via adjusting the unit's workload in real time. If the failure time of individual units can be
accurately predicted and well controlled, then it is possible for
us to prevent the overlap of unit failures, which is greatly beneﬁcial to the productivity, logistics, and maintenance planning.
In this paper, we model the unit degradation with a linear
stochastic differential equation (SDE). Stochastic models have
been widely used in the literature to model different types of
physical degradation processes [4]–[6]. To capture the variation
in the degradation process due to material inhomogeneity and
manufacturing uncertainty, we further assume that the degradation rate of an individual unit is a random variable that follows a
known prior distribution but the actual value is unknown. Next,
at each decision epoch, we utilize real-time condition monitoring data to obtain an updated posterior distribution. Based on
the updated distribution, we can then calculate the residual life
distribution (RLD) of each unit given a speciﬁc workload. With
the predicted residual life in hand, an optimization framework is
further proposed to determine the workload for individual units
that prevents the overlap of unit failures. Fig. 1 provides an
overview of the proposed framework. The main contributions
of this paper are highlighted by the dashed rectangle.
The remainder of this paper is organized as follows.
Section II provides an overview of the relevant literature. Section III describes the problem formulation, and
Section IV introduces the unit degradation model. Next,
Section V derives the RLD of units, based on which
Section VI develops our proposed dynamic workload adjustment strategy. Validation using a simulated case study is given
in Section VII. Finally, Section VIII provides a conclusion and
a discussion of future research.
II. LITERATURE REVIEW
The degradation modeling and prognostic analysis for a
single unit has been widely explored in the literature. Majority
of the existing research efforts focused on using statistical and
stochastic models to characterize degradation. For example, Lu
and Meeker [7] proposed nonlinear random-coefﬁcient models
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Fig. 1. Overview of the proposed methodology.

to model degradation and estimate time-to-failure distributions.
Doksum and Hóyland [4] proposed a time-scale transformation
of the Wiener process to model the accumulated decay of a unit
under variable stress levels. Gebraeel, et al. [5] proposed two
stochastic degradation models in which real-time data from
units operating in the ﬁeld were used to update the model and
estimate the RLD for partially degraded units. Other examples
include [8]–[11].
For multi-unit systems, much research has focused on
studying the relationship between system and unit reliability.
For example, one closely related topic is the k-out-of-n system,
which means that a system with units is functional if and
only if at least units operate properly. The reliability of a
system highly depends on the unit reliability as well as the
system structure. A detailed survey of reliability studies of the
k-out-of-n systems can be found in [12]. Initial research efforts
in this area focused on binary state systems, in which each unit
is assumed to have only two states: functional or failed [13],
[14]. Recent research efforts have extended the assumption to
be multiple states [15], [16].
In addition to the reliability studies, degradation modeling
and prognostics of multi-unit systems has also attracted much
attention recently. Related examples include Bian and Gebraeel
[17], who discussed the degradation modeling of multiple units
when the degradation processes are inter-dependent Hao, et al.
[18] focused on separating unit degradation signals from sensor
data that consist of mixed information from several identical
units in a complex system. However, all these related publications focus only on identifying or modeling the degradation of
units.
On the contrary, our research here provides a new line of
thinking with the goal of actively controlling the degradation
processes of individual units in a multi-unit system. Speciﬁcally,
we propose to control the failure time of a unit by adjusting its
workload assignment. In the existing literature of parallel manufacturing systems, the workloads of individual machines are
usually subject to variability. This is because, if one machine
breaks down, incoming parts will be automatically redistributed
to the functional lines, and thus will increase their workloads
[1], [19] Li et al. [20] reviewed recent research efforts in the
area of throughput analysis of production systems.
Very few studies in the literature have considered the joint
effect between degradation and adjustment of workload assignment. A relevant work was given by Sloan and Shanthikumar

