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Abstract—In this paper we review recent work on computational paradigms involving coupled relaxation oscillators built
using metal-insulator-transition (MIT) devices. Such oscillators
made using MIT devices based on Vanadium-Dioxide thin ﬁlms
are very compact and can be realized in hardware. Networks of
such oscillators have interesting phase and frequency dynamics
which can be programmed to solve computationally hard problems.

I. I NTRODUCTION
Building systems using a physical substrate that can compute involves (a) understanding what is needed for computing,
and (b) what computing properties are offered by the substrate. It is this complimenting match that makes a system
computationally powerful and efﬁcient. From the dawn of
research in computing, the digital symbolic metaphor has been
prevalent wherein information is represented symbolically as
binary bits and these bits are transformed for any operation on
these quantities. As such, most of research efforts have been
focussed on creating better “switches”, i.e. representing and
modifying binary information or bits using physical substrates,
or electronic devices. The possibility that physical devices can
offer more computing abilities than just a switch has been
either less explored or has been challenging. With the growing
need for smaller computing devices with application speciﬁc
capabilities, focussing on how platforms can provide better
application speciﬁc computing operations using their physics
can yield more efﬁcient and powerful computing systems than
using just the digital symbolic metaphor.
The need for better architectures or computational
paradigms than the current status quo is driven by hard
computational problems that we encounter. Such problems
include associative computing, scientiﬁc computing (including
solution of coupled Partial Differential Equations (PDEs)) and
optimization problems. In case of hard optimization problems
alternative paradigms and architectures include, but are not
limited to, cellular automata [1], quantum computing [2], Ising
model based systems [3], [4], neural networks [5], stochastic
searching architectures [6] and memcomputing [7]. Among
architectures for solving PDEs cellular neural networks (CNN)
have been studied [8], [9]. Some studies have also suggested
using cellular automata for solving PDEs [10].
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With such growing interest in more powerful computing
substrates, researchers have started looking beyond CMOS
devices. Interesting devices have come up which can be used
for more complex information processing than a switch using
just their ﬁrst principles. One such class of devices which
look promising are metal-insulator-transition (MIT) devices.
MIT devices based on Vanadium-Dioxide (VO2 ) thin ﬁlms
transition from a metallic state to an insulating state based on
the electric ﬁeld (or voltage) applied across them. When the
voltage applied increases above a threshold, the device turns
into a metallic state, and when the voltage applied reduces
below a threshold, it changes back to an insulating state. The
thresholds are not equal and there is hysteresis in transition.
This hysteresis can be used to create self-sustained oscillations
[11] in a very simple circuit with a VO2 device in series with
a resistance. In Section II we present an brief background
of oscillator based computing paradigms, and in Section III
we describe various ways of computing using MIT based
relaxation oscillators.
II. O SCILLATOR BASED COMPUTING
A computing system is characterized by two basic properties
- (a) Information representation, and (b) Information transformation. Information representation means how information is
represented in physical form in the physical substrate. Information transformation means how dynamics of the physical
medium is used to transform information from one value to
another. In case of oscillators, there are multiple ways of
achieving the above two.
Analog information can be represented as frequency, or
phase of the oscillators. Digital information can be stored in
thresholded analog forms, and also possibly bifurcations, if the
circuit elements can be controlled. Information transformations
can be achieved by either controlling circuit elements as above,
or by coupling. Coupling is an interesting phenomenon where
two or more oscillators can be connected in such a way that
they affect each other’s oscillations and ﬁnally the oscillators
show synchronization. As such, the information is transformed
in the synchronized state to some meaningful value based on
an application and information representation.
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Fig. 1. (a) D-D oscillator circuit conﬁguration and its equivalent circuit (b) D-R oscillator circuit conﬁguration and its equivalent circuit. (c) Load line graph
for the D-R circuit and the region of operation of D-R oscillator. When the stable points (green ﬁlled points) are outside the region of operation, the system
shows oscillations.

