Appendix F
A.D. Lanterman, “Continuous-Time Jump Processes, with Application to
Shapes on the Lattice,” Statistics and Computing, letter requesting major
revision received Sept. 2005; manuscript undergoing revision.

1

Inference via Continuous-Time Jump Processes, with
Application to Shapes on the Lattice
A.D. Lanterman (lanterma@ece.gatech.edu)

∗

School of Electrical and Computer Engineering, Georgia Institute of Technology,
Mail Code 0250, Atlanta, GA 30332
Abstract. We are motivated by the need to supplement rigid target models in
a pattern-theoretic automatic target algorithm with flexible models to account
for clutter objects not present in the target library. A class of random sampling
algorithms based on continuous-time jump processes is proposed and applied to
sampling from the space of simply connected objects on the image lattice. The
semigroup theory of random processes lets us show that limiting cases of certain
random processes acting on discretized spaces converge to diffusion processes as the
discretization is refined.
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1. Introduction
The investigations described in this paper grew out of needs that became apparent during our earlier attempts to apply Grenander’s pattern theory (Grenander, 1994; Grenander, 1996) to the problem of
Automatic Target Recognition (ATR) in infrared scenes (Lanterman
et al., 1997a; Lanterman, 1998). In our formulation, targets were characterized by three-dimensional Computer-Aided Design (CAD) models along with mathematical representations of the varying intensities
of the facets (Lanterman, 2000). A Monte Carlo algorithm based on
jump-diffusion dynamics (Miller et al., 1997), where the jumps added
and removed individual targets and the diffusions refined their positions and orientations, was used to sample from a Bayesian posterior
incorporating the degradations of the sensor.
Our initial work assumed that the background was uniform, and
that the scene consistent only of known targets. Of course, the most
challenging aspect of ATR, and computer vision in general, is clutter.
When presented with a large building, our simple jump-diffusion algorithm would “birth” tanks into the building, and then pack them
as tightly as possible to cover the building structure. Since we only
told the algorithm about tanks, it felt compelled to explain everything
∗
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in the scene using tanks! Many traditional ATR systems in general
use outlier rejection techniques to try to screen out clutter. Hoping to
stick more closely to Grenander’s framework, we decided to add flexible
models to the parameter space, thus giving the algorithm the option of
describing targets using those flexible models (Lanterman et al., 1997b).
Our ultimate goal is an algorithm that can readily move back and forth
between structured representations, such as specific CAD models, and
unstructured representations.
The literature offers rich menagerie of flexible models, such as varieties of snakes (Kass et al., 1988) and balloons (Kichenessamy et al.,
1997; Figueiredo et al., 1997), and deformable templates ranging from
hands (Grenander and Keenan, 1993; Grenander et al., 1990) to potatoes (Grenander and Manbeck, 1993). The insights of Zhu and Yuille
(1996) have harmonized many of these approaches with one another
and with more earthy pixel-based image segmentation approaches.
Translating the mathematical beauty of different shape models to
the cold, hard, unforgiving world of the computer is fraught with practical discretization difficulties and headaches associated with maintaining and updating list-like data structures. Ingenious level-set methods
(Sethian, 1996) have helped ease some of the pain, but even these
elegant techniques sometimes require the clever coders to have a few
tricks up their computational sleeve.1 Many stalwart researchers have
conquered these assorted challenges.
For our ATR work, we plead for a simpler formulation of flexible
shapes that would not require the calisthenics described in the previous
paragraph. Our plea is answered by simply connected shapes on the
pixel lattice, which we viscerally call blobs. To sample from the space
of blobs, we develop a Monte Carlo algorithm based on continuous-time
jump processes. This was chosen to make the blob inference algorithm
readily compatible with the larger, more complex jump-diffusion process for ATR in infrared scenes we are currently working to embed it
in. The first goal of this paper is to present this algorithm for random
sampling from the space of blobs.
After implementing the algorithm for blobs, it became apparent that
continuous-time jump processes might be of interest in other Monte
Carlo applications as well. Hence, the second goal of this paper is to
relate some specific continuous-time jump processes to diffusion processes, thereby linking two of main tools in the Monte Carlo designer’s
bag of tricks.
1
The author would like to thank Anthony Yezzi of the School of Electrical and
Computer Engineering at the Georgia Institute of Technology for letting him sit
in on Prof. Yezzi’s special topics class on Partial Differential Equation Methods in
Image Processing. This class helped clear up numerous areas of confusion.
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1.1. A Simple Example of the Challenge of Clutter
1.1.1. Shape Wars
To illustrate the need for clutter modeling in a pattern-theoretic framework in the Grenander style, consider a simplified example of detecting
a tank, shown in the left panel of Figure 1, of known pose and radiant
intensity against a background of known intensity. In this example, a
Poisson noise model will be used. The objects have a Poisson intensity of
40 and the background a Poisson intensity of 20. Suppose the algorithm
may also encounter a boulder, shown in the middle panel of Figure 1,
but the system is not expecting to see anything except the tank. To
detect the tank, we can compute the loglikelihood of the tank and
compare it against the loglikelihood of only background. If we do this
for the boulder data shown in the right panel of Figure 1, we find the
loglikelihood of there not being a tank is 175204, and the likelihood of
there being a tank a 176112. Hence, the algorithm insists on calling the
boulder a tank.

Figure 1. Left and middle panels display templates of a tank and a boulder. Right
panel shows noisy image of the boulder.

This motivates extending the representation beyond the targets of
immediate interest with flexible models that can accommodate other
objects that might be encountered, such as this boulder. As described in
the introduction, this paper explores blobs, defined as simply-connected
objects on the image lattice, with connectivity defined along the four
compass directions. (Of course, other flexible models could be used as
well. The vital point here is that any ATR system must incorporate
some kind of generic shape model if it is to be robust against clutter,
not that blobs are the only viable approach.)
A high probability blob matching the data is shown in Figure 2. The
loglikelihood of the tank is 176112, but the loglikelihood of the blob is
176548. In essence, the algorithm declares that something interesting
is there, but that it does not know what it is. We do not wish to
immediately discard such clutter objects, since their presence might
be of interest, even if they do not match a target present in the ATR
system’s library.
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Figure 2. A blob that matches the data of the boulder with high probability.

Figure 3. Left panel shows noisy image of a tank. Right panel shows a blob that
matches the tank data with high probability.

1.1.2. The Boulder Strikes Back
This subsection briefly mentions a difficulty that we will address in
future work. While the blobs effectively handle the boulder, new trouble arises when we return to the original tank. Suppose the algorithm
encounters the tank data shown in the left panel of Figure 3. The
loglikelihood of a tank is 181359, but the loglikelihood of the matching
blob shown in the right panel of Figure 3 is 181367. The algorithm
wants to call the tank a blob, even though it is really a tank. This is
a manifestation of the model order estimation problem. Since the blob
has more degrees of freedom than the tank, it can twist and turn to
match minute details in the data. It wields an unfair advantage over
the simpler tank model. An approach such as Rissanen’s minimum description length framework (Barron et al., 1998) levels the playing field,
as the blob model must pay a price for its flexibility; this observation
motivated our investigations into MDL begun in Lanterman (2001).
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Figure 4. Boundaries of blobs that match the tank (left) and boulder (right) data
with high probability.

1.1.3. Return of the Tank
As a simple example illustrating how the problem of the previous subsection might be tackled, one straightforward approach is to invoke
a penalty based on a chain-length encoding of the boundaries, in the
spirit of Leclerc (1989). Consider the boundaries shown in Figure 4. At
each point on the boundary, there are five choices: one can continue
forward, bend 45 degrees to the left or right, or bend 90 degrees to
the left or right. A simple penalty could employ ln(5) nats (natural
logarithmic units of information) for each point along the border.
Using such a penalty, the penalized likelihood of a blob for the tank
data is 181206, while the likelihood of the tank is 181359, so the tank
hypothesis justifiably wins. When we return to the boulder data, we
find the likelihood of a tank is 176112, while the penalized likelihood
of a blob is 176451. The description length penalty has lowered the
favorability of the blob slightly, but not enough for the algorithm to
start claiming that the boulder is a tank.
1.2. Two Kinds of Convergence
This paper invokes the term convergence in two distinct ways. The first
sense of convergence is the convergence of the marginal distribution of
the random processes, over time, to the posterior distribution under
investigation. The “time” here refers not to the physical time over which
we collect data, but an “algorithmic time” associated with the fictitious
process we construct. Previous studies involving jump-diffusion algorithms and related Gibbs and Metropolis-Hastings sampling algorithms
have focused on this sort of convergence.
The second sense of convergence is the convergence of a sequence
of different processes to some limiting process, with the convergence
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being taken over the entire process. This is a more complex issue. While
the convergence described in the proceeding paragraph is over simple
spaces such as !n , or perhaps groups like SO(n), the convergence of
entire processes deals with abstract infinite-dimensional spaces, and
defining these notions properly requires considerable care.
Our Swiss army knife for the study of convergence will be semigroup
theory, particularly the infinitesimal generators that characterize those
semigroups. To show that a chosen process converges to the posterior
distribution, it suffices to show that the integral of the generator against
the target distribution is zero, as formulated precisely in Section 5. This
sort of argument has been a staple of research into pattern-theoretic
jump-diffusion algorithms, beginning with Section 3 of the seminal
monograph by Grenander and Miller (1991), through Theorem 1 of
Grenander and Miller (1994) and the appendices of Miller et al., Miller
et al. (1995, 1997).
To show convergence in the second sense – convergence of entire
processes – we will show that their associated generators converge
to the generator of the limiting process. This implies convergence of
semigroups, which in turn implies convergence of processes in the Skorohod topology, defined in Section 5.2.1. This is one of the approaches
suggested in the preface of Ethier and Kurtz (1986). They suggest
two other techniques, one grounded in martingale theory, the other
involving the solution of stochastic equations. The generator/semigroup
approach appears to require the least mathematical machinery of the
three techniques, so it is the one we adopt here. Still, much labor is
needed to make this rigorous. We tackle this in Section 5.2.2.
The codex by Ethier and Kurtz (1986) may be the most extensive
treatise available on the detailed characterization of Markov processes
and their convergence via semigroup theory. Much of the material it
contains is not readily available elsewhere, and it is quite challenging
even for those familiar with random process theory, so we will spend
some time reviewing it here. Some of the theorems cited are more powerful (and hence more opaque) than we need for our present purposes;
hence we will state the theorems as simplified special cases whenever
possible.

2. A Formal Definition Blobs
This section is intended primarily to fix notation; the definitions given
here will not be a surprise. Let P ⊂ Z2 denote a set of pixels on the
image detector plane, such as a video camera or the infrared camera of
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interest in our specific ATR application. For rigor, we define blobs via
the following:
DEFINITION 1. A binary lattice pattern on P is a function f : P →
{0, 1}.
DEFINITION 2. The primary compass directions are
P CD = {(0, 1), (0, −1), (1, 0), (−1, 0)}.

(1)

DEFINITION 3. A binary lattice pattern is a blob if for all p1 , p2 ∈ P
such that f (p1 ) = f (p2 ), there exists a sequence of directions (d1 , . . . dN ) ∈
P CDN such that
p2 = p1 +

N
!

di

(2)

i=1

and
f (p2 ) = f (p1 +

J
!

di ) for all J = 1, ..., N,

(3)

i=1

i.e., for any two foreground points, there is a path on the lattice that
connects them while staying in the foreground, and for any two background points, there is a path on the lattice that connects them while
staying in the background.
It will be convenient to define a predicate: IsBlob[f ] = 1 if f is a
blob, 0 otherwise. With this, define the following:
DEFINITION 4. The set of blobs on P will be called B = blobs.
B = {f : P → {0, 1} : IsBlob[f ] = 1}.