[21], [22], who modeled the unit's degradation using a discrete
time Markov chain (DTMC) and the transition probabilities
from one degradation state to another is governed by the type
of products that are dispatched to each individual unit. Another
relevant example in manufacturing systems is the work by
Zhou et al. [23], who considered a scenario that an operation
can be transferred between units to adjust their usage and hence
control the corresponding hazard rates. However, common
limitations of the aforementioned publications are: 1) they
only considered simpliﬁed degradation models (discrete state
models such as DTMC or reliability models), which could not
capture the continuous degradation process and 2) they only
utilized simpliﬁed control strategies with a limited number of
control actions.
Unlike any existing research efforts, this paper proposes to
incorporate continuous-time continuous-state stochastic degradation model to develop a method for actively controlling unit
degradation with the goal of preventing the overlap of unit failures. Speciﬁcally, we extend the continuous-time continuousstate stochastic degradation model presented by Gebraeel et al.
[5] by making the instantaneous degradation rate of a unit a
function of the prescribed workload.
III. PROBLEM FORMULATION
We consider the parallel unit system that consists of
units
operating in parallel to perform the same type of operation.
When each operation arrives, it can be assigned to any unit to
complete. The amount of operations assigned to each unit in
a unit time is the control variable that needs to be determined
in this paper. We deﬁne the largest amount of operations each
unit is capable of performing in a unit time as the “capacity”
of the unit, which is denoted as
for unit . The actual
amount of operations that each unit performs in a unit time is
deﬁned as the “workload”, which is denoted as
for unit
at time . In other words, here the workload
is the
control variable. By default, we have
, for
. If unit fails at time , then
. We
further denote by
the “throughput rate” of the system at
time , which is equal to the summation of workloads from all
units, i.e.,
. Let
be the number of
functional/operational units at time . Then, the “capacity” (i.e.,
the maximum throughput rate) of the system at time is equal to
. Note that
, in which
represents the “demand,” or the target throughput rate. When
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We deﬁne
to be the amplitude of the degradation signal
of unit at time . We start by introducing a generic degradation
model in which
is modeled as a stochastic differential
equation as
(1)

Fig. 2. Framework of the parallel unit system.

, then
. This means that when
the system's capacity exceeds the demand, the system maintains the throughput rate that equals to the demand. On the other
hand, when
, then
. This
means that when the capacity offered by the remaining functional units is smaller than the demand, the system yields the
highest possible throughput rate constrained by the capacity of
the remaining units. To highlight our main idea, here we assume
that the demand is constant and units only perform one type of
operation. It is worth mentioning that the measurement unit of
workload, throughput rate, demand, and capacity may be either
discrete or continuous, depending on the application areas. For
example, in discrete manufacturing processes, the measurement
unit can be the number of parts fabricated per hour, while in a
continuous system (e.g., the power grid), the measurement unit
can be megawatt (MW). Fig. 2 illustrates the framework of the
parallel unit system investigated in this paper.
IV. UNIT DEGRADATION MODELING
A. Degradation Modeling Framework
Degradation is a natural and inevitable process due to performing operations. A unit is considered to be failed when
the degradation level of the unit exceeds a pre-deﬁned failure
threshold. The failure threshold is often determined either by
industrial standards [5] or based on data-driven approaches [11]
(e.g., using the last observations before failure in all historical
units to estimate the failure threshold). Once a unit is considered
failed, it has to be repaired/replaced to restore to the original
“healthy” status before it can restart to operate properly.
Here, we would like to clarify that the only type of unit
failure considered in this paper is the failure due to degradation
[5]–[11]. We realize that various other failure modes may exist
in reality, such as the catastrophic failure [24]; however, we
decide to leave this part as our future work. It is common that
the degradation of a unit could potentially affect the quality
of the performed operations. Yet, this paper does not consider
unit failure due to unsatisfactory quality of the performed operations but only due to its own degradation. In fact, modeling
the relationship between unit degradation and the quality of
operations requires extensive study on system conﬁgurations
and mathematical modeling [25] and will be investigated in our
future work.

