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In a ship assembly process, a large number of compliant parts are involved. The ratio of the
part thickness to the length or the width is typically 0.001–0.012. Fixture design is a critical
task in the ship assembly process due to its impact on the deformation and dimensional variation of the compliant parts. In current practice, ﬁxtures are typically uniformly distributed
under the part to be assembled, which is non-optimal, and large dimensional gaps may
occur during assembly. This paper proposed a methodology for the optimal design of the
ﬁxture layout in the ship assembly process by systematically integrating direct stiffness
method and simulated annealing algorithm, which aims to minimize dimensional gaps
along the assembly interface to further improve the quality and efﬁciency of seam
welding. The case study shows that the proposed method signiﬁcantly reduced the dimensional gaps of the compliant curved panel parts in a ship assembly process.
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1 Introduction
The compliant part assembly is common in manufacturing industries such as automobile, aircraft, and ship manufacturing. The
design of the ﬁxture layout is a critical task during the assembly
process since it deﬁnes the locations of ﬁxtures, which can signiﬁcantly affect the deformation and the dimensional variation of a compliant part, especially when the ratio of the part thickness to the length
or the width is very small. Thus, the optimal design of the ﬁxture
layout is important to improve the assembly dimensional quality.
In a ship assembly process, a large number of compliant parts are
involved. In addition, the compliant panel used for the ship assembly
is thin nowadays [1,2], where the ratio of the part thickness to the
length or the width is 0.001–0.012 [3]. Thus, the parts are usually
deformed under gravity during the ship panel assembly process,
which leads to various dimensional gaps along the assembly interface. The dimensional gaps along the edges of two parts to be assembled have a signiﬁcant contribution to welding deformation [4,5] and
also affect the welding quality by introducing internal defects, such
as incomplete penetration and fusion, inclusion, undercut, slag, gas
pole, and crack [6]. In the current practice of the ship assembly
process, dimensional gaps should be corrected to meet tolerance
requirements by trimming and correction before welding the compliant panels. However, it is very time-consuming and seriously reduces
the production efﬁciency. Therefore, it is of great signiﬁcance if we
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can reduce the dimensional gaps of ship curved panels during the
assembly process by optimizing the ﬁxture layout.
In general, the current methodologies for the optimal design of
the ﬁxture layout can be classiﬁed into two categories according
to the mechanical property of the part. The ﬁrst category deals
with the ﬁxture design for the rigid parts. For example, De Meter
[7] proposed a min-max load model for optimizing the design of
the ﬁxture layout in the machining process. Cai et al. [8] proposed
a variational method for the robust ﬁxture design of the 3D workpiece. Kim and Ding [9] proposed a revised exchange algorithm
for the optimal design of ﬁxture layouts in multi-station assembly
processes based on a two-dimensional, rigid panel assembly
model. Kim and Ding [10] further proposed a data-mining–aided
optimal design method for the ﬁxture layout. Based on these
works, Phoomboplab and Ceglarek [11] proposed a methodology
based on genetic algorithm and Hammersley sequence sampling
for the optimal design of ﬁxture layouts in three-dimensional multistation assembly systems. To consider critical product dimensions,
Söderberg and Carlson [12] proposed a scheme for sensitivity analysis, and Lööf et al. [13] optimized the ﬁxture layout to maximize
robustness. Söderberg et al. [14] discussed the scheme optimization
from a physical dependency perspective. All these methods work
well for the rigid parts, but cannot be applied in the ﬁxture design
of the compliant part assembly.
The other category is the optimal design of the ﬁxture layout for
the compliant parts. Early methods for the optimal design of the
ﬁxture layout are mainly dependent on a quantity of ﬁnite
element analysis (FEA). For example, Rearick et al. [15] used
cost function analysis to determine the optimal ﬁxture layout for
deformable sheet metal parts. Cai and Hu [16] proposed an
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optimal ﬁxture conﬁguration design by considering deformation
and assembly spring back of sheet metal parts. Based on the
“3-2-1” principle for the rigid parts, Cai et al. [17] further proposed
an “N-2-1” principle (N ≥ 3) for the deformable sheet metal parts.
The effectiveness of ﬁxture design for compliant parts strongly
depends on the layout of the N locating points, and Cai et al. [17]
used FEA and nonlinear programming methods to ﬁnd the best
N locating points. Based on this principle, Das et al. [18] proposed
a ﬁxture design optimization method by considering the production
batch of non-ideal parts, and Franciosa et al. [19] introduced the
measure of ﬁxture capability to determine the optimal layout of ﬁxtures. Kulankara et al. [20] proposed a genetic-algorithm based procedure for optimizing ﬁxture layout. Menassa and DeVries [21]
proposed a method to assist the selections of ﬁxture locations by
using optimization techniques, and the method is demonstrated on
the prismatic parts. Dahlström and Camelio [22] proposed a
ﬁxture design methodology for the sheet metal assembly using
FEA and design of computer experiments. Camelio et al. [23] proposed a ﬁxture design methodology to minimize the assembly variation by combination of FEA and nonlinear programming
methods. Liao et al. [24] used FEA for ﬁxture layout optimization
with consideration of workpiece–ﬁxture contact interaction. Dou
et al. [25] proposed a ﬁxture layout optimization method by integrating ANSYS APDL of FEA and particle swarm optimization algorithm for the reduction of dimensional errors of the workpiece
during the machining process. Cai [26] further proposed a ﬁxture
optimization method for the sheet panel assembly by considering
the welding gun variations.
Recently, to improve the optimization efﬁciency of ﬁxture
layout design, a series of ﬁxture layout optimization methods for
the auto-body parts are proposed. For example, Xing et al. [27]
proposed to use a non-domination sorting social radiation algorithm for ﬁxture layout optimization of auto parts. An engineering
rule is developed to ﬁlter out the infeasible candidates of ﬁxture
locations to improve the optimization efﬁciency. A multi-station
ﬁxture layout optimization method is further proposed by Xing
et al. [28] for sheet metal parts by using the analytic hierarchy
process and particle swarm algorithm. To fully automate the
ﬁxture layout optimization procedures, Xing [29] combined
3DCs for dimensional analyses and global optimization algorithms. Notably, all of these methods need FEA software for the
calculation of part deformation or dimensional analysis, and the
methods mainly targeted on auto-body applications. To avoid
the intensive FEA calculation during the optimal ﬁxture design
process, Yang et al. [30] proposed a surrogate model to approximate the FEA calculation based on Kriging for the sheet metal
parts. Lu and Zhao [31] proposed a neural network model for surrogate modeling to replace the FEA calculation. However, the surrogate model cannot be always accurately established, which is
dependent on the structure and part property. In addition, surrogate
modeling also needs the training dataset and testing dataset from
the design of experiments (DOEs) by FEA.
Similar to other deformable sheet part assembly process, the
“N-2-1” locating principle [17] is also adopted in the ship curved
panel assembly. Different from spot welding used in the auto-body
assembly, seam welding is needed in the ship curved panel assembly, thereby indicating the dimensional gaps along the assembly
interface between two compliant parts will signiﬁcantly affect the
welding quality. Thus, the key objective in the optimal design of
the ﬁxture layout for the ship curved panel assembly is to minimize
dimensional gaps along the interface between the two compliant
parts to be assembled. However, the existing ﬁxture design
methods try to minimize the overall part deformation, without considering the dimensional gaps along the assembly interface [17,21].
Due to the small ratio of the part thickness to the length or the width
and large dimension of the compliant parts, signiﬁcant part deformations will be induced by gravity and further result in large dimensional gaps along the assembly interface in the ship curved panel
assembly process. Therefore, more locators on the primary datum
are needed for the ship curved panel assembly, which means that
061007-2 / Vol. 143, JUNE 2021