(4)

DEFINITION 5. The boundary operator b : B → B, which maps a
blob f to its boundary b(f ), is given by
b(f )(p) =

"

f (p) ⊕ f (p + d),

(5)

d∈P CD

where ⊕ represents the “exclusive-or” operation and ∨ represents the
“or” operation.
The following similar definitions will be useful in Section 7 when we
design Monte Carlo algorithms for sampling from B.
DEFINITION 6. The exterior boundary eb(f ) of a blob f is given by
eb(f )(p) = not[f (p)] ∧ b(f )(p),

(6)

i.e. all boundary points in the foreground.
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DEFINITION 7. The interior boundary ib(f ) of a blob f is given by
ib(f )(p) = f (p) ∧ b(f )(p),

(7)

i.e., all boundary points in the background. Here, ∧ represents the “and”
operation.
DEFINITION 8. The allowable additions aa(f ) of a blob f is the subset of the exterior boundary such that adding a point anywhere along
aa(f ) yields another blob:
aa(f )(p) = eb(f )(p) ∧ IsBlob[f ∨ δ(p)],

(8)

where δ(p) is the single-point blob with 1 at p and 0 elsewhere.
DEFINITION 9. The allowable deletions ad(f ) of a blob f is the subset
of the interior boundary such that deleting a point anywhere along ad(f )
yields another blob:
ad(f )(p) = ib(f )(p) ∧ IsBlob[f − δ(p)].

(9)

Adding a point in the allowable additions will not form a “hole”
in the blob, and deleting a point in the allowable deletions will not
disconnect the blob into two separate blobs.
A simpler, computationally convenient characterization of aa(f ) and
ad(f ) is helpful. At a given point p, imagine tracing along its eight
neighbors; for that point to be in the allowable region, two and only two
transitions, one from 0 to 1 and one from 1 to 0, should be observed as
we move along the neighbors. Reusing notation somewhat and adding
1’s (true) and 0’s (false) as if they were integers, define T woCh(f )(p)
to be 1 if
2 =
+
+
+

[f (p + E) ⊕ f (p + SE)] + [f (p + SE) ⊕ f (p + S)]
[f (p + S) ⊕ f (p + SW )] + [f (p + SW ) ⊕ f (p + W )]
[f (p + W ) ⊕ f (p + N W )] + [f (p + N W ) ⊕ f (p + N )]
[f (p + N ) ⊕ f (p + N E)] + [f (p + N E) ⊕ f (p + E)],

and 0 otherwise, where in (row,column) notation, E = (0, 1), SE =
(−1, 1), S = (−1, 0), etc., and T woCh stands for “two changes.”
Then straightforward (albeit tedious) enumeration of cases shows
that
aa(f ) = eb(f ) ∧ T woCh(f ),
ad(f ) = ib(f ) ∧ T woCh(f ).

(10)
(11)
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3. An Example Likelihood Model
3.1. Model for the Detector
A detector with elements arranged on a Cartesian lattice is assumed.
Enumerate the detector elements as p ∈ P ⊂ Z2 . In most applications
P is a rectangular subset.
We suppose an “ideal image” λ : P → [0, ∞), observed by chargecoupled-device camera, produces Poisson-distributed data y : P →
0, 1, 2... with mean given by λ. In the infrared case, λ is proportional
to the radiant intensity of objects in the scene. The associated loglikelihood of the data is (Snyder and Miller, 1991)
L(y|λ) = −

!

λ(k) +

!

y(k) ln λ(k).

(12)

k

k

Some non-ideal phenomena such as camera point-spread, nonuniform
detector response, and readout noise are not incorporated in (12). These
second-order effects are described in Snyder et al. (1993).
3.2. Intensity Models for Blobs and Background
For the blobs and the background, little a priori knowledge of their
intensities is available. Thus, we model their intensities as unknown,
nonrandom parameters. This was the technique employed to deal with
the nuisance parameters in the HANDS study (Grenander et al., 1990).
There, the nuisance parameters were the intensities of the hand and of
the background.
Taking the intensity across the shape to be uniform, a Poisson noise
model implies that the Maximum-Likelihood (ML) estimate is just the
mean of the pixels. The ML estimate λ̂i of the intensity λi of a region
Ri containing Ni pixels is simply the average of the data values y(·) in
that region:
Yi
1 !
.
(13)
λ̂i =
y(k) =
Ni k∈R
Ni
i

4. Background on Stochastic Processes
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4.1. Algorithmic Context
Geman and Hwang (1987), among others, have proposed simulating
Langevin diffusions defined by the SDE
1
dX(t) = E # (X(t))dt + dW (t),
2

(14)

where W (t) is a Wiener process, to sample from densities of the form
π(x) = exp[E(x)]/Z. The Langevin diffusion is essentially a gradient
ascent with an additional random term. To accommodate scenes of
varying dimension, Grenander and Miller (1991) combined diffusions
with jump processes to move between subspaces.
Figure 5 show an example of a Langevin diffusion process refining the
estimate of the orientation (Lanterman et al., 1997a) of an M60 in an
image provided by Dr. Richard Sims of the U.S. Aviation and Missile
Command (AMCOM). In this example, radiant intensities of target
facets were inferred from the data and assumed known in the analysis.
They were extracted from the data; the turret was assumed to possess
one uniform intensity, and the body another, both estimated from the
actual data prior to running the diffusion. The background intensity,
also estimated from the data, was assumed uniform and known. The
AMCOM image was collected from a infrared camera mounted aboard
a helicopter. Altitude and range to target were collected along with the
data, permitting rough reconstruction of the viewing geometry. The
position of the target was assumed known, with the diffusion operating
on the orientation parameter.
Langevin diffusions must be discretized for computer implementation, and the discretized process only approximately maintains detailed
balance. Besag (1994) suggests this can be readily remedied by performing a Metropolis-Hastings acceptance/rejection step (detailed in Section 7.1) after making the discretized Langevin diffusion; the resulting
discrete-time Markov chain algorithm incorporates all the advantages of
the Langevin diffusion approach, namely the analogy with the gradient
search (natural for continuous variables) and completely parallel site
updating. Thus diffusion techniques fit nicely within the MetropolisHastings umbrella. Roberts and Rosenthal (1998) explore this approach
in depth and deduce optimal step sizes.
This section and the remaining sections offer two primary take-home
messages in this vein:
1. Metropolis-Hastings algorithms and other discrete-time Markov chain
Monte Carlo algorithms have been the subject of much investigation in the statistical literature. In Section 6.2, we introduce a
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Figure 5. An example diffusion process refining the orientation of the M60 in the
AMCOM data.

continuous-time analogue of a conditional Gibbs sampler, where
the process jumps on exponential times, with mean proportional to
the inverse of the total probability contained in a neighborhood
around the current state. Compared with discrete-time MCMC
techniques, such continuous-time jump processes appear to have
remained largely unexplored by the random sampling community
(although they are well-known as models for physical phenomena:
see, for instance, Chapters 4 and 5 of Gillespie (1992).) We apply
this approach to derive samplers operating on the space of blobs
defined in Section 2.
2. If derivatives are difficult to compute, Metropolis-Hasting proposals can be made using a density centered around the old value,
such as a Gaussian. The acceptance/rejection step ensures that we
still achieve the target distribution. Most intriguingly, Gelfand and
Mitter (1991) have shown that certain continuous-time interpolations of some Metropolis sampling algorithms, such as the Gaussian
proposals mentioned here, weakly converge to Langevin diffusions
with the same stationary distribution. Thus, even if the gradient
is not explicitly employed, it implicitly guides the inference in a
limiting sense. The difficulty of computing derivatives in recognizing objects in visual aerial images for the U.K. Defence Evaluation
and Research Agency led Reno (1998) to construct jump-diffusion
algorithms using such an approach. We explore variations of this
idea in Section 8, where algorithms that operate on discretized
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sample spaces are shown to converge to different kinds of diffusions
as the discretization is refined.
4.2. Operator Semigroups and their Infinitesimal
Generators
We begin with some definitions relating to operator semigroups.
DEFINITION 10. (p. 6, Ethier and Kurtz (1986)) A one-parameter
family {T (t) : t ≥ 0} of bounded linear operators on a Banach space
L is called a semigroup if T (0) = I and T (s + t) = T (s)T (t) for all
s, t ≥ 0. A semigroup T (·) is strongly continuous if limt→0 T (t)f = f
for every f ∈ L. It is a contraction semigroup if +T (t)+ ≤ 1 for all
t ≥ 0.
DEFINITION 11. (p. 8, Ethier and Kurtz (1986)) The infinitesimal
generator of a semigroup T (·) on L is the linear operator A defined by
Af = lim

t→0

T (t)f − f
.
t

(15)

The domain D(A) of A is the subspace of all f ∈ L for which this limit
exists.
A semigroup and its generator can be related via a differential
equation according to the following theorem:
THEOREM 1. (Prop. 1.5(b), p. 9, Ethier and Kurtz (1986)) Let T (·)
be a strongly continuous semigroup on L with generator A. If f ∈ D(A)
and t ≥ 0, then T (t)f ∈ D(A) and
d
T (t)f = AT (t)f.
dt

(16)

By Proposition 2.9 on p. 15 of Ethier and Kurtz (1986), if two
strongly continuous contraction semigroups T (·) and S(·) have the same
generator, then they are the same for all t ≥ 0. Hence, the generator
offers a unique characterization.
In the sequel, it will be helpful to have the concept of the core of an
operator.
DEFINITION 12. (p. 16, Ethier and Kurtz (1986)) A linear operator
A on L is said to be closable if it has a closed linear extension. If A is
closable, then the closure Ā of A is the minimal closed linear extension
of A; more specifically, it is the closed linear operator B whose graph
is the closure (in L × L) of the graph of A.
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DEFINITION 13. (p. 17, Ethier and Kurtz (1986)) Let A be a closed
linear operator on L. A subspace D of D(A) is said to be a core for A
if the closure of the restriction of A to D is equal to A.
4.3. The Operator Semigroup of a Markov Process
For a Markov process with transition measure Pt (x, dy), define the
corresponding semigroup to be
df

T (t)f (x)=

#

f (y)Pt (x, dy).

(17)

5. The Two Kinds of Convergence
5.1. Convergence to a Stationary Distribution
Stochastic processes can converge in a wide variety of ways. The kind
of convergence of interest here is called weak convergence.
DEFINITION 14. (p. 155, Ethier and Kurtz (1986)) C̄(E) is the space
of bounded continuous functions on a metric space E.
DEFINITION 15. (Eqn. 3.2, p. 108 of Ethier and Kurtz (1986) or p.
271 of Durrett (1996)) Xn converges weakly to X, denoted Xn ⇒ X,
if E[f (Xn )] → E[f (X)] for all f ∈ C̄(S).
We are interested in formulating Markov processes that have a desired stationary distribution. In our pattern-theoretic application, this
is the Bayesian posterior distribution. The definitions given by Ethier
and Kurtz are characterized in terms of solutions to the martingale
problem (Ethier and Kurtz (1986), p. 173), which is a highly technical
way of characterizing Markov processes. For our present purposes, it
will suffice to say that a process X is a solution to the martingale
problem for (A, µ) if µ is the distribution of X(0) and the transition
probability Pt of X is specified by a semigroup T corresponding to the
generator A. A precise technical definition is given on pp. 173-174 of
Ethier and Kurtz (1986). If any two solutions X and Y of a martingale
problem have the same finite-dimensional distributions, the problem is
said to be well-posed (Ethier and Kurtz (1986), p. 182). The existence
of such solutions X for the classes of jump and diffusion processes
discussed in this paper, as well as their well-posedness, are addressed
in Chapters 5 and 6 of Srivastava (1996) (see, for instance, Theorem
6.3).
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DEFINITION 16. (Ethier and Kurtz (1986), p. 238) Let A ⊂ B(E) ×
B(E), where B(E) is the set of bounded measurable real-valued functions on E, and suppose the martingale problem for A is well-posed.
Then µ ∈ P(E) is a stationary distribution (also called an invariant
distribution) for A if every solution X of the martingale problem for
(A, µ) is a stationary process, i.e.
P r{X(t + s1 ) ∈ Γ1 , X(t + s2 ) ∈ Γ2 , . . . , X(t + sk ) ∈ Γk }