where
is the instantaneous degradation rate, and
is a Brownian motion with variance
, in which
is deﬁned as the diffusion parameter. This type of continuous stochastic degradation model has been widely used to characterize
the degradation process of a unit [5], [8]–[11].
In the proposed work, we explicitly model the relationship
between the instantaneous degradation rate
and the workload
for unit
at time . In theory, this is a very challenging task, as it is highly dependent on the speciﬁc application and working condition. In the past, research efforts have
been made attempting to characterize the relationship between
working condition and degradation rate through historical data
with reasonable mathematical assumptions. For example, Bian
and Gebraeel [26] introduced an experiment on monitoring the
degradation signals of ball bearings under different levels of
load and speed. Their experimental results indicated that increasing the speed or load will increase the degradation rate
and decrease the lifetime. Another example can be found in
the seminal work by Doksum and Hóyland [4], who considered
a stress test of cable insulation. The result was that applying
higher voltage per millimeter to a cable decreased the lifetime
of the cable insulation. The novelty of our work is to study how
to develop a workload adjustment strategy for better controlling
the degradation process of units by leveraging this relationship
function.
Here, to highlight our main idea, we focus on a special case
that the instantaneous degradation rate
is proportional to
the workload
as
(2)
where
is deﬁned as the degradation coefficientof unit .
This linear assumption is consistent with our intuition as a unit
degrades faster when it has higher workload assigned. Substituting (2) into (1), we can then rewrite the degradation model in
(1) as
(3)
In what follows, we will further illustrate the linearity assumption in (2) based on a metal cutting example. Here, the unit refers
to the cutting tool that removes material from the work piece.
The workload corresponds to the number of parts being machined in a unit time. In a standard metal cutting process, there
are typically two key parameters that determine the tool life:
cutting speed and cutting length . The actual cutting time
for machining one part is expressed as
. If we denote
as the tool life, then the total number of machined parts during
the lifetime of a tool can be calculated as
. The total production time is then given by
(recall is
the workload and here we drop the unit notation for simplicity).
As the total production time
is inversely proportional to the
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degradation rate , we have the following result by assuming
that the cutting length remains constant:

coefﬁcient
, the conditional distribution of
follows a normal distribution

still

(4)
where refers to the proportional symbol. From Taylor [27],
we also know that the tool life can be expressed as
(5)
where depends on operational variables.
Furthermore, Lee and Tarng [28] modeled the relationship
between cutting speed and production rate as

where
is the idle time between two consecutive operations
and and are some constant values.
Building upon the model proposed by Lee and Tarng [28],
we consider a scenario in which adjusting the production rate is
achieved by adjusting the idle time . Consequently, by combining (4) and (5), we can see that
, which means that the
degradation rate is proportional to the workload. In future work,
we will extend this linear model into a more general case when
dealing with different applications and conditions.
Recall that
refers to the degradation coefficient of unit .
In this paper, we assume that the exact value of
is unknown
and random. This assumption of “unit-to-unit variability” has
been widely adopted in the literature [5], [8]–[11] to capture
the variation in the degradation processes due to material inhomogeneity and other manufacturing related uncertainty. Specifically, we model
as a random variable whose prior distribution is a normal distribution:
, where
and
denote the mean and the variance, respectively. Here,
the probability of
is often very small and thus is ignored in the paper. In the next section, this prior distribution of
will be updated by using real-time measurements collected
from condition monitoring via a Bayesian approach.
B. Degradation Model Updating
As mentioned earlier, the degradation model in (3) is updated by using in situ monitoring data. The goal is to incorporate the most recent degradation status of units to improve
decision making regarding workload adjustments. Without loss
of generality, we assume that condition monitoring and workload adjustment are performed at discrete observation epochs
, where
is the most recent observation epoch,
and the sampling intervals are constant, i.e.,
. Furthermore, let
be the amplitude of the degradation signal of unit at observation time
and
be the corresponding workload assigned to that
unit during the interval
. Using (3), we can see that
satisﬁes the following:

Based on the property of Brownian motion, we have
. Thus, given the corresponding workload assignment
and degradation

By the property of independent increments of the Brownian motion, it is clear that
are statistically independent. Therefore, the probability density function of the
signal increments can be expressed as follows:

where

and
.
Then, the posterior distribution of
given
and
can be computed by using Proposition 1.
Proposition 1:
follows a normal distribution with mean
and variance
as

Here, the probability of
is often
very small and thus is ignored in the paper. The detailed proof
is in the Appendix.
V. RESIDUAL LIFE DISTRIBUTION
The residual life of a unit is deﬁned as the remaining
time until its degradation level reaches a pre-deﬁned failure
threshold. Here, we denote the failure threshold of unit
as
. Let
be the residual life of unit . Then, the RLD of
unit
conditional on the degradation coefﬁcient
follows
an inverse Gaussian (IG) distribution [15] as
(6)
where
represents the cumulative distribution function
of an IG distribution,
is the mean parameter of the IG distribution, and
is the shape parameter of the IG distribution. Here, recall that
is the most recently assigned
workload.
Although the conditional RLD follows (6), there is no explicit
expression of the unconditional RLD, which can be numerically estimated using simulation-based techniques [10]. However, these techniques are computationally expensive which is
not suitable for use in real time. Thus, we propose to focus on
the conditional RLD and utilize
(i.e., the posterior mean
of
) as the point estimator of
. As a result, the mean parameter of the IG distribution,
in (6), is approximated
by
.
In this paper,
is used as an estimate of the
predicted residual life. This approach was also used by
Elwany and Gebraeel [8] and was shown to be able to
provide a conservative lower bound of the mean of the unconditional RLD. For notational convenience, we deﬁne
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the functional unit

at time

to be the health status of
; thus, we have
(7)

From (7), we see that, given the workload assignment
,
a smaller value of
indicates a shorter residual life and
thus a worse health status. At the extreme case,
implies that a failure has occurred. In addition, given a nonzero
, the predicted residual life
is proportional to the
reciprocal of the actual workload
.
Based on the above results, we provide a heuristic strategy to
dynamically control the residual life by adjusting the workload
in the following section.
VI. DYNAMIC WORKLOAD ADJUSTMENT
The goal of dynamically adjusting the workload is to control
the residual life/failure time of each unit to achieve some type
of optimality. In particular, when a unit fails, it will require a
certain amount of time (hereafter called “repair time”) for repair
and maintenance. In this work, the repair time for unit
is
considered to be constant, an integer multiple of the sampling
interval, i.e.,
, where
is an integer value.
As we mentioned before in Section I, although the parallel
conﬁguration provides a certain level of robustness for production, such robustness will become ineffective when the
number of units under repair at the same time exceeds a certain
limit. As a result, our key idea here is to prevent the overlap of
unit failures. To achieve this goal, we propose a strategy that
assigns higher workloads to units with worse health status. The
underlying premise of this strategy is that a higher workload
accelerates the degradation process and thus potentially separates the expected failure time of this unit from the others.
To do this, at decision epoch , we rank the individual units
according to their health status, which is indicated by
.
Recall that
indicates that the corresponding
unit has failed. Thus, we select units with nonzero
(i.e.,
functional units) and rank them in the ascending order, such
that
, where
refers to the number of functional units at time . Then, we
assign higher workloads to units with worse health status,
i.e.,
. According to (7), we
, which
can see that
means that the expected residual lives of units are separated.
However, we would like to emphasize that we cannot guarantee
that the actual failure times of units are separated since the
unit degradation is a stochastic process as shown in (1) and
the degradation rate is dependent on the dynamic workload
assignment at each decision epoch.
This proposed strategy is motivated by the fact that degradation is an inevitable course for units as long as they are in
operation. In practice, it is quite common that the repair of a
unit may take a long time and the system may have only limited maintenance resources to restore failed units at any time.
In other words, some failed units have to wait for the release of
maintenance resources before the current repair job is ﬁnished.
Even assuming there are unlimited maintenance resources that
could be used for immediate repair once a unit failure occurs,
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the remaining functional units may still not be able to satisfy the
production requirement due to the limited capacity of each unit
for perfuming operations. As a result, simultaneous unit failures will deteriorate the robustness of the system provided by
the parallel conﬁguration and thus may potentially lead to loss
of production. Consequently, we propose to actively control the
failure time of units so as to prevent the overlap of unit failures,
instead of simply waiting for spontaneous unit failures as most
of the existing literature assumes. In this way, we better take the
advantage of the natural redundancy in a system, which may potentially lead to a better utilization of the maintenance resources
as well as a consistently ensured system throughput. In what follows, we will speciﬁcally show how we can numerically determine the workloads for individual units at each decision epoch.
Given the posterior means of
for the operating units,
, and the respective degradation
levels
, we propose to minimize
the average degradation level of all units at the next decision
epoch via adjusting the workloads
assigned to units as follows:
(8)
subject to the following constraints:
(9)
(10)
for