the “N” is very large in the “N-2-1” principle. On the other hand,
a large number of possible candidate locations exist to place locators for the ship curved panels because of its large physical dimensions. As a result, a more effective method should be proposed for
the optimal design of ﬁxtures in the ship assembly.
In this paper, we proposed an optimal design of ﬁxture layout
methodology (called DSMSO) by systematically integrating direct
stiffness method (DSM) and stochastic optimization (SO) technique
for the compliant part assembly with a demonstration in ship manufacturing industry. Our methodology is under the “N-2-1” principle of Cai et al. [17] and mainly aims to ﬁnd the optimal N locating
points from all the candidate points, which are the meshed nodes on
the compliant parts to be assembled. The DSMSO method considers
the dimensional gaps along the assembly interface induced by
gravity between two compliant parts to be assembled, and aims to
minimize such dimensional gaps by optimizing the ﬁxture
layouts. Speciﬁcally, we ﬁrst derive the DSM for the ﬁxture
design setting and formulate the ﬁxture design problem as a
binary integer programming problem. Then, the simulated annealing algorithm is adopted to solve the optimization problem.
Notably, we can get the exact deformation given the ﬁxture condition via DSM without intensive implementations of FEA software.
In addition, compared with the surrogate modeling, our method can
get the accurate solution instead of an approximation, and there is
no need for design of experiments and corresponding collections
of training and testing datasets.
Notably, the current literature on the optimal design of the ﬁxture
layout mainly focuses on minimizing the deformation of a single
part without considering the dimensional gaps along the edge of
two parts to be assembled. However, how to minimize those gaps
is an important problem in seam welding in the ship curved panel
assembly process. Our DSMSO method will minimize dimensional
gaps along the edges of two parts to be assembled and also consider
the overall surface proﬁle tolerance of each part for the optimal
design of the ﬁxture layout. Thus, the DSMSO method will
provide smaller dimensional gaps and further improve the quality
and efﬁciency of seam welding.
The remainder of this paper is organized as follows. Section 2
develops the proposed methodology for the optimal design of the
ﬁxture layout. In Sec. 3, a case study in the curved ship panel assembly process is used to demonstrate the proposed method. Finally, the
conclusions are summarized in Sec. 4.

2 DSMSO Methodology for Optimal Design of Fixture
Layout
An overview of the proposed DSMSO method is shown in Fig. 1.
According to the FEA model, the global stiffness matrix and global
load vector can be exported. Then, a modiﬁed direct stiffness
method is proposed for the ﬁxture design problem to facilitate the
calculation of the modiﬁed stiffness matrix and modiﬁed load
vector. A binary integer programming formulation is further proposed for optimizing the ﬁxture layouts. Finally, a simulated
annealing algorithm is adopted for the solution of the binary
integer programming problem.
Since the proposed method is established based on DSM, we will
ﬁrst brieﬂy introduce DSM in Sec. 2.1. Afterwards, a binary integer
programming formulation of ﬁxture design is developed in Sec. 2.2.
To solve the optimization problem, a simulated annealing algorithm
will be discussed in Sec. 2.3.