(18)

is independent of t ≥ 0 for all k ≥ 1, 0 ≥ s1 < · · · < sk , and
Γ1 , . . . , Γl ∈ B(E), where B(E) are the Borel sets of E.
As foreshadowed in the introduction, we can show the existence of a
stationary distribution for a Markov process via a necessary condition
relating to its generator.
THEOREM 2. (Prop. 9.2, p. 239, Ethier and Kurtz (1986)) Suppose A
generates a strongly continuous contraction semigroup T (·) on a closed
subspace L ⊂ B(E), L is separating, and the martingale problem for A
is well-posed. If D is a core for A$ and µ ∈ P(E), then µ is a stationary
distribution for A if and only if Af dµ = 0 for all f ∈ D.
5.2. Convergence of Sequences of Processes
5.2.1. The Skorohod Topology on DE [0, ∞)
We begin with specifying DE [0, ∞), the space of sample paths of the
Markov processes of interest.
DEFINITION 17. (p. 116 of Ethier and Kurtz (1986) or p. 293 of
Durrett (1996)) DE [0, ∞) is the space of functions from [0, ∞) into E
that are right continuous (for each t ≥ 0, lims→t+ x(s) = x(t)) and have
df
left limits (i.e. the lims→t− x(s)=x(t−) exists; by convention, x(0−) =
x(0).)
To answer questions of convergence, a topology on DE [0, ∞) is
needed. Of particular interest is the Skorohod topology, based on the
distance defined on p. 117 of Ethier and Kurtz (1986). Here we present
the equivalent, but somewhat simpler, definition from p. 294-295 of
Durrett (1996).
DEFINITION 18. Let Λ be the collection of strictly increasing continuous mappings of [0, ∞) onto itself. (Note λ(0) = 0 and limt→∞ λ(t) =
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∞.) The Skorohod distance is given by
%
%
% λ(s) − λ(t) %
%
%≤$
d(x, y) = inf{$ > 0 : ∃λ ∈ Λ s.t. sup %
s−t %
t>s≥0

and sup |x(t) − y(λ(t))| ≤ $}.

(19)

t≥0

Arguments on p. 117-118 of Ethier and Kurtz (1986) show that d(x, y)
is indeed a metric and forms a complete metric space. The topology
induced by d is called the Skorohod topology.
The expression (19) is rather unintuitive. The following theorem
asserts that convergence in the Skorohod topology implies convergence
of finite distributions, offering a more concrete interpretation.
THEOREM 3. (Thm. 7.8, p. 131, Ethier and Kurtz (1986)) Let E
be separable and let Xn , n = 1, 2, . . ., and X be processes with sample
paths in DE [0, ∞). If Xn ⇒ X in the Skorohod topology (remember that
n here indexes entire processes, not individual time points of a single
process), then
(Xn (t1 ), . . . , Xn (tk )) ⇒ (X(t1 ), . . . , X(tk ))

(20)

df

for every finite set {t1 , . . . , tk } ⊂ D(X), where D(X)={t ≥ 0 : P r{X(t) =
X(t−)} = 1}.
5.2.2. Convergence of Processes via Convergence of Generators
First, note that convergence of generators implies convergence of their
associated semigroups.
THEOREM 4. (Thm. 6.1, p. 28, Ethier and Kurtz (1986)) For n =
1, 2, . . ., let Tn (t) and T (t) be strongly continuous contraction semigroups on Ln and L with generators An and A. Let D be a core for A.
Then the following are equivalent:
a) For each f ∈ L, Tn (t)f → T (t)f for all t ≥ 0.
b) For each f ∈ D, there exists fn ∈ D(An ) for each n ≥ 1 such that
fn → f and An fn → A.
Next, note that convergence of semigroups implies convergence of
their associated Markov processes. We will need a few definitions.
DEFINITION 19. (p. 164-165, Ethier and Kurtz (1986)) Ĉ(E) is the
df
space of continuous functions vanishing at infinity with norm +f += supx∈E |f (x)|.
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DEFINITION 20. (p. 165, Ethier and Kurtz (1986)) A semigroup T (·)
on Ĉ(E) is positive if T (t) maps nonnegative functions to nonnegative
functions for each t ≥ 0.
DEFINITION 21. (p. 166, Ethier and Kurtz (1986)) A strongly continuous, positive, contraction semigroup on Ĉ(E) whose generator is
conservative is called a Feller semigroup.
In Definition 21, the term conservative is used. This is a technical
condition defined on p. 166 of Ethier and Kurtz (1986). Here, it will
be sufficient to follow Srivastava’s approach (p. 64, Srivastava (1996))
and note that (as stated on p. 166 of Ethier and Kurtz (1986)) for
semigroups specified by transition functions, conservation is ensured
by the fact that Pt (x, E) = 1 (since E is the entire space the process
can take values in at each time instant).
Now we can proceed with the theorem.
THEOREM 5. (Thm. 2.5, p. 167, Ethier and Kurtz (1986)) Let E
be locally compact and separable. For n = 1, 2, . . . let Tn (·) be a Feller
semigroup on Ĉ(E), and suppose Xn is a Markov process corresponding
to Tn (·) with sample paths in DE [0, ∞). Suppose that T (·) is a Feller
semigroup on Ĉ(E) and that for each f ∈ Ĉ(E),
lim Tn (t)f = T (t)f, t ≥ 0.

n→∞

(21)

If Xn (0) has limiting distribution ν ∈ P(E), then there is a Markov
process X corresponding to T (·) with initial distribution ν and sample
paths in DE [0, ∞), and Xn ⇒ X in the Skorohod topology.

6. Continuous-Time Jump Processes
6.1. Definitions
A continuous-time Markov jump process is characterized by a jump
intensity measure q(x, dy), which is given according to
1
q(x, Y ) = lim [Pt (x, Y ) − IY (x)],
t→0 t

(22)

where IY (x) is an indicator function that is 1 when x ∈ Y and 0
otherwise.
The generator for a jump process is
Af (x) = −q(x)f (x) + q(x)

#

Q(x, dy)f (y),

(23)
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where

#

q(x) =

X

and

Q(x, dy) =

17

q(x, dy)

(24)

q(x, dy)
.
q(x)

(25)

As described on p. 163 of Ethier and Kurtz (1986), a continuous-time
jump process may be simulated by generating a discrete-time Markov
chain, in which we wait a certain random amount of time at each stage
in the chain as follows. Beginning from a state x0 at time τ = t0 , a
sample path of the process X(τ ) is constructed as follows:
1. Draw an exponentially distributed random variable wi variable with
mean 1/q(xi ).
2. Let ti+1 = ti + wi . X(τ ) = xi for τ ∈ [ti , ti+1 ).
3. Draw y = xi+1 from the transition distribution Q(x, dy).
4. Assign i ← i + 1 and goto step 1.
6.2. A Conditional-Gibbs Sampler Subordinated to a
Markov Process
We now consider a random-sampling algorithm based on a continuoustime jump process analogous to Corollary 1 of Theorems 1 and 2 of
Grenander and Miller (1994). In Grenander and Miller (1994), the
process diffuses between jumps. In this section, we will keep the state
constant between jumps.
Suppose we restrict set of potential transitions to a neighborhood
around the current state x, denoted N (x). We require the neighborhood
to have the following properties:
1. Reversibility: y ∈ N (x) if and only if x ∈ N (y). Written in terms
of indicator functions, we have IN (x) (y) = IN (y) (x).
2. Connectedness: For any x and y, there exists a finite sequence of
states z1 , . . . , zm such that z1 ∈ N (x), . . . , y ∈ N (zm ).
Suppose we define our jump transition intensity according to the
posterior density, restricted to the neighborhood:
q(x, dy) = π(y)IN (x) (y)dy
and
q(x) =

#

N (x)

π(y)dy.

(26)
(27)

jumpblobs_singlespaced.tex; 1/09/2004; 0:35; p.17

18

Lanterman

Theorem 2 may be used to show that π(x)dx is an invariant measure of the resulting jump process. Furthermore, the connectedness of
the neighborhoods implies the irreducibility of the underlying chain,
which in turn implies that the stationary measure is unique and that
the process (starting from any initial distribution) converges in total
variation norm to the invariant measure (see p. 14 of Grenander and
Miller (1991) or p. 73-74 of Srivastava (1996) for details and further
discussion of ergodicity).
Notice (from step 1 in the construction of jump processes given in
the previous subsection) that if the process is at state x, the process will
tend to jump away from x rapidly if there is a lot of probability mass
is contained in the neighborhood around x. If there is little probability
in the surrounding neighborhood, the process will tend to spend more
time loitering at x.
This is convenient since in implementation, there is no need for the
computer to wait physically an amount of time w. When computing
statistics from the chain, we can simply weight the samples according
to the w’s.

7. Sampling the Space of Blobs
Let X be the space of blobs, which are simply connected shapes on the
2-D lattice. We now consider different ways to construct MCMC-style
algorithms that sample from the space of blobs. Using the definitions
from Section 2, define the sets of blobs that can be reached via the
addition (birth) and deletion (death) of a point along the boundary:
Nb (x) = {x ∨ δ(p) : p ∈ P, aa(x)(p) = 1},
Nd (x) = {x − δ(p) : p ∈ P, ad(x)(p) = 1}.

(28)
(29)

Let N (x) = Nb (x) ∪ Nd (x). In the following examples, N (x) will be
the set of states than can be reached from x in one step of the sampling
algorithm.
7.1. Metropolis-Hasting Approach
One approach to sampling from the space of blobs is to construct a
discrete-time Metropolis-Hastings sampler, where N (x) is the set of
states that can be reached from x in one Metropolis-Hastings move.
Specification of a Metropolis-Hastings algorithm requires choosing a
proposal density r(xold , xprop ) (a density in xprop parameterized by xold ).
Let π denote the desired density. At each step, the algorithm draws a
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proposal xprop from the proposal density. It accepts the proposal with
acceptance probability
α(xold , xprop ) = min

&

'

π(xprop )r(xprop , xold )
,1 .
π(xold )r(xold , xprop )

(30)

If the proposal is rejected, the algorithm remains at xold . The generated chain x(0), x(1), x(2), . . . has the property that x(n) converges (in
an appropriate sense) to a random variable specified by the density
π. There are many variations on this theme, including “deterministic scan” algorithms, which cycle through different proposal densities
for different variables or blocks of variables in a nonrandom fashion.
Consult Besag and Green, Smith and Roberts, W. Gilks (1993, 1993,
1996) for technical details about necessary conditions and modes of
convergence.
Here are two possible algorithms (there are many others):
1) An easy proposer: r(xold , xprop ) =
1
for xprop ∈ N (xold ), 0 otherwise
|N (xold )|

(31)

'

(32)

α(xold , xprop ) = min

&

π(xprop )|N (xold )|
,1 .
π(xold )|N (xprop )|

2) A smart proposer: r(xold , xprop ) =
(

π(xprop )
for xprop ∈ N (xold ), 0 otherwise,
#
x# ∈N (xold ) π(x )

α(xold , xprop ) = min

#
x# ∈N (xold ) π(x )
(
,1
##
x## ∈N (xprop ) π(x )

& (

'

.

(33)

(34)

The first algorithm proposes uniformly. Each proposal involves little
computation, and a simple likelihood comparison is all that is needed
for the acceptance probability. The second examines the likelihood of
each move, and selects based on that. Although each proposal (and
acceptance calculation) involves substantially more computation than
the uniform selection, each individual proposal is more likely, yielding
more powerful moves and a higher acceptance rate. Our initial experiments explored the first algorithm. We found it to be excruciatingly
slow, which motivated the formulation of the second.
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7.2. Continuous-Time Conditional-Gibbs Approach
Now we consider an approach based on the continuous-time algorithm
proposed in Section 6.2. The space here is discrete, so the formulation
of Section 6.2 can be applied with respect to an underlying counting measure, and our measure-theoretic integral notation simplifies to
sums. Now, the amount of time to wait after we jump to state x is
exponential with mean
1
(
.
(35)
z∈N (x) π(z)
After this time has passed, we draw a new state y from
π(y)
z∈N (x) π(z)

(

IN (x) (y).