for

(11)

(12)

The objective function in (8) is to ensure on average all units
fail in a slowest pace, and its objective value somehow provides an insight on the system's health status in real time. Constraint (9) ensures that when the system's capacity is greater than
the demand, the throughput rate is equal to the demand. Conversely, when the system's capacity is less than the demand, the
throughput rate is set at the system's capacity. Constraint (10)
means that we assign higher workloads to units with more severe degradation status. Constraint (12) prevents the overlap of
unit failures; that is, the predicted residual lives of any two units
that will fail consecutively should have a difference greater than
the repair time
.
Since all decision variables are non-negative, (12) can be
rewritten as

for
(13)
This results in
number of non-convex quadratic
constraints. Theoretical studies have shown that this is an
NP-hard problem, thus ﬁnding feasible solutions can be challenging [29]. The existing literature in quadratically constrained
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optimization problems often focuses on searching for a convex
space that covers the original nonconvex space and then solving
the convex problem [30], [31]. The drawback of this approach
is that the optimal solution to the convex problem may not be
feasible to the original problem (since the solution space of the
convex problem is enlarged).
In this paper, ﬁnding a feasible solution is necessary to
prevent the overlap of unit failures. In other words, using
the existing methods to solve our quadratically constrained
optimization problem may provide misleading results, since
even the optimization problem can be solved, the overlap
between unit failures may still not be prevented, which is the
major objective of this paper. Therefore, unlike the existing
literature, we focus on a convex subspace of the original
nonconvex space. In this way, we can guarantee that, as long
as the optimization problem has a solution, the solution is
capable of preventing the overlap of unit failures. To do this,
we utilize the Arithmetic Mean-Geometric Mean (AM-GM)
inequality, which states that
is not greater
than
. Thus, inequalities in (13)
can be modiﬁed to the following convex form:

Fig. 3. Detailed ﬂowchart of the proposed methodology.

for
(14)
In some circumstances (e.g., when the overlap among unit
failures cannot be avoided), the original constraints in (13) may
not lead to any solution. In such a case, the modiﬁed constraints
in (14) will also be infeasible. When this occurs, we relax the
group of constraints in (14) by removing the inequality with
regard to the unit with the least degradation severity to yield

removing all
constraints in (14) for decision making
and then re-evaluate the level of control at the next decision
epoch.
The ﬂow chart in Fig. 3 summarizes the detailed procedure
of the proposed method.
VII. NUMERICAL CASE STUDY
A. Study Setup and Parameter Settings