2.1 Introduction to the Direct Stiffness Method. The DSM
is the realization of FEA, and all major commercial FEA software
are based on DSM [32]. In the DSM, the global stiffness matrix
and global force vector are assembled according to the element stiffness matrix and the consistent nodal force vector. The assembly
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Fig. 1 Flowchart of the proposed DSMSO method

result is the global stiffness equation
Ku = f

(1)

where K ∈ Rn×n , u ∈ Rn , and f ∈ Rn are the global stiffness matrix,
nodal displacement vector, and nodal force vector, respectively. n is
the number of nodal displacements of the part. The full representation of the global stiffness equation (1) is
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where kij is the element of the ith row and the jth column of the
global stiffness matrix K, and ui and fi are the ith element of
nodal displacement u and nodal force f, respectively. Equation (2)
cannot be directly solved due to the singular condition of K matrix.
Thus, physical support should be imposed to eliminate the rigid
body motions, which is called displacement boundary conditions.
In fact, ﬁxtures are one kind of physical supports, so placement
of ﬁxtures is equivalent to adding displacement boundary
conditions.
In the literature, the conventional modiﬁcations of Eq. (2) to
impose displacement boundary conditions are illustrated in
Ref. [32]. Suppose the tth element of nodal displacement u, i.e.,
ut, is known and ut = ut . The conventional way to impose displacement boundary conditions is to set ktt = 1, ft = ut , and kit = kti = 0 of
the global stiffness equation for i = 1, 2, …, n and i ≠ t. For example,
if t = 2, i.e., u2 = u2 is known, then the modiﬁed equation from the
global stiffness equation is
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 = f, and
Such modiﬁed stiffness equation can be denoted as Ku
 ∈ Rn×n and f ∈ Rn are modiﬁed global stiffness matrix and the
K
nodal force vector, respectively. However, the modiﬁed equation
(3) is ill-conditioned, and the associated solution is sensitive to
 and
small perturbations in the modiﬁed global stiffness matrix K

the nodal force vector f. To overcome this limitation, Wu et al.
[33] proposed an improved procedure for modiﬁcations of Eq. (2)
given the displacement boundary conditions. Similarly, suppose
ut is known and ut = ut . Wu et al. [33] proposed to set ft = ktt ut ,
f i = fi − kit ut , and kit = kti = 0 of the original equation (2) for
i = 1, 2, …, n and i ≠ t. For example, if t = 2, i.e., u2 = u2
is known, then the modiﬁed equation from the global stiffness
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where f i = fi − ki2 u2 , i = 1, 3, 4, …, n. Given the modiﬁed equation (4), the unknown nodal displacement can be solved. In this
paper, we developed the formulation of ﬁxture design problem
based on the modiﬁcations of Wu et al. [33], which will be illustrated in Sec. 2.2.
2.2 Problem Deﬁnition and Formulation. Due to the compliant property of a large ship curved panel, the deformation induced
by gravity is signiﬁcant. In this paper, we mainly consider the
optimal design of the ﬁxture layout for the ideal part to reduce
the dimensional gap induced by gravity. Given the structure of a
compliant part, gravity, meshing strategy, and the element type,
the global stiffness matrix K, global nodal force vector f, and the
number of nodes are known from the FEA. It is reasonable to
assume that the mechanical behavior of the compliant part is
linear elastic by imposing the locators, which indicates that the
global stiffness matrix K and the global nodal force vector f are
constant during the ﬁxture design. The size, shape, and material
properties of the parts will simultaneously determine the global
stiffness matrix K. However, the assumption of linear elastic deformation is the only assumption that the following modiﬁed stiffness
method works for ﬁxture design problem. By imposing locators on
the compliant part, the corresponding nodal displacements will be
constrained.
PROPOSITION 1. For the ﬁxture design setting, suppose ut = 0 . To
impose such displacement boundary conditions, we only need to set
ft = 0, and kit = 0 for i = 1, 2, …, n and i ≠ t. For example, if t = 2,
i.e., u2 = 0, the modiﬁed equations are
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It is simple to prove that the modiﬁed equation (5) can provide
the same solution of nodal displacements as Eq. (4) given u2 = 0.
Similarly, it can be proved that the revised settings of ft and kit
will also give the same solution as the modiﬁed procedure of Wu
et al. [33] given the ﬁxture setting ut = 0.
In this paper, we consider the optimal ﬁxture layout for the
assembly of two compliant parts. Let np denote the number of
nodal displacements of the compliant part p, then the number
of nodes of the part p is mp = np/Mp, where Mp is the
degree-of-freedom of the element in part p, p = 1, 2. Since surfaces
of curved compliant panels may be complex, the candidate locating
JUNE 2021, Vol. 143 / 061007-3

points are hardly expressed by equations. Thus, we follow Xing’s
work [29] and use meshed nodes as locating points that can deal
with any sheet metal part. In other words, we suppose that the locators are located at N number of nodes among these m number of
total nodes, where m = m1 + m2 is the total number of meshed
nodes of both parts. N is a predeﬁned constant number. Let xi ∈
{0, 1} be a binary variable, where xi = 0 indicates a locator is
placed at node i. Then, the ﬁxture design problem can be formulated
as