(36)

Figure 6. Generic shape inference on a tank provided by AMCOM, starting from a
shape consisting of a single point in a hot region. The algorithm adds pixels to fill
out the tank body.
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Figure 7. Generic shape inference on a tank, starting with a rectangle larger than
the tank. The algorithm removes pixels until the tank body is left.

Example 1: To illustrate the behavior of the sampler, examples
using the M60 from AMCOM (displayed in Figure 5) are shown in
Figures 6 and 7, beginning with a single point and a rectangle that is
much larger than the target, respectively. Snapshots of the underlying
Markov chain are displayed. In the first example, the point, which is
on a bright section of the tank, snakes along the outside, filling in the
bright regions first, and then moving in to fill the less-bright central
area. In the second example, the block decays to isolate the tank. The
third row in the left column is particularly intriguing; notice there is a
bright spot above the tank that the algorithm is loathe to disengage.
After it pulls in the remainder of the background, it finally relents and
withdraws the tentacle.
Example 2: A different example running on an M60 image provided
by Dr. James Ratches of the U.S. Army Night Vision and Electronic
Sensors Directorate (NVESD), shown in Figure 8, is illustrated in Figures 9 (showing iterations 100 to 800 of the underlying chain, at 100 step
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Figure 8. FLIR image of an M60 (facing away from the detector) provided by
NVESD.

increments) and 10 (showing iterations 1400 to 2800 of the underlying
chain, at 200 step increments). Figure 9 demonstrates “burn-in period”
behavior, while in Figure 10, the chain reaches equilibrium.
The upper left panel of Figure 11 shows the likelihood of the evolving
blob, varying with time of the underlying discrete-time chain. Notice
that it increases during the burn-in period and levels off in the equilibrium period. The lower left panel shows the corresponding total jump
intensities, given by (35), associated with each time step. In computing
averages, functionals of samples from the chain should be weighted
inversely proportional to the jump intensity. Notice that during the
burn-in period, the jump intensity is high, so the associated jump
process will tend to jump quickly, while during the equilibrium period,
the jump intensity is lower, so the process will linger longer at each
state. The right panels of Figure 11 show versions of the left panels
zoomed to show the equilibrium period in detail.
Summary statistics, computed from the weighted average of states
from time 2000 to 3000, are illustrated in Figure 12. The top left panel
shows, in gray scale, the percentage of time that a particular pixel is
“on.” In the top right panel, the grey pixels are pixels that were never
on throughout that part of the process, white corresponds to the pixels
that were on more than 50% of the time, and black corresponds to the
remainder. The bottom left panel shows the pixels that were on more
than 50% of the time superimposed as a black shape over the data.
Taking the pixels that were on more than 50% of the time as an estimate
of the blob shape, the bottom right panel shows the pixelwise difference
between a synthesized scene consisting of only blob and background
(with the appropriate estimated intensities for the foreground and the
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background) and the data. Notice that the intensity of the blob is too
low to accurately represent the intensity of the exhaust, while it is too
high to accurately represent the region immediately surrounding the
exhaust.
Of course, if these targets are present in the algorithm’s 3-D target
library, the rigid targets would be more preferable than the blobs. The
blobs earn their keep when they accommodate targets not present in
the library.
8. Limiting Cases of Discrete-State Continuous-Time
Processes
We now present two theorems illustrating how continuous-time random
processes defined on discretizations of ! with step size $ converge to
diffusions as the discretization is made finer. The first theorem explores
a special case of the continuous-time jumping algorithm outlined in
Section 6.2. The second is analogous to a Metropolis-Hastings acceptance/rejection scheme. In the second case, the limiting diffusion is a
Langevin diffusion. In the first case, the limiting diffusion is a different
sort of a diffusion. We are not aware if it has been previously studied.
One advantage of the generator approach used in this section is that
one can easily combine the small-step diffusions presented here with
jumping processes that move between subspaces by adding the generators associated with the diffusion and jump processes as described in
Amit et al. (1993). An elegant example of this approach is given in
Section 5.4 of Srivastava (1996).
8.1. Conditional-Gibbs Style
THEOREM 6. Let π be a strictly positive, twice-differentiable probability density on ! with a Gibbs representation π(x) = exp[E(x)]/Z.
Consider a family of jump processes X! (t), indexed by $ > 0, with jump
measures given by
q! (x, dy) =

1
{π(x + $)δ(y − (x + $))
$2
+π(x − $)δ(y − (x − $))} dy,

(37)

where δ is the Dirac delta function. As $ → 0, X! converges in the
Skorohod topology to a diffusion process X defined by the SDE
dX(t) = 2E # (X(t))π(X(t))dt +

)

2π(X(t))dW (t).

(38)

Moreover, π(x)dx is a stationary measure for X.
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Remark: Notice that (38) is somewhat similar to a Langevin SDE,
with some important distinctions. The process still drifts along the
gradient of the posterior, but the presence of the π(X(t)) in the drift
term implies that the gradient pulls harder in exploring regions of high
probability. Similarly, the Wiener process is more “turbulent” in regions
on high probability. We have been unable to find (38) in the literature,
and therefore do not have a name for it.
T. he generator for a jump process is
Af (x) = −q(x)f (x) + q(x)

#

Q(x, dy)f (y).

(39)

Here, the jump intensity is
q! (x) =

#

q(x, dy) =

1
{π(x + $) + π(x − $)} .
$2

(40)

The generator associated with index $ is given by
A! f (x) =

1
{−[π(x + $) + π(x − $)]f (x)
$2
+π(x + $)f (x + $) + π(x − $)f (x − $)} .

(41)

Since we will be taking limits to form derivatives, we restrict the domain
of f to be twice-differential bounded functions.
Employing Taylor series with terms up to the second order, the limit
of (42) as $ → 0 is lim!→0 A! f (x) =
lim

1

!→0 $2

{−[π(x + $) + π(x − $)]f (x)

+π(x + $)f (x + $) + π(x − $)f (x − $)}
1
= lim 2 {−[2π(x) + $2 π ## (x)]f (x)
!→0 $
+2f (x)π(x) + $2 (π · f )## (x)}
= −π ## (x)f (x) + π ## (x)f (x) + 2π # (x)f # (x) + π(x)f ## (x)
= 2π # (x)f # (x) + π(x)f ## (x),

(42)

which is the generator of a diffusion with infinitesimal mean 2π # (x) =
2E # (x)π(x) and infinitesimal variance 2π(x) (Ethier and Kurtz (1986),
p. 366, Eq. 1.2). This process can be implicitly defined by the SDE
dX(t) = 2E # (X(t))π(X(t))dt +

)

2π(X(t))dW (t),

(43)

where W (t) is a standard Wiener process.
If we take, for instance, $ = 1/n, then applying Theorems 4 and 5
reveals that X! → X in the Skorohod topology as $ → 0.
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$

By Theorem 2, π is a stationary density of X if and only if A0 f (x)π(x)dx =
0 for all f in the domain of the generator:
#

A0 f (x)π(x)dx =

#

##

2

π (x)f (x)dx + 2

#

π # (x)π(x)f # (x)dx.

(44)

Applying integration by parts (let u = π 2 (x) and dv = f ## (x)dx, so
du = 2π(x)π # (x)dx and v = f # (x)) to the first term and employing the
fact that π(x) and f # (x) must both go to zero at the extremes yields
#

A0 f (x)π(x)dx
2

= π (x)f

#

(x)|∞
−∞

−2

= 0,

#

#

#

π (x)π(x)f (x)dx + 2

#

π # (x)π(x)f # (x)dx
(45)

which completes the proof.
8.2. Metropolis Style
An informal recollection of the classic construction of Brownian motion
in ! in terms of coin flips will be helpful in interpreting the next
theorem. At each time step, if the coin comes up heads, our Brownian
traveller takes a step to the left; if tails, a step to the right. Letting the
time between steps and the size of the steps shrink yields a Brownian
motion. Now, suppose we place a density π over the range of places
the traveller may sojourn, and suppose that instead of automatically
taking a step after each coin flip, the traveller first looks at the value
of the density π at the place he is asked to move and compares it with
the value of π where he is currently at. If the probability is higher, he
takes the step; if lower, he decides to accept or reject the step in the
traditional Metropolis fashion. This heuristic scenario is made precise in
the next theorem, where we find that this alternate traveller’s journey,
instead of converging to Brownian motion, remarkably converges to a
Langevin diffusion with stationary density π.
THEOREM 7. Let π be a strictly positive, twice-differentiable probability density on ! with a Gibbs representation π(x) = exp[E(x)]/Z.
Consider a family of jump processes X! (t), indexed by $ > 0, with jump
measures given by q! (x, dy) =
π(x + $)
1 1
min
, 1 δ(y − (x + $))
2
$
2
π(x)
+
,
1
π(x − $)
+
min
, 1 δ(y − (x − $)) dy.
2
π(x)
*

+

,

(46)
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As $ → 0, X! converges in the Skorohod topology to a diffusion process
X defined by the Langevin SDE
1
dX(t) = E # (X(t))dt + dW (t).
2

(47)

Moreover, π(x)dx is a stationary measure for X.
T. he jump intensity is
q! (x) =

#

q(x, dy) =

1
2$2

*

min

+

π(x + $)
π(x − $)
, 1 + min
,1
π(x)
π(x)
,

+

,-

.

(48)

The generator associated with index $ is given by A! f (x) =
π(x + $)
π(x − $)
, 1 + min
, 1 f (x)
π(x)
π(x)
.
/
.
/
π(x + $)
π(x − $)
+ min
, 1 f (x + $) + min
, 1 f (x − $) (. 49)
π(x)
π(x)
1
2$2

*

+

− min

.

/

.

/,

It will be easiest to consider separate cases. For π(x + $) > π(x),
π(x − $) < π(x), the generator (49) simplifies to
π(x − $)
π(x − $)
f (x) + f (x + $) +
f (x − $) .
− 1+
π(x)
π(x)
(50)
Expanding functions with $ arguments in Taylor series to the second
order yields lim!→0 A! f (x) =
1
A! f (x) = 2
2$

*

,

+

1
lim
!→0 2$2

&

0

-

1

π(x) − $π # (x) + $2 π ## (x)
− 1+
f (x)
π(x)

+f (x) + $f # (x) + $2 f ## (x)
π(x)f (x) − $(π · f )# (x) + $2 (π · f )## (x)
+
π(x)
1
= lim 2
!→0 2$

&

0

'
1

π(x) − $π # (x) + ($2 /2)π ## (x)
− 1+
f (x)
π(x)

$2 ##
f (x)
2
π(x)f (x) − $[π # (x)f (x) + π(x)f # (x)]
+
π(x)
## (x)f (x) + 2π # (x)f # (x) + π(x)f ## (x) π
+$2
2π(x)
*
1
π # (x)f (x)
π ## (x)f (x)
= lim 2 −2f (x) + $
− $2
!→0 2$
π(x)
2π(x)
+f (x) + $f # (x) +
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π ## (x)f (x)
π # (x)f (x)
+ $2
π(x)
2π(x)
# (x)f # (x)
π
+$2
+ $2 f ## (x)
π(x)
π # (x) #
1
=
f (x) + f ## (x).
2π(x)
2
+2f (x) − $

(51)

Working this through for the opposite case, π(x + $) < π(x), π(x −
$) > π(x), yields the same result. Now consider the case where π(x +
$) < π(x), π(x − $) < π(x), and suppose this case holds as $ → 0 so
that π # (x) = 0. Here lim!→0 A! f (x) =
1
lim 2
!→0 2$

&

2π(x) + $2 π ## (x)
2π(x)f (x) + $2 (π · f )## (x)
−
f (x) +
π(x)
π(x)

1
π ## (x)f (x)
π(x)f ## (x)
π ## (x)
f (x) +
+2π # (x)f # (x) +
−
2
π(x)
π(x)
π(x)
##
f (x)
=
.
2
=

*

'

-

(52)

Finally, consider the case where π(x + $) > π(x), π(x − $) > π(x),
and again suppose this case holds as $ → 0 so π # (x) = 0. Now we have:
1
{−2f (x) + f (x + $) + f (x − $)}
!→0 2$2
3
1 2
= lim 2 −2f (x) + 2f (x) + $2 f ## (x)
!→0 2$
f ## (x)
=
.
2

lim A! f (x) = lim

!→0

(53)

Notice that (52) and (53) can both be written as (51), which is the
generator of a diffusion process with infinitesimal mean π # (x)/[2π(x)] =
E # (x)/2 and infinitesimal variance 1. This process can be implicitly
defined by the SDE for the Langevin diffusion
1
dX(t) = E # (X(t))dt + dW (t),
2

(54)

where W (t) is a standard Wiener process. As in the preceding theorem,
applying Theorems 4 and 5 reveals that X! → X in the Skorohod
topology as $ → 0.
$ Again by Theorem 2, π is stationary density of X if and only if
A0 f (x)π(x)dx = 0 for all f in the domain of the generator:
#

1
A0 f (x)π(x)dx =
2

*#

##

π(x)f (x)dx +

#

#

#

-

π (x)f (x)dx .