In other words, if the solution to the original optimization
problem is infeasible, we will allow the overlap of predicted
failures between the two units with the least degradation
severity (i.e., the two healthiest units). If this relaxation still
yields infeasibility, we will continue to remove subsequent
inequalities until a feasible solution is obtained.
We deﬁne the workload adjustment of a parallel unit system at
epoch as controllable if the optimization problem is feasible
when at least one constraint in (13) remains. If, however, we are
forced to remove all
constraints in (14) to achieve
feasibility, then the problem is referred to as uncontrollable.
Whether the problem is controllable or not depends on the instantaneous degradation status of units, which are time-varying
due to the dynamic characteristics of degradation processes and
their interactions with adjustable workloads. Thus, the level of
control of the system may vary at different epochs depending on
the degradation status of each unit. Since we evaluate the level
of control at individual epochs separately, when a unit is uncontrollable at a decision epoch, we will derive the solutions by

Here, we investigate the performance of our proposed method
through a numerical case study. We consider a hypothetical
stamping system with ﬁve identical stamping machines working
in parallel to fabricate parts. This example is inspired by the
single-stage stamping process investigated in Chen and Jin [32],
which provided both the system description and the degradation-related parameters obtained through real experiments. In
this study, parameters utilized to generate degradation signals
are obtained through Chen and Jin [32] in order to capture the
characteristics of a real world stamping system and are given
here.
1) The unit of workload is the number of parts fabricated in a
unit time.
2) The prior mean of “degradation coefﬁcient” of each machine, i.e.,
, is equal to
inch per
part.
3) The diffusion parameter of the Brownian motion error of
each machine, i.e.,
, is
inch per unit
time.
4) We assume that the failure threshold of each machine is
0.004 in to reﬂect the real manufacturing settings.
5) The maximum workload for each machine is set to be 1500
parts per day and the demand is set to be 6000 parts per

HAO et al.: CONTROLLING THE RESIDUAL LIFE DISTRIBUTION OF PARALLEL UNIT SYSTEMS THROUGH WORKLOAD ADJUSTMENT

1049

Fig. 4. Percentage of time when more than one machine is under repair X-axis: I—Benchmark 1; II—Benchmark 2; III—Proposed methodology.

day. The decision epoch (unit time) in this study is one
day. Once the machine is failed, it will immediately go
through the repair process, which is assumed to take a constant amount of time with at least one decision epoch. Additional repair time may be required in terms of multiple
of a day. Under this conﬁguration, if no more than one machine fails simultaneously, the demand can still be satisﬁed
by the remaining four machines. However, if more than one
machine fails, the demand can no longer be satisﬁed.
6) The length of the simulation period is set to be 300 days.

B. Simulation Procedure and Evaluation Results
We compared the performance of our proposed dynamic
workload adjustment methodology with two benchmark strategies. The ﬁrst benchmark assumes that workloads are equally
assigned to all functional units (hereafter referred to as Benchmark 1). The second benchmark assigns workloads randomly
(hereafter referred to as Benchmark 2). To be speciﬁc, at each
epoch, Benchmark 2 identiﬁes all possible solutions of workload
assignments and randomly draws one solution from the entire
solution sets. We use two key performance indices (KPIs) for
performance comparison: 1) the percentage of time that more
than one machine is failed and under repair and 2) the percentage
loss of production. Recall that, in the current study setup, when
there is more than one machine under repair, the demand can no
longer be satisﬁed and thus may result in the loss of production.

We evaluated the effects of two factors.
1) The ﬁrst was the repair time. We evaluated the performance
when the repair time is equal to 1, 3, and 5 days.
2) The second factor was the coefﬁcient of variation (CV) of
the prior distribution of the degradation coefﬁcient. The
CV is deﬁned as the ratio of standard deviation to the
mean. In other words, for each unit , its CV of
is
equal to
. Thus, CV captures the variation of the
degradation coefﬁcient among units. Note that, as the CV
decreases, the unit-to-unit variability also decreases. Recall that all machines in this study have the same
inch per part. Consequently a smaller CV indicates that the actual of different machines are more
similar to each other, and thus they tend to fail at the same
time if they are assigned with similar workloads. Testing
was performed under four different levels of CVs:
, and
.
For each of the
conditions, we ran 30 experiments.
The boxplots of the two KPIs in all 12 conditions are shown
in Figs. 4 and 5, respectively. In each ﬁgure, the x-axis of all
subplots has label I for Benchmark 1, label II for Benchmark 2,
and label III for the proposed method.
From the results shown in Figs. 4 and 5, we can make the
following conclusions.
1) For a small repair time (1 day in this example), both KPIs
were insigniﬁcant for all three strategies. This is a likely
outcome since the probability of having machines failed
at the same time is small when the repair time is short. A
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Fig. 5. Percentage loss of production X-axis: I—Benchmark 1; II—Benchmark 2; III—Proposed method.