A. Sinusoidal oscillators
One such oscillator model is using sinusoidal oscillators
called the Kuramoto model [12]. In this model the oscillators
are simple harmonic and their coupling is assumed to affect
each other’s phases linearly. If the oscillators with phases
θ 1 and θ 2 have frequencies ω1 and ω2 then in Kuramoto
models the coupling of two oscillators will result in the phase
equations:
θ1 = ω1 + k(θ 1 − θ 2 )
θ2 = ω2 + k(θ 2 − θ 1 )
where k is the coupling constant. A Kuramoto system of N
oscillators is described by
N
K
sin(θ j − θ i ), i = 1, ..., N
θi = ωi +
N j=1

where θ i and ωi are the phase and frequency respectively
of i th oscillator.
One application of such coupling which uses frequency
representation in oscillators is that of frequency locking. When
ω1 and ω2 are close, the oscillators will synchronize and
ﬁnally oscillate with the same frequency which lies in between
the original frequencies. But if they are not close enough,
they will not synchronize. This bifurcation behavior can be
used as a digital output based on the frequencies as the input.
But such properties can possibly have much more interesting
applications when exploited in networks of such coupled
oscillators instead of just a pair of coupled oscillators.
In case of coupled networks of such oscillators, another
application which uses phase representation of information is
that of synchronization when oscillators have same frequency.
In this case, the phases of oscillators settle down to meaningful
transformations in the steady state giving rise to the so called
phase based oscillatory associative memories. The steady state
phase differences are a function of the weight matrix by which
the network is connected. The weight matrix can be considered

as stored memories and the steady state phase differences
settle down to a limit cycle corresponding to one of the stored
memories which is the closest to the initial vctor of phase
differences.
Even though, in theory, these oscillators are simple and
powerful, their implementation in hardware have been very
difﬁcult mainly due to the speciﬁc kind of coupling assumed in
the Kuramoto models. This is because such coupling equations
arise only in the limits of weak coupling, i.e. when the
coupling strengths are very weak, and do not hold when the
coupling is strong. This creates a big challenge in implementing such coupling in hardware. For instance, one effort
using compact oscillators in non-silicon technologies is the
use of Spin Torque Oscillators (STOs) coupled using spin
diffusion currents and providing a computational platform for
machine learning, spiking neural networks and others [13],
[14]. However, the high current densities of STOs and the
limited range of spin diffusion currents continue to pose
serious challenges to technologists.
B. Non-linear oscillators
Similar models of weak linear phase coupling were also
explored for Van Der Pol oscillators [15] which have an additional nonlinearity. But the implementation of such oscillators
is also non-trivial and the coupling behavior becomes too
complicated to tackle large connected networks [16]–[19].
III. R ELAXATION OSCILLATORS
A. Metal-Insulator State Transition Devices
The relaxation oscillators we consider here are based
on state switching devices made using Vanadium-Dioxide
thin ﬁlms which are metal-insulator-transition (MIT) devices.
These devices behave effectively as linear resistances. The
characteristic property of such devices is that they switch
between a metallic state and an insulating state based on
the voltage applied across their terminals. When the voltage
applied across their terminals exceeds above a threshold, say
Vh , these devices change to a metallic state. And when the
voltage applied across them reduces below a threshold, say
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Vl , these devices switch back to an insulating state. The
thresholds Vh and Vl are not equal and there is hysteresis
in transitions. An internal capacitance is associated with the
device which ensures gradual buildup and decaying of the
voltage (or energy) across the device. The current switches
very abruptly when the device switches state.
B. MIT based oscillators
The hysteretic metal-insulator transition can be harnessed to
create relaxation oscillators using very simple circuits. There
are two simple conﬁgurations [20] - (a) two MIT devices
in series called the D-D conﬁguration (D stands for device),
and (b) a MIT device in series with a ﬁxed resistance, called
the D-R conﬁguration (R stands for resistance). The circuit
schematics for these oscillators are shown in ﬁgure 1. We
will follow the following convention for voltages in the rest
of the paper. Uppercase voltage denote absolute voltages, and
lowercase voltages denote that the voltage value is normalized
w.r.t. Vdd . This means vl = Vl /Vdd and vh = Vh /Vdd .
In the D-D conﬁguration, if the devices are identical and the
condition Vl + Vh = Vdd holds then the system would oscillate
if the initial states of the devices are opposite, i.e. one device
is metallic and the other is insulating. This is because any time
one device switches, the other will make the opposite transition
as well. As gdm  gdi , the devices can be considered as
switches which are open in insulating state and closed in
metallic with conductance gdm . We assume gdi = 0 and a ﬁnite
gdm . The mechanism of oscillations is essentially charging
and discharging of the internal capacitances of the devices.
The device in metallic state connects the circuit and charges
(discharges) the lumped internal capacitance. The voltage at
the output node increases (decreases) and eventually reaches
the threshold voltage. Because of the constraint on vl and vh
as stated above, both devices will switch at the same time
causing their behavior to switch. The charging (discharging)
becomes discharging (charging) and the cycle continues.
The single D-D oscillator can be described by the following
set of piecewise linear differential equations:

(vdd − v)g1dm charging

cv =
discharging
−g2dm
where g1dm and g2dm are metallic conductances of the two
devices respectively. As gdi  gdm there is no term involving
gdi in the equations. The equation can be re-written as:
cv  = −g(s)v + p(s)
where s denotes the conduction state of the device (0 for
metallic, and 1 for insulating) and g(s) and p(s) depend on
the device conduction state s as follows:

g1dm, s = 0
g(s) =
g2dm, s = 1

g1dm, s = 0
p(s) =
0,
s=1

For D-R oscillators, the oscillations occur due to a lack of
stable point as seen in the load line graph of ﬁgure 1c. Solid
lines with slopes ri and rm are the regions of operation of
the device in insulating and metallic states respectively. The
system does not enter the dashed line region as a transition
occurs to the other conduction state at the red points. The
stable points, denoted by green points, are the points where
the load line intersects the I-V curve of the device. These stable
points in each state lie outside the region of operation of the
circuit and hence the circuit shows self sustained oscillations.
This is a much more practical conﬁguration from an electrical
implementation point of view, as the conditions required for
oscillations are not very strict.
Following similar analysis as in the D-D oscillator case, the
dynamics of the single D-R oscillator can be described as:

(vdd − v)gdm − vgs charging

cv =
discharging
−vgs
which can be re-written as:
cv  = −g(s)v + p(s)
where,


g(s) =

p(s)

=

gdm + gs,
gs ,
gdm,
0,

s=0
s=1

s=0
s=1

and s denotes the conduction state of the system as before.
Detailed analysis of conﬁgurations and modeling of such
oscillators can be found in [20].
It is interesting to note that an oscillator cannot be created
with ﬁrst order dynamics, but an oscillator can be created using
piecewise linear dynamics. In our case, if the piecewise linear
dynamics arise from the state switching behavior as in the case
of VO2 devices, then the hysteresis provides that minimum
necessary memory in the circuit to create oscillations without
any inductance.
Experiments with VO2 : An MIT device can be realized
using VO2 (Vanadium dioxide) which exhibits unique electronic properties like metal-insulator phase transitions. VO2
has been shown to undergo abrupt ﬁrst order metal-to-insulator
and insulator- to-metal transitions with up to ﬁve orders of
change in conductivity [21] and ultra-fast switching times [22].
This transition can be triggered using thermal [23], optical
[24], electronic [25] or strain [26] stimuli. The electrically
driven ﬁrst order metal-insulator-transition in VO2 is always
accompanied by hysteresis in switching as shown in ﬁgure
2a. In our experiments, the VO2 is epitaxially grown on
(001) TiO2 (-0.86% compressive strain) using Molecular Beam
Epitaxy (MBE), then patterned to form channels and followed
by deposition of Au/Pd contacts to electrically access the
VO2 channel. The insulator to metal transition (IMT) and the
reverse metal to insulator transition (MIT) occur at two critical
ﬁelds, E2 and E1 , respectively. Similar to what was discussed
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Fig. 2. (a) Measured I-E characteristics of a VO2 device illustrating the
hysteretic window (b) Measured characteristics show oscillations when biased
with a pull down resistor
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in the previous section, when a VO2 device was operated in
the hysteretic region with a series resistance, it breaks into
spontaneous oscillations (ﬁgure 2b).
C. Information representation
Information in MIT oscillators, like sinusoidal oscillators,
can be represented as phase, or frequency. Frequency of these
relaxation oscillators can be interpreted as the frequency of the
state transitions. Converting any analog input to a frequency
representation can be done by creating a functional relationship between the input and the effective series resistance
through which the internal capacitor charges. For instance, in
a D-R oscillator, such a conversion can be achieved using a
transistor in place of the series resistor (ﬁgure 3a). Any input
applied at the gate of the transistor is converted to a frequency,
although the relationship is not linear. Figure 3c shows such a
non-linear relationship assuming the small signal model of the
MOSFET (ﬁgure 3b). In case of phase, the information can be
stored by adjusting the time of start of oscillations based on
the input. The read-out of the frequency or phase can easily be
done using any phase-frequency detectors (PFD). Another way
of reading out relative phases of two oscillators is to threshold
the outputs of oscillators and ﬁnd the time average of a XOR
function [27], [28].
D. Information transformation with D-D oscillators
The behavior of such oscillators when coupled provides
interesting possibilities for transforming information. We focus
on phase based representation in these coupled oscillators,
where these oscillators are identical. The oscillators are coupled using simple passive resistive and/or capacitive circuits
through their output nodes (ﬁgure 5a). It was found in [27]
that the pairwise coupling behavior of D-D oscillators differ
from that of D-R oscillators, therefore these coupled oscillators
would ﬁnd use in different applications.
Two identical D-D oscillators coupled using a RC circuit
can be modeled as follows. When coupled, the system has 4
conduction states s = s1 s2 ∈ {00, 01, 10, 11} corresponding to
the 4 combinations of s1 and s2 . The coupled system can be
described in matrix form as:
cc F x (t)
x (t)