(55)
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Applying integration by parts (let u = π(x) and dv = f ## (x)dx, so
du = π # (x)dx and v = f # (x)) to the first term and employing the
fact
that π(x) and f # (x) must both go to zero at the extremes yields
$
A0 f (x)π(x)dx =
1
π(x)f # (x)|∞
−∞ −
2
*

#

π # (x)f # (x)dx +

#

-

π # (x)f # (x)dx ,

(56)

which is zero.
Remark: Consult Section 3.4 of Grenander and Miller (1991) and
Section 5.5 of Srivastava (1996) for discussions on the ergodic properties of diffusion processes, including the uniqueness of their invariant
measures and their convergence to those invariant measures.

9. Conclusions
In the literature, unstructured representations (i.e. segmentations) are
generally intended as intermediate steps on the way to structured representations (target types). In our Grenander-inspired framework, unstructured and structured representations are intended to coexist within
the same scene. In particular, the blobs of Section 2 offer a novel way
of allowing the algorithm to explain interesting structures in the scene
that may not be present in the target library. The main point is not
that our blobs are the only feasible representation, but that introducing
some kind of unstructured representation is essential if ATR algorithms
are to be robust to “clutter” not present in their target library. We have
favored blobs due to their simplicity and convenience.
This paper presented two primary contributions along this path:
1. Deterministic region growing algorithms are ubiquitous in the literature. Section 7 presented a stochastic algorithm in which blobs
grow and shrink probabilistically. In the literature, stochastic algorithms have been applied to operate on images on a pixel-by-pixel
basis, where each pixel has a label (Geman and Geman, 1984);
the product of the set of labels for each pixel forms the parameter
space, and priors such as the celebrated Ising model (Kinderman
and Snell, 1980) are used to encourage clumping. Here, in contrast,
the blob itself is the parameter. Evolving simply connected shapes
is then straightforward.
2. Section 8 presented two new theorems, which demonstrate that certain random sampling algorithms operating on a discretized space,
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in which moves are restricted to neighboring points, converge to
diffusion algorithms as the discretization is refined to the continuum.
For simplicity, this paper considered a single blob against a background. This will need to be extended to sampling the space of multiple
blobs. The more difficult task will be developing appropriate jumping
schemes for moving between blob and rigid-target representations.
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Figure 9. Generic shape inference on a tank provided by NVESD. Panels show
snapshots of underlying chain from iteration 100 to 800 at 100 step increments.
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Figure 10. Generic shape inference on a tank provided by NVESD. Panels show
snapshots of underlying chain from iteration 1400 to 2800 at 200 step increments.
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Figure 11. Upper panel shows loglikelihood with respect to time of the underlying
chain; lower panel shows associated jump intensity.
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Figure 12. Top left panel: percentage of time each pixel is considered part of the
blob, shown via greyscale. Top right panel: Grey, pixel never considered “on”; white,
on more than 50% of the time; black otherwise. Bottom left panel: White part of
Panel 2, superimposed over data. Bottom right panel: Simulated scene consisting
only of the blob from Panel 3 and the background, minus the data (pixelwise
difference).
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Abstract
An initial investigation found Ronald Mahler’s Probability Hypothesis Density (PHD) filter
to be a promising tool for the passive coherent location (PCL) of targets observed via multiple
bistatic radar measurements. This paper introduces two significant improvements to the particlefilter implementation of the PHD-based multitarget, multisensor tracker for PCL. The first is a
simple, yet novel, peak-extraction technique that exploits the integral property of the PHD and
provides a faster and more accurate method over currently used techniques to extract the target
states from the PHD. The second is an improved method of placing birth particles, whereby a precomputed range-variance-based grid and a least-squares iterative technique is used to place birth
particles at the bistatic range and Doppler observation intersections. This leads to greater reliability
in detecting targets and a significant reduction in the number of particles required for tracking.

I. I NTRODUCTION
A particle-filter implementation of Mahler’s Probability Hypothesis Density (PHD)-based
Bayesian filter equations was applied in [1] to a multitarget, multisensor passive coherent
location (PCL) scenario that used simulated range and Doppler observations. The PHD was
represented by a collection of particles, each with state ξi = [x y ẋ ẏ], that was propagated
forward at each time step k according to a constant velocity model with Gaussian process
†

Currently at M.I.T. Lincoln Laboratory.
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noise, and whose associated weights, wi , were updated using the sensor observations in the
following manner:
wi,k+1 =

!

m
"

n=1

ui,n

#

+ w̃i,k+1 (1 − pD (ξ)) ,

(1)

where
ui,n =

pD (ξi )f (zn |ξi )w̃i,k+1
,
$
λc(zn ) + j pD (ξj )f (zn |ξj )w̃j,k+1

(2)

m is the number of observations, pD is the probability of detection, λ and c(z) are the
false-alarm parameters, f (z|ξ) is the single-sensor likelihood that an observation z will be
caused by a target with state ξ, and w̃i,k+1 are the weights of both the propagated particles
and any birth particles. The expected1 number of targets present was obtained by summing
the weights of the PHD:
Ñ = E [no. of targets] =

%
"
i

wi,k+1

&

(3)
nearest integer.

The PHD-based particle filter was found to be a promising tracker due to its ability to
automatically estimate the number of targets present and to fuse easily different types of
observation data to enhance tracking performance. However, because of the inherent suboptimality of the particle filter, a clustering method of placing particles to model new targets
was derived, whereby particles were placed according to a Gaussian distribution centered
where the bistatic-range ellipse observations intersected the edges of the field of view (FoV).
This method resulted in better tracking performance than when particles were placed around
the FoV in a uniformly random manner. However, it was still neither efficient nor completely
effective. Targets would often slip by undetected, and the number of particles needed was
quite large. Section III of this paper presents a new technique that uses a pre-computable grid
to place particles at the intersections of the bistatic-range ellipse and Doppler observations.
This particle-placement method results in a significant improvement in target detection and
a substantial reduction in the number of particles required.
Another improvement to the PHD-based particle implementation is presented in Section
II. In the PHD-based particle filter, the particles found at the peak locations correspond to
the target states, and a peak-extraction technique is needed to locate the peaks in the PHD. In
[1], an expectation-maximization (EM) algorithm was used for the peak-extraction, whereby
1

The term “expected” is used in the mathematical sense of the expected value of a random number, not in the sense of

“supposed,” “assumed,” or “predicted.” In the random set framework used to derive the PHD, the number of objects in the
target-state set is a random variable.
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a mixture of Gaussians was fitted to the PHD, where each Gaussian represented a target
state. However, the EM algorithm was found to have high computational intensity and rather
poor performance. Other particle-filter implementations [2]–[10] of the PHD filter have used
similar Gaussian-mixture fitting techniques or clustering, such as k-means, to do the peak
extraction. Section II introduces a new peak extraction technique that exploits the properties
of the PHD to find the peaks. This new technique is found to extract the target states from
the PHD much better than the EM algorithm and is comparable to, if not slightly better than,
the k-means clustering algorithm.
The PHD particle filter implementation presented in this paper is a realistic multitarget
tracking simulation modeling the passive radar configuration at the NATO Consultation,
Command and Control Agency (NC3A) in The Hague, Netherlands. The equations for the
signal to noise ratio (SNR), probability of detection (pD ), and other simulation parameters
are as given in Sections 5.1-5.4 of [1]. The PHD particle filter implementation used is the
same as in [1], except the birth particle placement and weighting are as presented in Section
III.
II. P EAK E XTRACTION
New peak extraction logic was created to be used in lieu of the expectation-maximization
(EM) algorithm to extract the target locations from the PHD. As noted in [1], the EM
algorithm used to extract the peaks from the PHD exhibited undesirable behavior. Apart from
having a considerably long execution time, the EM algorithm frequently failed to find the
correct peak locations. The algorithm often aborted because it produced a singular covariance
matrix or because it took too many iterations to fit the Gaussians to the PHD. Other times,
it would “double-fit” Gaussians to a single peak, thereby extracting a single target twice.
Essentially, the poor performance of the algorithm was due to our attempt at fitting a Gaussian
mixture to a density that was not a Gaussian mixture.
Our new peak extraction algorithm is similar to the CLEAN technique used in astronomy
to uncover secondary objects in an image by removing the effects of the primary objects
[11]. The new peak extraction technique takes advantage of the properties of the PHD, and
it works more accurately and much faster than the EM algorithm. It takes the highest peak
in the PHD as the target location, and then extracts a target’s worth of weight from the PHD
at and around this point before searching for the next highest peak. Thus, the property of the
PHD that it integrates to the expected number of targets is exploited. Pseudo-code for this
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new peak extraction algorithm is provided in Table I.
Unlike the EM algorithm, the new algorithm is guaranteed to return a state value for every
peak it is told to extract. This is because it simply returns the state of the particle with
the largest weight when looking for a peak. It then constructs a neighborhood, based on
the range and Doppler resolutions,2 around that particle in the state space. The region of the
neighborhood is increased until the sum of the weights of the particles inside it are equivalent
to a target’s worth of weight. The weight is then subtracted from the region – thereby,
effectively extracting the target – and the procedure is repeated for the next desired peak. An
illustration of the algorithm is given in Fig. 1. Occasionally, especially when the algorithm is
extracting the final desired peak in a time step, the actual weight in the neighborhood around
the peak is not sufficient to sum up to a target’s worth. In this case, the algorithm still simply
reports the target state of the peak and continues as normal.
The new peak-extraction algorithm was found to perform better, and significantly faster,
than the EM algorithm. The new peak-extraction technique was also compared to a k-means
clustering algorithm, and it provided results that were as good, if not better, than the k-means
algorithm. The new peak-extraction algorithm performed better in the case where there were
two peaks in the PHD but where only one target was estimated as being present. In this case,
the k-means algorithm produced a target detection that was located somewhere between the
two peaks; whereas, our peak extraction algorithm extracted the single target correctly.

2

The range resolution is computed as ∆R =

c
,
βmin

where c is the speed of light, and βmin is the smallest bandwidth of

the transmitters used. The Doppler resolution is ∆Ṙ =

λmax
,
CP I

where CP I is the coherent processing interval, and λmax

is the longest wavelength used among the transmitters.
April 7, 2007

DRAFT

5

TABLE I
P SEUDOCODE FOR P EAK E XTRACTION A LGORITHM

1) Compute radius vector, ρ, to use for determining region of peak extraction:
•

ρ = [∆R , ∆R , 2∆Ṙ , 2∆Ṙ ]T , where

•

∆R =

•

∆Ṙ =

c
βmin
λmax
CP I

is the largest range resolution among the transmitters, and
is the largest Doppler resolution (in m/sec) among the transmitters.

2) Determine number of peaks to extract and calculate weight of each peak. The rounding error is assumed to be
distributed evenly over all targets, and a 1% margin is added to the weight extraction:
•
•
•

$

Expected number of peaks = round ( $wi,k+1 ).
(
'
wi,k+1
Target weight = min 0.99, 0.99 · Expected number of peaks .