longer repair time increases the likelihood of failure overlaps, thus resulting in an apparent increase in both KPIs (in
all three policies).
2) The performance of Benchmark 1 was the worst among
three strategies. One possibility is that the Benchmark
1 results in very close failure times among individual
machines and thus signiﬁcant amount of overlap among
machine failures. The performance of Benchmark 2 was
slightly better than Benchmark 1 but was still signiﬁcantly
worse than our proposed method. This is because although
Benchmark 2 reduces the possibility of having multiple
machines that fail closely due to the random distributed
workload, it still does not actively control the degradation
process of each machine from the overall system point of
view.
3) Our proposed method appeared to be relatively robust to
unit-to-unit variability, while the performance of the other
two benchmarks decreased as the unit-to-unit variability
decreased. This is because when the unit-to-unit variability
is small and machines are assigned with equal or random
workloads (i.e., without dynamic workload adjustment),
they tend to exhibit similar degradation processes and thus
several machines are more likely to fail at the same time.
VIII. CONCLUSION
In this paper, we focus on dynamic adjustment on the workload to control the degradation processes of individual units in
a complex system. We incorporate a Bayes scheme that utilizes real-time degradation monitoring information to update the
prior distribution of degradation coefﬁcients. Then, our method

derives the dynamic workload assignment strategy at each decision epoch and aims at preventing the overlap of unit failures.
To validate our method, we conduct a numerical study and compare with two benchmark strategies, one with evenly distributed
and the other with randomly distributed workloads. The results
clearly show that our method consistently outperforms these
two benchmarks under different scenarios in terms of preventing
the overlap of unit failures and meeting the production demand.
Furthermore, the advantage of the proposed method becomes
more pronounced as the repair time increases or the unit-to-unit
variability decreases.
The major contribution of this paper is to open a new research
direction that focuses on dynamically adjusting the workloads
assigned to individual units to actively control their degradation processes and failure times to ensure a satisfactory system
performance. To the best of our knowledge, this topic has not
been explicitly studied before. The existing literature in prognostics assumes that the degradation process is self-evolving,
and thus only focuses on modeling the degradation process and
predicting the residual life, rather than actively controlling the
failure time. On the contrary, this paper considers the problem
in which the degradation rate of a unit is directly related to
the workload assigned to that unit. Consequently, the degradation process can be intentionally controlled by adjusting the
workload to satisfy various requirements in practice such as the
residual life and engineering demand.
There are several important topics for future research.
1) In this paper, we focus on a special case that the instantaneous degradation rate is proportional to the workload.
Such relationship assumption may not be appropriate in
different processes. Additional efforts are needed to study
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the performance of the workload adjustment strategy when
the instantaneous degradation rate and the workload exhibit different relationship functions.
2) In addition, future work will focus on the extension of our
method to the serial-parallel multistage manufacturing processes to prevent the overlap of machine failures and maintain system throughput.
3) Moreover, further studies can be done to develop different
strategies of workload adjustment to account for various
requirements in reality. For example, in some cases, practitioners may require that more than one unit simultaneously
fails in order to achieve an effective maintenance planning
for the system. How to extend the current control policy to
a more general case that allows some overlap of expected
failure time will be addressed in the future. Also, in this
paper, we assume that the repair time of individual units remains constant. However, in practice, as the maintenance
resource is limited, some failed units may not be repaired
in time. This may further complicate the analysis.
APPENDIX
Proof of Proposition 1:

where

and

.
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