Part I

Part II

min H(x)
x∈X

 1 (x)u = f 1 (x)
s.t. K
 2 (x)v = f 2 (x)
K

nodes along the assembly interface
(6)

where X = {(x1, x2, x3, …, xm), x1, x2, x3, …, xm is a permutation of
0,
m…, 0, 1, …, 1} and there are N number of zeros in set X, i.e.,
i=1 xi = m − N. Since the modiﬁed equations are dependent on
 2 (x)v = f 2 (x) to
 1 (x)u = f 1 (x) and K
the ﬁxture layouts, we use K
denote the modiﬁed equations for part I and part II, respectively.
u ∈ Rn1 and v ∈ Rn2 are the displacements of part I and part II.
Given xi = 0, the corresponding nodal displacements will be con p (x) and f p (x), p = 1, 2, will be obtained from
strained to 0, and K
Proposition 1. H(x) is the objective function for the optimal
design of the ﬁxture layout, which can be determined from the engineering requirements. In the ship curved panel assembly process,
practitioners hope that the mean of dimensional gaps along the
interface under gravity is minimized and the surface proﬁle tolerance of the parts to be assembled meets the required precision ɛ,
where the surface proﬁle tolerance can be characterized by the displacement at each node of the parts. Thus, problem (6) can be
further written as
min H(x) =
x∈X

m0


ψ i (x)/m0

i=1

 1 (x)u = f 1 (x)
s.t. K
 2 (x)v = f 2 (x)
K

u2ix (x) + u2iy (x) + u2iz (x) ≤ ε,

i = 1, 2, . . . , m1 ,


v2ix (x) + v2iy (x) + v2iz (x) ≤ ε,

i = 1, 2, . . . , m2 ,

(7)

 1 (x), K
 2 (x), f 1 (x), and f 2 (x).
where u(x) = u, v(x) = v given K
uix(x), uiy(x), uiz(x), vix(x), viy(x), and viz(x) are linear displacements of the ith node in the x-, y- and z-directions of part I and
part II, which are the elements of u(x) and v(x). ψ i (x) =

(uix (x) − vix (x))2 + (uiy (x) − viy (x))2 + (uiz (x) − viz (x))2 is the
dimensional gap at node i along the interface between the compliant
parts to be assembled under gravity and ﬁxture layout x. m0 is the
number of nodes along the assembly interface between two parts.
Figure 2 shows the nodes along the assembly interface between
two parts, and m0 is the total number of these nodes.
Notably, the whole framework also works when the assembly
constraints exist. Let X 1in and X2in be the infeasible set of nodes
that cannot place locators due to the assembly constraints for part
I and part II, and card (X1in ) = c1 , card (X2in ) = c2 . Let c = c1 + c2,
then the cardinality of the feasible set of nodes Xf for the assembly
parts is m − c, i.e., card (Xf) = m − c. Problem (7) can be written as
min H(x) =

x∈Xf

m0


ψ i (x)/m0

i=1
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Fig. 2 Illustrations of the nodes along the assembly interface
between two parts

 1 (x)u = f 1 (x)
s.t. K
 2 (x)v = f 2 (x)
K

u2ix (x) + u2iy (x) + u2iz (x) ≤ ε,

i = 1, 2, . . . , m1 ,


v2ix (x) + v2iy (x) + v2iz (x) ≤ ε,

i = 1, 2, . . . , m2 ,

(8)

where Xf = {(x1, x2, x3, …, xm−c), x1, x2, x3, …, xm−c is a permutation 
of 0, …, 0, 1, …, 1}, and there are N number of zeros in set Xf,
i.e., m−c
i=1 xi = m − c − N.
2.3 Algorithm. As the binary integers and complex constraints exist in Eqs. (7) and (8), these two optimization problems
are non-convex. In addition, the search space of solution is also
large, thereby indicating traditional integer programming
methods, such as branch-and bound, divide and conquer, are challenging to be applied [34]. Metaheuristic optimization algorithms
are higher-level procedure or frameworks that aim to provide a sufﬁciently good solution to an optimization problem by efﬁciently and
effectively exploring the search space [35]. Simulated annealing
algorithm is one of the metaheuristic optimization methods to
handle this kind of non-convex global optimization problem from
stochastics with theoretical guarantee [36]. Although it is not guaranteed that the global optimum can be found in practice, the theory
of simulated annealing guides us toward better solution via parameter settings. In addition, simulated annealing has an explicit strategy to escape from local optimum by accepting solutions that are
worse than current solution with a decreasing probability as iterations increase. Thus, we apply simulated annealing algorithm for
solving the optimization problems (7) or (8). Here, we use
problem (7) to illustrate the problem-solving procedures.
In the literature, penalty functions have often been used for constrained optimization [37]. The penalty function methods temporarily relax the hardest constraints and use a modiﬁed objective
function instead to avoid the solution far from the feasible region.
The penalty function usually can be represented as δ(d(x, B)),
where d(x, B) is a metric function describing the decision variables
from the hardest constraint B. δ(0) = 0 is satisﬁed for a penalty function, which indicates no penalty exists if x satisﬁes constraint B.
Given 
problem (7), to effectively handle the constraints
u2ix (x) + u2iy (x) + u2iz (x) ≤ ε, i = 1, 2, …, m1, and

v2ix (x) + v2iy (x) + v2iz (x) ≤ ε, i = 1, 2, …, m2, we ﬁrst deﬁne an indi-

cator function as the penalty function as follows:

δ x ∉ C1 or x ∉ C2
δ(x) =
0 x ∈ C1 and x ∈ C2
Transactions of the ASME



C1 = x ∈ X: u2ix (x) + u2iy (x) + u2iz (x) ≤ ε,

i = 1, 2, . . . , m1



C2 = x ∈ X: v2ix (x) + v2iy (x) + v2iz (x) ≤ ε,

i = 1, 2, . . . , m2





under a sufﬁcient slow increasing rate of β. More details about
Metropolis algorithm and simulated annealing can be referred to
Ref. [36]. Notably, the algorithm is also valid for the optimization
problem (8) given x 0 ∈ Xf, and the neighborhood set N(x) is
deﬁned with hamming distance equal to 2 from x on feasible set Xf.