Let wi be a copy of wi,k+1 , which are the particle weights in the PHD filter at time k + 1.
Note that the set of wi weights are modified during the course of the peak extraction. The actual wi,k+1
in the PHD filter are unaltered by the peak extraction algorithm.

3) Extract peaks: for p = 1 to Expected number of peaks,
•

Extracted peak = ξj,k+1 , where j = argi max(wi ).

•

Let wmax = wj .

•

Number of peaks found = Number of peaks found + 1.

•

If wj ≥ Target weight, then set wj = wj − Target weight.
Return ξj,k+1 as the extracted peak. Continue with the p-for-loop to find the next peak.

•

Else, for n = 1 to MaxTries,
– Neighborhood = ρ · n.
– Find all particles ξα,k+1 and their corresponding weights wα , that are in the given neighborhood of
ξj,k+1 . That is, find (ξα,k+1 , wα ), such that:
ξα,k+1 ∈ [ξj,k+1 − nρ, ξj,k+1 + nρ].
– Neighborhood weight =

$

α

wα . (Note that wmax is included in the Neighborhood weight.)

– If Neighborhood weight ≥ Target weight, or n = MaxTries, then a peak has been found or the
current peak extraction is being cut short. In either case, reduce the weight of the particles in the
Neighborhood by the Target weight:
∗ Set wj = 0, since wmax ≤ Target weight.
∗ Set
wα = wα ·

!

Target weight − wmax
1−
Neighborhood weight

#

,

such that the weight in the neighborhood is reduced by a target’s amount of weight, not including
the weight already removed at wj . Note that the weight is removed proportionally, so that the
peak structure in the particles is preserved.
∗ Return ξj,k+1 as the extracted peak. Continue with the p-for-loop to find the next peak.
– Else, a target’s amount of weight does not exist in the current neighborhood. Continue with the
n-for-loop to expand the neighborhood.
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, for

(a)

(b)

, for

, for

(c)

(d)

, for

,
for

(e)
Fig. 1.

(f)

An example of the peak extraction algorithm where the weights wi of the particles ξi sum to two, as shown

in Fig. 1(a), indicating the presence of two targets. The first step, shown in Fig. 1(b), is to find the particle with the
greatest weight and take it to be the target state of Target One. Next, the weight within a radius of ρ, where we used
ρ = [∆R , ∆R , 2∆Ṙ , 2∆Ṙ ]T , is integrated. In this example, the sum of the weights is greater than a target’s worth, and so
a target’s worth of weight is proportionally subtracted from the particles within the radius, as shown in Fig. 1(c), and the
algorithm proceeds to find the next target. The particle that now has the greatest weight is taken to be the state of Target
Two, and the weights within a radius ρ are again summed up. This time, in Fig. 1(d), the total weight within the radius
is less than a target’s worth of weight, and so the radius is expanded until a target’s worth is found. The algorithm thus
continues in Figs. 1(e) and 1(f). Note that both targets sought have been assigned state values and that the algorithm could
have stopped at Fig. 1(d). Note also that the peak extraction algorithm uses a copy of the PHD to perform these steps and
that the weights and particles representing the actual PHD propagated in the Bayesian PHD particle filter have not been
touched.
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III. I MPROVED B IRTH PARTICLE P LACEMENT
In the PHD particle-filter tracker implementation in [1], the birth particles are distributed
either uniformly around the edges of the FoV or in a clustered placement at the points where
the bistatic ellipses intersect the edges of the FoV. However, as suggested in the results and
conclusions of that paper, the birth particle placement used in [1] needs to be replaced with
a smarter proposal function, since it often fails to detect the targets. A smarter proposal for
the birth particles is described below, in which birth particles are placed at the intersections
of the bistatic range ellipse observations. As part of this improvement, the logic for placing
birth particles around the edge of the FoV, either uniformly when no ellipse intersections are
present or in a clustered fashion when ellipses are present, was removed. This change also
avoided the target overestimation problem, described in the conclusions of [1], caused by
birth particles being placed in areas of low SNR.
Two techniques for implementing the smarter birth particle placement are considered. The
first focuses on range resolution, and the second focuses on range variance. We found that
the second technique worked better.
A. The Range-Resolution Based Grid Technique
In an attempt to more cleverly distribute birth particles, ellipse-intersection-counting grid
logic, based on range resolution, and recursive, combinatorial, Doppler-intersection finding
logic were added to the multitarget tracker. This logic localizes the placement of the birth
particles to the intersections of the bistatic range ellipses and initializes the birth particles
with appropriate velocity parameters.
The counting-grid on which to localize the ellipse intersections is constructed by forming
overlapping gridspaces, each of which has a width equivalent to the largest bistatic range
resolution among the three transmitters. Adjacent gridspaces overlap by 50%; that is, the
edges of a gridspace’s neighboring gridspaces pass through its center (see Figure 2). During an
iteration of the PHD filter’s time-update step, the number of bistatic range ellipse observations
from different transmitters that pass through each gridspace is tallied. Only those gridspaces
that have a count of three or more are considered candidates for receiving birth particles.
This logic, thus, takes care of localizing the ellipse intersections in range. In other words,
the ellipse intersections have been narrowed down to local regions in the (x, y) subset of the
target state space.

April 7, 2007

DRAFT

8

Now, using only those ellipses that intersect in range, a least-squares solution is implemented to find the possible velocities associated with the Doppler measurements, and the
intersections are then narrowed down further using this information (see Section III-D). The
result is a set of gridspaces that contain bistatic ellipse observations that intersect in both
range and Doppler and, thus, contain possible targets. The birth particles are then placed
uniformly with respect to their x and y positions in these gridspaces. To initialize their
velocity parameters, the particles are distributed uniformly in a region of
[v̂ − 2∆Ṙ , v̂ + 2∆Ṙ ],

(4)

where ∆Ṙ is the largest Doppler resolution (in m/sec) among the transmitters, as specified in
Footnote 2, and v̂ is the least-squares solution for the velocity observation in the gridspace.
The birth particles are divided evenly among the valid target-observation gridspaces. Thus,
since the total number of birth particles introduced into the filter is fixed as a configurable
parameter, the number of birth particles placed in each “potential-target” gridspace depends
on the number of such gridspaces, since each receives an equal share of the total number
of birth particles allowed. (Future work could explore allowing the total number of birth
particles to vary with the number of “potential-target” gridspaces.) The total weight of all
the birth particles sums to the number of birth targets expected at the particular time step.
In our simulations, this is assumed to be one. Also, if a gridspace already contains particles
that were propagated from the previous time step, then no birth particles are placed in it,
since it is assumed that the observations at such a location are caused by an existing target.
Note that the bistatic range resolution remains constant throughout the simulation, so the
counting grid can be computed offline before the simulation begins. This makes this grid
method practical for near real-time simulation, since computing such a grid at each time step
would be impractical.
B. Result of the Range-Resolution Based Grid Technique
Even though the range resolution-based grid method appeared to work reasonably well,
it was not robust relative to changes in SNR. This is because the likelihood model that
determines the weights in the PHD filter (see Section 5.3 of [1]) is dependent not on the range
resolution, but on the range variance, which is itself dependent on SNR.3 Thus, for example,
3

The variance of the bistatic range is given as σr2 = σt2 · c2 , where [12] σt2 =

1
,
2 β 2 SNR(ξi )

and β is the transmitter

bandwidth.
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if the SNR were to increase, the range variance then tightens, and the range-resolution based
grid no longer positions the particles close enough to the regions of high importance. This is
evident, for instance, if the SNR is increased by a factor of 100. The standard deviation of
the sensor likelihood function accordingly shrinks by a factor of 10, and the range resolutionbased simulation is no longer able to track a target that it had previously tracked. However,
if the number of birth particles is also increased by a factor of 100 (needed since we require
a factor of 10 increase in both the x and the y dimensions in the target state), the filter is
able to track the target again. This demonstrates that the range-resolution grid method does
not solve the birth particle placement problem in this application, since target detection, and
not just tracking accuracy, still depends on having a large number of particles.
C. The Range-Variance Based Grid Technique
One solution to the problem described in the previous subsection is to space the gridpoints
according to range variance. The difficulty with this is that range variance varies with position
in the FoV. Thus, the grid will not have evenly spaced gridpoints, as was the case when using
range-resolution, but rather it will have gridpoints that are more closely spaced in regions
of high SNR (i.e., tight σR ). Fortunately, this variable grid can be computed offline, since
the receiving and transmitting antennas are immobile. The grid in our study was formed by
placing most gridpoints at a distance of 2σR , and others no closer than 1.7σR , from each
other (see Figure 2). This flexibility in separation distance was needed to obtain full coverage
of the FoV with variably-sized grid spaces, since the algorithm that creates the grid would
otherwise mop itself into a corner before it had placed gridspaces throughout the whole FoV.
Also, to prevent the grid-making algorithm from being sucked into a black hole around the
antennas (where SNR is increasingly large and σR increasingly small), our implementation
stops placing gridpoints when their gridspace width is less than 10 meters. This limit on
gridpoint placement, however, also contributes to the “mopping into a corner” issue of the
grid creation algorithm. The resulting grid is shown in Figure 8.
Each gridspace consists of a 4σR × 4σR region centered around a gridpoint. Thus, the
gridspaces overlap as they did for the range-resolution based grid to obtain adequate coverage.
Note that the value of the SNR at the gridpoint is used to determine the 2σR distance to
the next gridpoint, and the smallest σR among the three possible σR values from the three
transmitters is used, since the PHD weights are ultimately affected by all three transmitters’
σR values at any given location. Note the chicken and egg problem evident in using the SNR
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at the gridspace’s center instead of the largest possible SNR in the gridspace. One can’t use
the largest possible SNR, because one does not yet know what size the gridspace will be,
since it is calculated from the SNR!
Also evident in the grid construction is a tradeoff between whether to use the smallest of
the three possible σR values to determine the width of each gridspace, or to use the largest of
the three. It would be desirable to use the largest of the three values and have large gridspaces,
so that no ellipse intersections are missed due to noisy range observations. However, it is
also desirable to use the smallest of the three σR values, so that targets can be localized
adequately and particles distributed in a small area of highest importance, since even if an
ellipse intersection is missed due to the observations being too far apart, the intersection
would have been given low weight by the PHD filter had it been detected, in any case.
Having better target localization is important when there are many false alarms present.
There is also another consideration involved when deciding whether to use the larger
gridspace or the smaller one. There will be fewer ellipse observations passing through the
smaller gridspace, and so the runtime of the combinatorial Doppler-intersection logic will be
shorter. However, because the gridspace is smaller, there will be more gridspaces to process,
and so more runs of the Doppler-intersection logic will be required. A detailed analysis of
the computational tradeoffs has not been performed, and remains an avenue for future work.
Here, we focus on the basic matter of target localization, so we use the smallest σR value
among the transmitters at each gridpoint for the gridspace.
While constructing the grid offline, the pseudo-inverse matrices needed by the Dopplerintersection logic to compute the least-squares Doppler solutions at each gridpoint are also
computed. The Doppler-intersection logic is described in Section III-D.
D. Doppler-Intersection Logic: The Least-Squares Solution
Our current implementation of the grid method identifies all the grid spaces through
which more than three ellipses (from different transmitters) pass. This finds the x and y
components of the ellipse intersection. To find the ẋ and ẏ components, every combination
of possible triplets of ellipses in the gridspace is formed, and each triplet’s associated Doppler
observations are used to compute its least-squares solution for target velocity. These velocity
estimates are then used to obtain Doppler observation estimates, and the error residual
between these estimated Dopplers and the actual observed Dopplers is computed. Only those
ellipse triplets whose Doppler error residuals are within a given threshold, which depends
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on the Doppler resolutions of the transmitters, are retained as valid ellipse intersections. The
least-squares solution algorithm is as follows.
The rate of change in bistatic range that is observed by the radar can be computed from
a target’s position and velocity:
Ṙ =

(x − xr )ẋ + (y − yr )ẏ (x − xt )ẋ + (y − yt )ẏ
+
Rr
Rt






(5)


(y − yr ) (y − yt ) 
(x − xr ) (x − xt ) 
ẋ + 
ẏ
+
+
= 
Rr
Rt
Rr
Rt

=

+

Ct ẋ

Dt ẏ,

(6)
(7)

where Rr is the distance between the target and the receiver, and Rt is the distance between
the target and transmitter t. Note that Ct and Dt can be computed offline when using a grid
system, since x and y are simply the location of the centerpoint of the gridspace.
Thus, with a triplet of PCL-generated Doppler observations, we have an overconstrained
system:










 Ṙ1 
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  ẋ 


 C D 
=
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 Ṙ2 
 2




ẏ
Ṙ3
C3 D3

A

v

=

b,

(8)

where Ṙt is the Doppler observation from the t-th transmitter, Ct and Dt are computed offline
as given above, and ẋ and ẏ are the target velocity components that we are trying to find.
Using the notation in (8), the least squares velocity estimate is
v̂ = AT b = (AT A)−1 AT b.