= −gc A(s)x(t) + P(s)


gc
= − F −1 A(s) x(t) − A−1 (s)P(s)
cc

1.5
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Fig. 3. (a) Oscillator circuit with MOSFET in series with a VO2 device (b)
Small signal equivalent circuit of the oscillator with VO2 in series with a
MOSFET (c) Frequency vs vgs curve of the VO2 oscillator

where x(t) = (v1 (t), v2 (t)) is the state variable at any time
instant t. The 2 × 2 matrices F and A(s), and vector P(s) are
given by:


−1
1 + α1
F=
−1
1 + α2




β11
1
−β11 − 1
, P(00) =
A(00) =
1
−β21 − 1 
 β21 

0
1
−β12 − 1
, P(10) =
A(10) =
−
1
β
1
−β
21

 21 

1
β11
−β11 − 1
, P(01) =
A(01) =
1
−β
−
1
0
22


1
−β12 − 1
,
P(11) = 0
A(11) =
1
−β22 − 1
Here, αi = ci /cc is the ratio of the combined lumped
capacitance of i th oscillator to the coupling capacitance cc , and
βi j = gi jdm /gc is the ratio of the metallic state resistance of
j th device of i th oscillator, where i ∈ {1, 2} and j ∈ {1, 2}. The
ﬁxed point in a conduction state s is given by ps = A−1 (s)P(s)
and the matrix determining the ﬂow (the ﬂow matrix or the
velocity matrix) is given by gccc F −1 A(s).
It was shown in [27] by symmetry reduction techniques that
under simple assumptions when two identical D-D oscillators
with equal charging and discharging rates are coupled using
a capacitance, they tend to synchronize in anti-phase locking,
and when coupled using a resistance they synchronize in inphase locking. If the coupling circuit is a parallel combination
of a resistance and capacitance, the steady state locking is still
either anti-phase or in-phase, but depends on the relative values
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Fig. 5. D-D (a) and D-R (b) coupled oscillator circuits using parallel RC
circuit as the coupling circuit.

of the coupling resistance and capacitance. The symmetry
reduced return map of the coupled system can be decomposed as the composition of two 1-dimensional functions a concave function f2 and a convex function f1 . In case the
coupling has more capacitive element, the resulting function
from composition is a concave function with stable anti-phase
locking and unstable in-phase locking (ﬁgure 4a). In case the
coupling is more resistive, the return map is convex with stable
in-phase locking and unstable anti-phase locking (ﬁgure 4c).
Interestingly, if the coupling resistance and capacitance are
tuned to go from resistive coupling to capacitive coupling,
instead of an abrupt switching from convex to a concave return
map, there is a region where the return map is S-shaped where
both in-phase and anti-phase locking is stable (ﬁgure 4b). In
this bistable region there is another unstable periodic orbit
which is neither anti-phase nor in-phase. It was proved in [20]
that a sufﬁcient condition for a concave return map is β > α.
The kinds of return map in coupled D-D oscillators are

10

15.