(9)
where δ is a very large constant. Then, problem (7) can be reformulated as
min f (x) =
x∈X

m0


ψ i (x)/m0 + δ(x)

i=1

 1 (x)u = f 1 (x)
s.t. K
 2 (x)v = f 2 (x)
K

(10)

To apply the simulated annealing algorithm for problem (10), we
ﬁrst deﬁne

1 −βf (x)
e
, Zβ =
exp(−βf (x)),
Zβ
x∈X


M0 = x0 :f (x0 ) = min f (x)

Πβ (x) =

(11)

x∈X

where β > 0 is a tuning parameter, and Πβ (x) is a probability distribution on X. It can be proved that Πβ (x) monotonically increases as
a function of β for any x ∈ M0, and monotonically decreases as a
function of β for any x ∉ M0 if β is sufﬁciently large [36]. The
property of Πβ (x) inspires us that we can generate a sequence of
random numbers with distribution Πβ (x), and it will ﬁnally ﬁnd
one of the minimizers as β is inﬁnity. Such construction of Πβ (x)
enables the global optimization of problem (10), and random
number generation can be achieved by Metropolis algorithm [38].
Algorithm 1 shows the simulated annealing algorithm for
problem (10).
The simulated annealing algorithm for optimal
design of ﬁxture layout.

Algorithm 1

1. Input: K, f, L, T, α
2. Initialize x 0 ∈ X, β 0
 1 (x0 ), K
 2 (x0 ), f 1 (x0 ) and f 2 (x0 ) from the Propo3. Compute f(x 0) given K
sition 1
4. Repeat
5. For i = 0, 1, …, L
6.
Generate a new permutation y ∈ N(x i)
 1 (y), K
 2 (y), f 1 (y) and f 2 (y) from the Proposition 1
7.
Compute f(y) given K
8.
Compute Δf = f(y) − f(x i),
9.
Generate a random number a ∼ U[0, 1]
10.
If Δf < 0 or a < e−βΔf,
11.
xi+1 = y,
12.
Otherwise, x i+1 = x i, f(x i+1) = f(x i)
13. End
14. β j+1 = αβj , x0 = xi+1 , f (x0 ) = f (xi+1 )
15. Until β j+1 ≥ T

In Algorithm 1, K and f are the global stiffness matrix and nodal
force vector. L is the number of generations in Metropolis algorithm. T is a large number to end the simulated annealing in practice.
The neighborhood of a binary state system x ∈ X is deﬁned as the
set N(x) with hamming distance equal to 2 from x in our
problem. Notably, we use β j+1 = αβ j (α > 1) as the strategy in
increasing β, which is widely used in the simulated annealing algorithm [39]. Theoretically, the simulated annealing algorithm can
converge to the global optimum of the optimization problem (10)
Journal of Manufacturing Science and Engineering

3 Case Study
In this section, a case study in the ship curved panel assembly
process is conducted to illustrate the proposed method for the
optimal design of the ﬁxture locator layout. Notably, FEA simulation can exactly simulate real case with high accuracy in terms of
linear elastic deformation calculation [40]. The FEA model of the
compliant part is elaborated in Sec. 3.1, which is established
based on the real dimension and material properties of ship
plates. Then, the results of the proposed method are shown in
Sec. 3.2. Section 3.3 validates our results by FEA. Finally, discussions are provided in Sec. 3.4.
3.1 Problem Description. In a ship assembly process, a ship
curved panel is easy to be deformed under the gravity because of
the small ratio of the part thickness to the length or the width. In
order to reduce the deformation caused by the gravity, a large
number of locators on the primary datum are placed on the
ground (x–y plane), where the heights in z-direction can be adjusted
according to the surface of the parts, as shown in Fig. 3(a).
Figure 3(b) shows the ﬁxture layout in a ship curved panel assembly
process. Due to the simplicity of uniform layout and easier to be
adjusted for different types of compliant parts in a ship assembly
process, current practice adopts the uniform layout of ﬁxtures to
support the part.
In this case study, we take the assembly of two ship parts as an
example. Notably, these two ship parts are at the bow where the
assembly quality is very critical. Figure 4(a) shows their geometries. The lengths of four sides for part I are 5600 mm, 4600 mm,
5500 mm, and 3200 mm, respectively, where the large curved
panel is with various radius of curvature. Part II is an approximate
rectangle with 5500 mm of length and 600 mm of width. Both of
these two parts are 6 mm thick. The density, Young’s modulus,
and Poisson’s ratio of the curved panels are 7.85 × 10−3 g/mm3,
210,000 N/mm2 and 0.3, respectively. In order to explore the
optimal design of the ﬁxture layout, we establish an FEA model
using ABAQUS as shown in Fig. 4(b). Speciﬁcally, part I is meshed
with 2198 number of S4R elements and 60 number of S3 elements
in the FEA model, thereby indicating the total number of nodes is
2346. Part II is meshed with 330 number of S4R elements, and
the total number of nodes is 392. The gravity is uniformly distributed on the parts, where the direction of gravity is along the negative
direction of z-coordinate. After the establishment of the FEA model,
the global stiffness matrix and global load vector can be exported
for the optimal design of the ﬁxture layout by the proposed
method in Sec. 3.2.
3.2 Results of Optimal Design of Fixture Layout. Based on
the FEA model in Sec. 3.1, we know that there are m1 = 2346 and
m2 = 392 number of nodes on the curved part I and part II, respectively, thereby indicating m = 2738. m0 = 56 number of nodes exist
along the assembly interface between the curved panel I and
panel II. M1 = M2 = 6 degrees-of-freedoms exist for each node of
both panels, including three linear displacements and three
angular displacements. Thus, there are n1 = 10,476 and n2 = 2352
number of nodal displacements for the curved part I and part II.
The total number of ﬁxtures N = 30 are used to support both
curved compliant parts. The required precision of the surface
proﬁle tolerance is ɛ = 3. For the curved compliant part in the
ship assembly process, the edge of the part cannot place ﬁxtures,
and the number of infeasible nodes of the curved part I and part
JUNE 2021, Vol. 143 / 061007-5