(9)

Note that (AT A)−1 AT is precomputable offline. We now plug v̂ back into (8) to obtain the
Ṙ estimate we would receive if the target located in the gridspace actually had this velocity
estimate as its true velocity, denoted
b̂ = Av̂.

(10)

e = b̂ − b.

(11)

The error vector residual is computed as

Our implementation marks an ellipse triplet as a valid intersection if the sum of the squares
of the components of its error vector, e, is less than the sum of the squares of twice the Doppler
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resolution for each transmitter at the gridspace center. One could imagine experimenting with
other criteria.
Note that the Doppler resolution is used here, rather than the Doppler variance. This is
because the smallest value of the Doppler variance is limited by the value of the Doppler
resolution. That is, the Doppler variance (or, more correctly, standard deviation) can be no
less than the Doppler resolution times the wavelength used. Thus, unlike the range variance,
which can become much smaller than the range resolution and requires the more complicated
variably-spaced grid method to be used, the Doppler observation does not give us the same
difficulty. Thus, the simpler Doppler resolution is used.
E. Alternative Intersection-Finding Logic: The Iterative Least-Squares Approach
Another approach to the birth particle placement problem is to use a least-squares iterative technique that solves for both range and Doppler intersections. This method has been
implemented by Kees Stolk at NC3A. It does not require an offline computation of a grid,
but does require an exhaustive combinatorial search over all the observations at each time
step for the ellipse intersections.
Compared to the grid method, the iterative method might require more computation when
there are few gridspaces containing three or more ellipse intersections. However, because the
grid spaces overlap by half their width, it is possible to have the same ellipses intersect in more
than one gridspace. This causes redundant computational work in the grid approach, since the
simulation currently searches for all possible ellipse combinations in each gridspace to find
the Doppler solutions. Thus, the gridspace technique may at times require more computation
than even the exhaustive iterative least-squares approach. A better manner of overlapping the
gridspaces, instead of using a simple 2σR spacing, may improve its runtime efficiency.
A problem with the iterative least-squares approach is that it does not always converge to
the correct intersection. As illustrated in Figure 3, the algorithm may converge to a ghost
target depending on the initial starting point of the algorithm. Additional information, such
as angle of arrival observations, would be needed to correctly initialize the algorithm. This
problem is not an issue when using the grid approach to find the ellipse intersections, since
all valid intersections will be treated as regions of potential targets in the grid method, and
the PHD filter handles the task of distinguishing the ghost targets from the real ones.
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IV. I MPROVEMENTS TO THE M ULTITARGET, M ULTISENSOR T RACKER
This section describes the differences between the multitarget, multisensor PHD-based
tracker described in this paper and that presented in [1].
A. Number of Particles
In the simulation presented in [1], the number of birth particles and resampled particles were each specified as fixed parameters. This was changed to the more common and
computationally-efficient method used in particle filters, whereby the number of targets
present determines the number of particles to be used. In the case of too few targets, a
minimum number of particles can also be specified. The number of birth particles at each
time step is still roughly fixed at each iteration. The number of particles used in our NC3A
scenario is given in Table IV.
B. Sensor Data Collection
We modified our simulation so that only one sensor provides observations at each time
step. This was done to match how the real NC3A PCL demonstration system operated at the
time of this writing. The simulation waits for all sensor reports to be collected before running
the PHD filter. The real receiver collects data over a processing interval on the frequency of
one of the transmitters, after which it re-tunes to the frequency of the second transmitter to
collect data, and then to the third transmitter, and back to the first, and so on. Note that this
requires the observations from the first two transmitters to be propagated in time according
to the target motion model, so that they are still sufficiently valid when the PHD filter is run.
C. Antenna Pattern
A more realistic antenna gain pattern was incorporated into the simulation to replace the
simple omnidirectional receiving antenna used in [1]. Though the antenna gain pattern varies
slightly depending on the frequency of the received signal, the gain pattern for 98 MHz is used
in the simulation and is shown in Figure 4. Incorporating the antenna gain pattern affects
the signal-to-noise ratio (SNR) and those parameters that depend on SNR, such as range
variance and probability of detection. A bird’s-eye view of the NC3A transmitter geometry
and of the antenna pattern for the area in which all transmitter-receiver pairs have high SNR
can be seen in Figure 7(b). The result for each transmitter-receiver pair is shown in Figures
5 and 6. Note the deep nulls introduced at −90◦ and 90◦ off boresight.
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V. R ESULTS
This section presents the results of our NC3A simulation, given the improvements and
modifications presented in Section IV and using the variably-sized grid method introduced
in Section III-C. Tables II and III provide the details on the transmitters and receiver used.
The receiver is assumed to be located at NC3A in The Hague, Netherlands. The “x-dist.”
and “y-dist.” are the distances of the transmitters from the receiving antenna in x and y,
respectively. The receiver parameters are assumed to be the same as in [1], except that the
receiver gain parameter has now been replaced by the antenna gain pattern shown in Figure
4. Additional simulation parameters are given in Table IV. Note the considerable reduction
in the number of particles needed from that of [1]. The specified probability of false alarm
generates about one to six false alarms per time step.
TABLE II
T RANSMITTING A NTENNA S PECIFICATIONS IN THE NC3A S IMULATION

Location

x-dist.

y-dist.

Frequency (f )

Power (PT )

Bandwidth (β)

Lopik

49, 844 m

-10, 127 m

96.8 MHz

100.0 kW

45 kHz

Wieringermeer

117, 212 m

91, 179 m

97.1 MHz

50.0 kW

45 kHz

Goes

-30, 590 m

-65, 922 m

99.8 MHz

50.0 kW

45 kHz

TABLE III
R ECEIVER S YSTEM S PECIFICATIONS IN THE NC3A S IMULATION

Coherent Processing Interval (CP I)

1.0 sec

Reference Temperature (T0 )

290 K

Noise Figure (NF )

30 dB

The Signal-to-Noise ratios (SNRs) and probabilities of detection (pD ) for each transmitterreceiver pair in this simulation are given in Figures 5 and 6. The region where the pD is greater
than 0.95 for all the transmitters is shown in Figure 7. The centers of the gridspaces of the
range-variance based grid that is used to determine the ellipse intersections and to distribute
birth particles (see Section III-C) are shown in Figure 8. Both Figure 7(b) and Figure 8
provide good illustrations of the geometry of the scenario configuration and antenna gain
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TABLE IV
NC3A S IMULATION PARAMETERS

Simulated time period

1 – 300 sec.

Minimum number of particles

150

Number of particles per target

50

Number of birth particles

100

Probability of false alarm (pF A )

10−4

Bistatic radar cross section of targets (σRCS )

10 dB

pattern used in the simulation. The receiver is located in the center of the 160 km × 160 km
field of view (FoV) at location (80 km, 80 km). It is pointed to look at targets over the North
Sea, and we assume that its boresight is directed Northwest at an azimuth of 315◦ .
Figure 9 contains an example of the PHD filter at time k = 93. As indicated, the PHD
filter has detected two targets. There are actually four targets present in the simulation at
that time; however, two of them are in the null of the receiver antenna pattern and are not
detected. Figure 9(c) shows a close-up of the particles surrounding the two detected targets.
Each particle is represented as a (ẋ, ẏ)-velocity vector located at the particle’s (x, y) position.
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Fig. 2.

The gridspacing used in the offline grid. The figure depicts a central gridspace of size 2δ × 2δ surrounded by

eight adjacent gridspaces. The centerpoint of each gridspace is indicated by a circle. The center gridspace is filled in. In the
range-resolution based grid technique of Section III-A, δ =

∆R,max
,
2

where ∆R,max is the largest range resolution among

the three transmitters. In the range-variance based grid technique, δ ≈ 2σR , as described in Section III-C.
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A

B
Fig. 3. The iterative least-squares algorithm may converge to either point A or point B, depending on the algorithm’s initial
starting point. Three bistatic range ellipses are present. The receiver is represented by the hexagon, and the transmitters
by the triangles. The configuration shown was created for illustration purposes and is not an exact representation of the
simulation scenario.
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Fig. 4. The assumed antenna gain pattern of the NC3A receiver used in the simulation. The gain pattern is for the E plane
of the dipole array, where one dipole is fed and the other terminated. The frequency used is 98 MHz. Plot courtesy of Paul
Howland.
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(a) Transmitter 1

(b) Transmitter 2

(c) Transmitter 3
Fig. 5.

The signal to noise ratios of each transmitter/receiver pair in the FoV. The SNRs have been truncated at 10dB so

that the areas of low SNR may be seen more clearly.
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(a) Transmitter 1

(b) Transmitter 2

(c) Transmitter 3
Fig. 6.

The probabilities of detection of each transmitter/receiver pair in the FoV.
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(a)
Fig. 7.

(b)

The area in which the probability of detection is greater than 0.95 for all transmitter/receiver pairs. In 7(b), the

transmitters are indicated by diamonds, and the receiver is located in the center of the FoV at (80 km, 80 km).
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Fig. 8. Gridpoint locations of the bistatic range-variance based grid computed offline. These gridpoints indicate the centers
of the gridspaces used to locate ellipse intersections and distribute birth particles. The gridspaces are 4σR × 4σR and at
least 10 meters wide, and they generally overlap each other by 2σR . The gridpoint centers are no closer than 1.7σR .
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Fig. 9.

The PHD particle filter and range ellipses at time k = 93 are shown in Fig. 9(a). The receiving antenna is

represented by the hexagon, and transmitting antennas by the triangles. The diamonds indicate the actual target positions.
Each particle of the filter is pictured. The corresponding particle weights are shown in Fig. 9(b). The sum of the weights
is 1.999. A close-up of the particles and two of the targets is given in Fig. 9(c)
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For the two detected targets, Table V compares their true states with the estimated states
given by the PHD filter.
TABLE V
TARGET S TATES AT k = 93: ACTUAL VS . E STIMATED