20 25. 30
α

35.

40

Fig. 6. Return map type for the symmetric D-D case in the parametric space
β × α for vl = 0.2 and vh = 0.8. We can clearly see that for β > α the return
map is concave and anti-phase locking is stable. When the coupling is more
resistive, the return map becomes convex with stable in-phase locking. The
region between concave and convex return map is the region with S-shaped
return map with both stable in-phase and stable anti-phase locking.

visualized in the parameter space α − β in ﬁgure 6. The two
regions for concave and convex return map can be clearly seen.
They are separated by a thin region which represents the case
of bistability.
Such characteristics can be very useful in phase-based representation and transformation. A coupled D-D oscillator system
can be conﬁgured by controlling the parameters α and β to
always yield in-phase output, out-of-phase output, or either of
these depending on the initial relative phase of the oscillators.
For non-identical oscillators, or even non-identical devices in
a single oscillator, the analysis becomes difﬁcult. Although DD oscillator coupling provides interesting behaviors which can
be utilized for a variety of possible computing paradigms and
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provides a good substrate for theoretical interest, the practical
implementation of such oscillators is difﬁcult in the current
state.
Similar to D-D oscillators, a symmetry reduction technique
was used for analyzing D-R oscillators [27]. Contrary to DD oscillators, D-R oscillators do not have equal charging and
discharging rates. As such, the analyses becomes difﬁcult as
there is one less symmetry. It can be shown that under simple
assumptions in case of coupled identical D-R oscillators, the
return map of the system can be written as the piecewise
composition of four 1-dimensional functions. As a general observation, when the charging processes are very fast compared
to the discharging processes (which is true in the fabricated
VO2 oscillators), the oscillators tend to lock anti-phase when
coupled using a capacitor. This anti-phase locking in D-R
oscillators differs fundamentally from the anti-phase locking in
the symmetric D-D case. Considering only identical oscillators
as in the previous case of coupled D-D oscillators, if the phase
portraits, i.e. trajectory of the system in the v1 × v2 place is
observed, we see that in the symmetric D-D case the antiphase locking is a ideal (ﬁgure 7b) whereas in the D-R case
the anti-phase locking comes from a butterﬂy shaped phaseportrait (ﬁgure 7c). In time domain, the butterﬂy-shaped curve
represents non-monotonic discharging state of the oscillators
with kinks. If the charging processes are very fast compared
to discharging processes, the kinks are small, and the butterﬂy
shaped phase portraits stay close to the anti-phase diagonal.
When the oscillators are non-identical, i.e. their fundamental
frequencies are different, they show properties similar to
other oscillators like that of locking within a locking range
and can be used for computing applications as well. Their
compact low power implementation make them an attractive
for creating large coupled arrays of oscillators and for computing applications. Given the practicality of implementing D-R
oscillators in hardware, they provide us with a powerful and
scalable platform to compute. Interesting applications have
been explored for both frequency based representations and
phase based representations.
Experiments with VO2 : Experiments using VO2 for coupled
D-R oscillators were demonstrated for both types - with a
series resistance [11], and with a series MOSFET [28]. Circuit
schematics for these circuits are shown in Figure 5b. Figure 8
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Fig. 7. Steady state trajectories of coupled oscillators with outputs v1 and
v2 settle to the diagonals in case of identical D-D coupling for in-phase
locking (a) and anti-phase locking (b). In case of identical D-R oscillators,
the trajectories settle to a butterﬂy shaped curve as seen in (c).

E. Information transformation with D-R oscillators
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Fig. 8. Experimental and simulated time domain waveforms in the steady
state and phase plots for a parallel RC coupled D-R oscillator system. The
two waveforms show close match and validate the model prediction.