(a)

(b)

Fig. 3 The ﬁxtures and ﬁxture layout in a ship curved panel assembly process: (a) the ﬁxtures used in the ship
hull assembly, and (b) the assembly of curved panels

II are c1 = 189 and c2 = 122. Thus, we use the formulation (8) to
optimize the ﬁxture layout for this case study.
According to the general practice of simulated annealing, the
parameters in Algorithm 1 are set as T = e 8, β 0 = 1.1, α = 1.25,
L = 30, and δ = 1000. The initial state of ﬁxture layout x 0 is randomly selected from the feasible set. In this case study, the
“N-2-1” locating principle of Cai et al. [17] is adopted, and the positions of “2-1” locators on the secondary and tertiary datums are
known in practice. “N” ﬁxtures on the primary datum play a key
role on reduction of the deformation caused by the gravity. Thus,
we mainly focus on the optimization of “N” ﬁxture layout. Generally, the number of N = 30 ﬁxtures only constrain the linear displacements in z-direction, so only the linear displacements in
z-direction are zero. The three locators will only constrain the
linear displacement in either x-direction or y-direction according
to the “N-2-1” locating principle. Given x 0 and the positions of
 1 (x0 ) and modiﬁed nodal
locators, the modiﬁed stiffness matrix K
force vector f(x0 ) can be obtained from Proposition 1, and we optimize the ﬁxture layout of the N ﬁxtures. Figure 5 shows the feasible,
infeasible, proposed ﬁxture layout and three locators of the curved
panels to be assembled on the x–y projection. As shown in Fig. 5,
the proposed optimal design of the ﬁxture layout tends to distribute
more ﬁxtures close to the longer edge, which is consistent with
engineering intuition.
In current practice, a uniform ﬁxture layout is adopted for the
curved part assembly, as shown in Fig. 6. Our method optimizes
the ﬁxture layout for both parts together and places 25 ﬁxtures for
part I and ﬁve ﬁxtures for part II. In this way, our method can

Part I
Interface
Part II

Fig. 4 (a) The geometry and (b) FEA model of the compliant
curved panels to be assembled
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Fig. 5 Illustrations of feasible, infeasible locations, locators of
part I and part II, and the proposed optimal design of the ﬁxture
layout
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Part I
Interface
Part II

Fig. 6 Illustrations of feasible, infeasible locations, locators of
part I and part II, and the current practice of the ﬁxture layout

reduce the large deformation of part I as well as achieve good proﬁle
dimension of part II. To quantitatively compare the proposed
method with the current practice, we introduce the mean and
maximum of nodal dimensional gaps to evaluate both methods.
As shown in Table 1, the optimal designed ﬁxture achieves
89.17% less mean and 70.85% less maximum of the dimensional
gaps. Table 1 also lists the maximum of displacements of the compliant parts to be assembled. Notably, our method signiﬁcantly
reduces the maximum displacement of the compliant part assembly
and meets the required precision of surface proﬁle precision. By
comparison, the current practice needs more ﬁxtures to satisfy
this requirement. Thus, our method can achieve high precision
part set up for assembly with a smaller number of ﬁxtures comparing with the current practice.
To further illustrate the comparison results between our method
and the current practice, we also show the nodal deformations of
the curved parts to be assembled in Fig. 7. Figures 7(a)–7(c)
show deformations in the x-, y-, and z-directions, and the color
shows the deformation magnitude. The color difference along the
assembly interface of two compliant parts indicates the gap magnitude. In another word, a larger color difference indicates a larger
gap. We marked two lager gaps on Figs. 7(b) and 7(c). Compared
with current practice, the deformation color of our method is
more consistent along the assembly interface, thereby indicating
smaller dimensional gap due to the optimal design of the ﬁxture
layout. As shown in Fig. 7(b), the deformation in the y-direction
is more signiﬁcant than other directions. This is because part II is
almost set in the x–y plane, as shown in Fig. 8, so the deformation
in the y-direction is very small. Part I is a curved panel with large
radians and most of its area is in the x–z plane, so the deformation
in the y-direction of part I is more signiﬁcant.
Notably, no setup errors are considered in our method and current
practice. Our paper focuses on the optimal design of the ﬁxture
layout on the part, and in the simulation, we precisely use the
dimension of our optimization result to generate and evaluate the
gaps. Thus, the dimensional gap is purely caused by the gravity
deformations of part I and part II given different ﬁxture layouts.
Deformations of part I and part II in current practice are signiﬁcantly different due to the non-optimal design of the ﬁxture
layout, thereby leading to large dimensional gaps.
Table 1 Linear displacement (mm) comparisons given the
ﬁxture layout from our method and current practice in the ship
curved part assembly
Method
Our method
Current practice
Reduction percentage