shows the butterﬂy shaped steady state orbits in the D-R coupled oscillator system and a close match can be seen between
the expermintal and the simulated waveforms validating the
models developed for MIT based D-R oscillators.
F. Applications of D-R oscillators
1) Frequency based representation: The property of locking and locking range can be used when using frequency based
representation of information. If the frequency of oscillators is
controlled using the gate voltage of a series transistor (ﬁgure
3a), then a pair of such coupled oscillators (ﬁgure 5b) can be
used as a comparator for comparing the two gate voltages of
the series transistors of the coupled oscillators based on its
locking state. Interestingly, we can extract more information
than just the locking state of the oscillators. The steady state
relative phase of the oscillators (or the steady state periodic
orbits) change in a predictable manner as a function of the
difference of gate voltages of the coupled oscillators as was
shown in [27], [28]. Let us consider the XOR method of
measuring the steady state phase difference of oscillators. In
this method, ﬁrst the oscillator outputs are thresholded at 0.5
and converted to a binary signal. Next, a XOR operation is
performed at each time instant on this thresholded value of
oscillators. Finally, a time average is taken for the resulting
output. In terms of the phase domain v1 × v2 , the XOR method
is equivalent to the fraction of time the trajectory spends in the
gray regions as shown in ﬁgure 9. For vgs1 = vgs2 the steady
state trajectory is a symmetric butterﬂy with almost not part
in the gray regions. As vgs1 − vgs2 increases in magnitude,
the steady state orbit is distorted and the system spends more
time in the gray regions contributing to an increased value of
the averaged XOR operation. Experiments [28] show similar
XOR curves to what the theory and simulations indicate (ﬁgure
10a,b). The value of averaged XOR as a function of vgs1 and
vgs2 is shown in ﬁgure 10c. As can be seen, the averaged XOR
value is minimum along the line vgs1 = vgs2 and increases as
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Fig. 11. (a) Pairwise XOR measure is extended to illustrate pattern matching
between an input and a template. A lighter color corresponds to a better
match. (b) Saliency detection of images using coupled oscillator systems and
a digital implementation

Fig. 10. (a,b) Experimental results and simulations reveal the capability of
coupled oscillator phases to encode a measure of difference between two
inputs ΔVG S (c) Averaged XOR output as a function of vg s1 and vgs2

the difference increases till a certain limit which is the locking
range, beyond which the the oscillators cease to lock and the
averaged XOR measure settles to some value close to 0.5.
A coupled VO2 -MOSFET conﬁguration cascaded with a
XOR provides a way of measuring a form of fractional
distance using FSK. Arrays of such oscillators can be used
for template matching where pairwise differences can also
give sufﬁcient information for matching. An example template
matching application is shown in ﬁgure 11a. It was found using
simulations that coupled oscillators provide a power reduction
of 20X over 11 nm CMOS node reﬂecting the advantage of
let physics do the computing approach. Another application
for such coupled oscillator comparator is saliency detection at
the sensor frontend where the difference of nearby pixels in
a image can be computed using such oscillator arrays (ﬁgure
11b). For further details interested readers are pointed to the

previous work by the authors [28].
2) Phase based representation: An interesting phase based
applications for D-R oscillators has been demonstrated theoretically and experimentally in [29] for approximating the
solution of NP-hard graph coloring problem. Unlike previous
applications which had only pairwise coupling, here the oscillators are connected in a global network that corresponds
to the graph whose coloring is desired. When n identical D-R
oscillators are coupled using identical capacitors, such network
settles to a steady state wherein the relative phases of the
oscillators get ordered in a way that corresponds to the solution
of graph coloring. The time evolution of the piecewise linear
dynamical system of such coupled D-R oscillators inherits the
properties of and hence mimics approximate graph coloring
algorithms because of the construction of such networks. Basic
functioning of such a system is shown in Fig. 12.
IV. C ONCLUSION
In this article we review various computational paradigms
based on the dynamics that evolve from interactions between
relaxation oscillators made using hysteretic metal-insulatortransition (MIT) devices. Hardware implementation and fabrications of such oscillators using VO2 , as well as coupled
networks of such oscillators, have been demonstrated experimentally in various works referred to in the paper. Such
oscillators are compact and their coupling behavior has been
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Fig. 12. Overview of proposed graph coloring system using coupled VO2
oscillators where each node correspond to a VO2 oscillator. The dynamics of
system follows an approximate graph coloring algorithm and the steady state
phase outputs of VO2 oscillators can be used to color nodes of the graph.

well modeled in theory as shown in this article along with
various works mentioned. It is a big step towards using postCMOS devices to build computing systems that are not based
on just “switches” and which use complex interactions and
dynamics of coupled oscillators to do meaningful computation.
This also has a lot of advantages in terms of energy efﬁciency
and performance of computing in the post-CMOS world.
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