Mean gap

Max gap

Max displacement

0.17
1.57
89.17%

0.58
1.99
70.85%

2.92
4.86
39.92%
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In this paper, the dimensional gap along the assembly interface is
the key concern for seam welding quality in the ship assembly
process. Thus, the objective of optimal layout of ﬁxture design is
to minimize the dimensional gap along the interface between two
assembly parts under the constraint of surface proﬁle tolerance ɛ.
Given such objective, the optimization algorithm will try the best
to minimize the gap and panel deformation induced by gravity to
meet the tolerance requirement. Figure 9 further shows dimensional
gaps of the assembly interface between two parts by our method and
current practice, and our method achieves signiﬁcant gap reduction,
which will signiﬁcantly improve seam welding during assembly.
Therefore, the proposed ﬁxture layout shows superior performance
than the current practice.
In order to better show the comparison results, the statistical evidence is also provided. The paired-sample t-test is used to test the
mean difference between the proposed ﬁxture layout and the
current practice. The null hypothesis H = 0 is that no mean difference exists between the proposed ﬁxture layout and the current
practice. Otherwise, H = 1 indicates the null hypothesis is rejected
at the 5% signiﬁcance level. Table 2 lists the statistical test results
including H-value, p-value, and 95% conﬁdence interval (95%
CI) of the mean difference. The statistical results show the signiﬁcance of the proposed ﬁxture layout over the current practice.
3.3 Finite Element Analysis Validation. In this subsection,
we calculate the displacements of the parts and show the dimensional gaps of the assembly interface between these two curved
panels under gravity by FEA via ABAQUS 6.13. The main objective
of FEA validation is to further illustrate the dimensional gaps of the
assembly interface and validate the accuracy of DSM for displacement calculations.
In order to clearly show the dimensional gaps along the assembly
interface, we set the deformation scale factor as 100. The comparison results between our method and the current practice are shown
in Fig. 10. Figure 10 illustrates the dimensional gaps along the interface in detail. When the proposed ﬁxture layout is adopted, the max
gap is on the left end of the assembly interface, and the gap gradually decreases ﬁrst and then increases from the left end to the right
end of the assembly interface (as shown in Fig. 10(a)). In contrast,
when the current practice is adopted, the max gap is on the right end
of assembly interface, and the gap gradually increases from the left
end to the right end of the assembly interface (as shown in
Fig. 10(b)). The dimensional gaps of current practice are much
larger than our method. All of these results are consistent with the
results shown in Fig. 9, which further validates the proposed
method is effective to optimize the ﬁxture layout in the ship
curved panel assembly process.
In order to evaluate the accuracy of DSM, we calculated the
displacement differences between DSM and FEA by the proposed
ﬁxture layout in this subsection. Table 3 lists the mean and
maximum of the absolute differences and associated ratio of
linear displacements calculated by DSM and FEA given the proposed ﬁxture layout.
As shown in Table 3, the differences of displacement calculations
by the DSM and FEA are very small, which are the numerical calculation difference. Thus, our method has a signiﬁcant advantage
that we do not need to do intensive FEA experiments from the commercial software or surrogate modeling from design of experiments
but achieve accurate calculation of displacements during the
optimal design of the ﬁxture layout.
3.4 Discussion. In the literature, there are mainly two types of
methods for the optimal design of the ﬁxture layout for compliant
parts, where the details are discussed in the introduction, i.e.,
Sec. 1. The ﬁrst type of methods depend on the intensive FEA simulations from a commercial software, which is time-consuming and
difﬁcult to automate. To overcome such limitation, the second
type of methods aim to establish surrogate models by using simulation data from FEA based on design of experiment. Machine
JUNE 2021, Vol. 143 / 061007-7

Fig. 7 Dimensional gaps of the assembly interface of our method (left) and current practice (right) in the (a) x-direction,
(b) y-direction, and (c) z-direction: small gaps versus large gaps

Fig. 8

Deformations in y-direction calculated by FEA
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Fig. 9 Comparisons of dimensional gaps along the assembly
interface between our method and current practice
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Table 2 Statistical results of comparisons on the mean
dimensional gap
H

p-value

95% CI

1

5.13 × 10−46

[1.34, 1.46]

learning methods are applicable for surrogate modeling by collection of training dataset and testing dataset from FEA simulation.
However, due to the following three reasons, the numerical comparisons between our method and those two types of methods are not
necessary:
• In this paper, we proposed a physical model, i.e., modiﬁed
direct stiffness method, to calculate the deformation under different ﬁxture layouts instead of intensive FEA simulations. In
addition, our method can reach the optimal ﬁxture design automatically without calling FEA simulations during the optimization. In contrast, the ﬁrst type of existing methods need
intensive FEA simulations and call FEA software at each iteration step during optimization. Thus, although the computation load of FEA may be acceptable in practice, there are
signiﬁcant disadvantages of the FEA methods compared
with our method.
• The surrogate modeling or data-driven models need a training
dataset and a testing dataset, with both datasets generated from
FEA simulations [30,31]. The procedures to do this will be (i)

DOEs, (ii) FEA simulations to generate datasets based on
DOE, and (iii) developments of data-driven models. The
developed data-driven models can never be more accurate
than the physical model from ﬁrst principal. However, our
physics-driven model (i.e., modiﬁed direct stiffness method)
comes from ﬁrst principal, which is the accurate model
under the assumption of linear elastic deformation. Such
assumption will be satisﬁed given suitable number of ﬁxtures
in the ship assembly process. Thus, the proposed physical
model is more accurate and efﬁcient than the surrogate
model or data-driven models.
• The current literature [17,21] mainly aims to minimize the
deﬂections of single part for ﬁxture design, which cannot guarantee the dimensional gaps along the assembly interface. By
comparison, we mainly focus on minimization of dimensional
gaps to further improve the quality and efﬁciency of seam
welding. Thus, if we numerically compare the dimensional
gap between our method and existing methods, our methods
will outperform other existing methods because we use the
objective function of minimizing dimensional gaps along the
interface between two compliant parts.
Currently, the initial value of N is determined by the engineering
domain knowledge or experience. After the value of N is initialized,
an iteritive trial-and-error procedure is followed via simulation
studies to revise N to ﬁnd the smallest N0 that meets the tolerance
“ɛ” of part deformations and gaps. If N ≥ N0 , the precision requirement will be satisﬁed and will result in a smaller dimensional gap as
N becomes larger.

Fig. 10 Dimensional gaps along the assembly interface under different ﬁxture layouts calculated by FEA: (a) our
method and (b) current practice
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Table 3 Displacement differences between DSM and FEA by the
proposed ﬁxture layout
Absolute difference
Maximum
Maximum ratio
Mean
Mean ratio

Part I

Part II

4.94 × 10−6
4.67 × 10−6
3.36 × 10−7
1.03 × 10−6

4.94 × 10−6
4.59 × 10−6
5.42 × 10−7
9.01 × 10−7

The largest dimension of the ﬁxture layout optimization problem
such as the number of ﬁxtures N and the total number of nodes m are
dependent on the computation power and delivery cycle of the
assembly products. For example, in our case study, the computation
time is 30,354.76 s, i.e., 8.43 h, on a laptop with Intel
Core-i7-10710U @ 1.10 GHz processor, 16 GB of RAM, which
meets the practice requirement since the ﬁxture design is completed
in the design stage.
The welding method used in the ship assembly process is arc
welding or laser welding. During the welding process, two ship
panels are welded by long continuous welding seam. The strength
of welding seam is comparable with the material of assembled
plates. Although there is grain coarsening at the high-temperature
heat affected zone, it has no adverse effect on mechanical properties
such as tensile, bend, and fatigue properties [41]. Thus, the subassembly can be regarded as one larger part with added dimensions
of two assembled parts, and the proposed method is also applicable
by using the stiffness matrix from the subassembly.
In practice, practitioners may need to do additional work to apply
the proposed technique for ﬁxture design compared with current
practice. However, such analysis is only conducted once during
the tooling design stage for the same type of assembly parts.
Thus, it is still very beneﬁcial for the industry to use this optimal
design of the ﬁxture layout to minimize the gap between two
parts to be assembled, which leads to high welding quality,
reduces the tooling adjustment, and reduces the cost.
This paper mainly focuses on the manufacturing design phase
and aims to reduce the dimensional gaps along the assembly interface of compliant parts from the perspective of the optimal design of
the ﬁxture layout. In a compliant part assembly process, there are
other factors that may result in dimensional varitions, such as part
form errors, ﬁxture errors, and setup errors. Considering such
errors is important in practice for dimensional variation reduction
and will be investigated in the future work.

4 Conclusion
This paper proposes a new method for the optimal design of
ﬁxture layouts. Due to the small ratio of the compliant part thickness
to the length or the width and the large dimension, the deformation
of compliant part induced by gravity is large, thereby leading to
large dimensional gaps in the ship curved panel assembly
process. However, dimensional gaps signiﬁcantly inﬂuence the
quality and efﬁciency of the seam welding during assembly.
Thus, how to optimally determine the locations of ﬁxtures to minimize dimensional gaps between two parts to be assembled is
important but a challenging task. To tackle this challenge, we
propose a binary integer programming formulation, which aims to
minimize the dimensional gaps along the assembly interface
between two parts to be assembled. In this way, we can improve
the quality and efﬁciency of seam welding from the optimal
design of the ﬁxture layout. In addition, our method systematically
integrates the direct stiffness method, which avoids the intensive
FEA calculations from commercial software. A simulated annealing
algorithm is further applied to obtain the optimal design of ﬁxture
layouts.
The case study shows that our method achieves satisfactory performance and outperforms current practice for the compliant parts
061007-10 / Vol. 143, JUNE 2021

in the ship curved panel assembly process in terms of the mean
and maximum of dimensional gaps. The future study will be the
dimensional variation analysis for the multi-stage ship curved
panel assembly process.
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