Target 1

Target 2

TRUE

ESTIMATED

ERROR

TRUE

ESTIMATED

ERROR

x

59, 457 m

60, 655 m

1198 m

53, 774 m

53, 399 m

-375 m

y

119, 457 m

120, 932 m

1475 m

97, 268 m

97, 914 m

646 m

ẋ

91.92 m/s

96.95 m/s

5.03 m/s

39.07 m/s

38.50 m/s

-0.57 m/s

ẏ

91.92 m/s

90.85 m/s

-1.07 m/s

-221.58 m/s

-221.32 m/s

0.26 m/s

A comparison of the estimated target positions versus the true target (x, y) coordinates are
given in Figures 10 and 11. Note that there are five targets present. The targets enter at time
steps k = 1, 15, 22, 30 and 110. However, only two (the ones that enter at k = 1 and 22)
begin in regions of high enough pD , so they are the only targets that are immediately detected.
The fourth target, which moves off to the West from behind the radar, is detected as it moves
into an area of high enough SNR. The total weight at each time step is shown in Figure 12.
One can see that at k = 24, the second target is detected. (Recall that the previous iteration
of the PHD filter is at k = 21, since we wait until all three transmitters have collected data
before running the PHD filter.) The estimated target velocity components are contrasted with
the true target velocities in Figures 13 and 14. The errors in position and velocity estimates for
the 300 time steps are plotted in Figure 15. Given that the range resolution in the simulation
is around 6.7 km, and the Doppler resolution is a little over 3 m/sec, the resulting position
and velocity errors are quite reasonable.
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Actual vs. estimated target locations over first 300 iterations.
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Close-up of actual vs. estimated target locations over first 300 iterations.
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Actual vs. estimated target X-velocities over first 300 iterations.
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Fig. 15. Errors in target state estimation by PHD filter. The range resolution is around 6.7 km, and the Doppler resolution
is a little over 3 m/sec.
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VI. C ONCLUSIONS
When the pre-computed σR -spaced grid is used, tracking functionality no longer appears
to be dependent on SNR. Furthermore, not only does one not need to increase the number of
particles to maintain tracking ability, as was the case when the range-resolution spaced grid
was used, but one can even track targets with fewer particles altogether. In our simulation,
the number of particles was reduced by a factor of 10, and this caused no adverse effects in
tracking performance.
Though it was suggested in [1] that logic be added to restrict particles to areas of high SNR,
this logic was found to be unnecessary in light of our new birth-particle placement method.
The placement restriction was originally suggested to prevent target number overestimation
when birth particles were spontaneously placed in areas of low SNR. In such a case, the
filter had to assume that there were targets present in these areas of low pD , since it had
no observable data to contradict the assumption. This was the case when birth particles
were simply spread around the edges of the FoV, as done in [1]. In the new birth-particle
placement method, particles are placed at observation intersections. Hence, the filter has
adequate observability in those regions and can correctly handle particle survivability. In Fig.
12, the overestimation indicated in the last few time steps can be attributed to an interplay
between false alarms and the ambiguity in triangulating targets for which not all sensors have
high pD .
The major bottleneck in processing performance is, by far, the ellipse-intersection logic.
Even if the iterative least-squares technique is used, as described in Section III-E, instead
of the grid techniques, an exhaustive combinatorial search is still required to find all of the
ellipse intersections. This is computationally feasible when there are few false alarms (on
the order of 20-30 per time step), but it becomes quite intractable when the number of false
alarms is much greater (such as when pF A = 10−2 , as described in [1]).
Thus, an even smarter birth particle placement method may be desired to allow the filter to
run in real-time in the presence of many false alarms. One possible remedy would be to fix
the probability of false alarm at a reasonable level and simply settle for a lower probability
of target detection. If parallel hardware is available, it may also be possible to achieve an
immediate speed up in runtime by parallelizing the combinatorial ellipse intersection logic.
In the future, we hope to test the PHD filter on real data that will be collected from the
passive radar at NC3A.
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Abstract
The Probability Hypothesis Density (PHD) particle filter appears to be a promising tool for
multitarget tracking in passive radar systems that exploit “illuminators of opportunity.” This paper
explores multipath effects in order to stress the robustness of the PHD filter to varying signal-tonoise ratios (SNR) and probabilities of detection, particularly in cases where the true probabilities
of detection differ from those assumed by the filter. We find that the behavior of the PHD filter is
highly sensitive to the changes in the modeling of SNR.

I. I NTRODUCTION
Since its introduction by Mahler [1], the target tracking community has evidenced gradually
increasing interest in the Probability Hypothesis Density (PHD) approach to target tracking.
In Bayesian multiple-target tracking applications, the integral of the PHD over a given area
gives the expected (in the Bayesian estimation sense) number of targets in that area. Just as
particle filters have become popular for propagating Bayesian posterior densities in singletarget tracking, so have they become popular for propagating Bayesian PHDs in multipletarget tracking [2], [3]. The PHD approach conveniently fuses data from multiple sensors,
since it avoids the need for explicit target-to-track associations at the fusion stage or for
explicit logic to determine the number of targets. Targets are located by extracting peaks
from the PHD.
† Currently at M.I.T. Lincoln Laboratory.
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Some initial simulations [4]–[6] suggested that the PHD particle filter showed promise
in passive radar applications, in which multiple targets are tracked using reflections of preexisting signals such as FM radio broadcasts. Two main advances presented in [6] over earlier
work presented in [4] were: 1) a new peak extraction algorithm that was more effective and
computationally efficient than the expectation-maximization algorithm used in [4] and 2) a
computationally efficient method of placing “birth particles,” which represent possible target
states in the PHD particle filter framework, by searching for intersections of range ellipses
at predetermined points on a variably-spaced grid, where the grid spacing is based on the
variances of the range measurements.
However, these initial simulations were idealized in that they did not include any multipath
effects that one would expect to occur in a real system. Multipath effects, which are detailed
in the remaining sections of this introduction, result in signal-to-noise ratios (and hence
probabilities of detection) that may vary drastically from one point in space to the next.
In practice, these multipath effects are difficult to predict precisely because of variations in
terrain and atmospheric conditions, so it may not always be feasible to specify their exact
effects in advance.
To our knowledge, this paper presents the first study of the performance of a PHD filter
under such rapid and perhaps imperfectly modeled SNR variations. To avoid excessive
repetition with previous works, we refer the reader to [6] for the theory behind the PHD
filter, as applied in this passive radar context, as well as for the most relevant implementation
details. Hence, Section II just focuses on the addition of multipath, and some conclusions
and directions for future work are presented in Section III.
A. Multipath Effects
Multipath effects arise because of the interaction of the radio waves with the ground and
other physical surfaces as they propagate from the transmitting antenna to the receiver. These
effects are manifest in the signal-to-noise (SNR) ratio via the squared propagation factors,
FR2 and FT2 , in the equation for the bistatic radar constant K used to determine the SNR:
SNR(ξi ) =

K
2
RT2 RR

,

(1)

where RT and RR are the distances between the target’s location and the sensor’s transmitting
and receiving antennas, respectively, and
PT GT GR λ2f σrcs FT2 FR2
,
K=
(4π)3 k T0 ( CP1 I )(NF )
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where PT is the transmitted power, GT and GR are the gains of the transmit and receive
antennas, λf is the wavelength of the transmitted wave, σrcs is the bistatic RCS of the target,
k is Boltzmann’s constant, T0 is the system temperature, CP I is the coherent processing
interval. In passive radar studies, the noise figure NF typically encapsulates the effects of
out-of-band interference in addition to receiver noise. In the bistatic passive radar case, the
FT2 term accounts for the multipath effects in the transmitter to target path, while the FR2
term accounts for the effects in the target to receiver path.
In the multipath simulations presented in this paper, the propagation factors are computed
using the physical characteristics of the NC3A passive radar described in [7]. A threedimensional flat-earth model is used, and targets are assumed to fly at an altitude of 7315 m
(approx. 24,000 ft) above ground level. A vertically-polarized receiver is located at a height
of 20 m, and the transmitters are all assumed to be located at a height of 375 m above
ground. A depiction of this scenario appears in Figure 1. This three-dimensional, flat-earth
model is incorporated into the simulations, so that the bistatic range and Doppler observations
take the target heights into account. However, the PHD-based tracker presented here does
not currently take target altitude into account (as is the case with many two-dimensional
tracking algorithms). That is, no z or ż parameters are added to the particle states. This
results in a slight bias in the observed target locations relative to the true target locations,
as evident in Figure 8. Because the goal of the research is to present an initial evaluation
of the performance of the PHD filter, we begrudgingly leave in this bias, since it does not
affect our evaluation of the PHD and adding z-states would require a considerable amount
of additional computation. Indeed, the bistatic range ellipses would become ellipsoids, and
the offline grid and iterative least-squares techniques for placing birth particles described in
[5], [6] would need to be expanded to three dimensions.1
B. Propagation Factors
Since the squared propagation factors FT2 and FR2 have similar forms, a generic term F 2
will be used to represent both in the following discussion. Using the equations and plots
1

Furthermore, it is difficult to obtain good altitude information on low-flying targets because of increased geometric

dilution of precision (GDOP), which is a measure of the loss of a radar system’s ability to locate targets because of poor
geometries. Many surveillance radars are used to track targets in only two dimensions.
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hT
Rcvr

Fig. 1.

hR

A diagram of the multipath between a transmitter and the receiver. The dashed lines are the paths of the radio

signal from the transmitting antenna to the target and determine FT2 , while the solid lines are the paths of the echo signal
from the target to the receiver that determine FR2 . The elevation angles of the target relative to the transmitter and receiver
are indicated by θt,T and θt,R , respectively. The grazing angles are ψt,T and ψt,R , and the heights of the antennas are hT
and hR for the transmitter and receiver, respectively.

given by Barton in Section 6.2 of [8], the squared propagation factor of a path is
!

"

θt
,
F = 1 + ρ + 2ρ cos φ + 2π
θn
2

where θn =

λ
,
2h

2

(3)

λ is the wavelength of the propagating wave, and θt is the elevation angle

of the target relative to the antenna, and h is either the height hR of the receiver, in the case
of FR2 , or the height hT of the transmitter, in the case of FT2 . This assumes that hT >> hR .
The reflection phase shift term, φ, is set to zero in the simulation.2 The surface reflection
coefficient, ρ, is defined to be ρ = ρ0 ρs ρv , where ρ0 is the magnitude of the complex Fresnel
reflection coefficient of the surface, ρs is the specular scattering coefficient of a rough surface,
and ρv is the vegetative absorption coefficient. The Fresnel reflection coefficient depends on
the grazing angle ψ and the complex dielectric constant )c of the surface material. For vertical
polarization, its magnitude is given by

#
#
√
# ) sin ψ − ) − cos2 ψ #
c
# c
#
√
ρ0 = ##
#,
)c sin ψ + )c − cos2 ψ #

(4)

where )c = )r − j60λσe , and )r and σe are respectively the relative dielectric constant and
conductivity of the surface. Since the NC3A radar we wish to model looks out over the sea,
2

Given the wavelengths and grazing angles present in the simulation, φ should in fact be set to 180◦ (see pgs. 292-293

of [8]), which would result in a simple phase shift of the cyclic propagation factor F . Such a phase shift would not be
expected to effect the qualitative nature of the PHD filter tracking.
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we assume that the reflection surface is that of salt water, and hence set )r = 75 and σe = 5
mho/m [8]. We also assume that the sea water is not a rough surface and that ρs = 1. We
assume also that there is no vegetation with a thickness greater than a wavelength present
everywhere, and so we assume that ρv = 1.
Thus, as noted in [8], the propagation factor F varies cyclically in target elevation angle
with a period of θn between a maximum of Fmax = 1 + ρ and a minimum of Fmin = 1 − ρ.
Figure 2 shows the magnitudes of FR2 and FT2 for each of the transmitters used in our

NC3A simulation. Note that FR2 depends on the transmitter only to determine which λ to
use in computing FR2 . Thus, FR2 does not vary much based on which transmitter is used. In
contrast, the plots of FT2 for each transmitter do vary significantly. Since the height of the
receiver is less than the height of the transmitters, the rate of the cyclic variation of FR2 is
slower than that of FT2 , as evidenced by the rings in Figure 2. Figure 3 contains the two-way
power ratio, FT2 FR2 , used to calculate the SNR, via (1), for each of the transmitters involved
in the NC3A simulation; one can see the rings arising from both FR and FT . Table I gives
the minimum and maximum values of the magnitude of the two-way power ratio.
TABLE I
M INIMUM AND M AXIMUM M AGNITUDES OF T WO -WAY, M ULTIPATH P OWER R ATIO

Minimum |FT2 FR2 |

Maximum |FT2 FR2 |

Transmitter 1

0.0006

11.35

Transmitter 2

0.0031

6.58

Transmitter 3

0.0011

9.93

II. S IMULATION R ESULTS
A. Multipath Effects
Having incorporated the multipath model into our simulated observations, we tested the
PHD filter for its robustness to slowly fluctuating reflections from the target and the resulting
changes in the probability of detection (pD ). We want to determine if the PHD filter can
still track targets using range and Doppler observations, as it did in [5], [6], by placing birth
particles at the intersections of the bistatic range ellipses and Doppler observations using an
offline-computed range-variance based grid that was generated without taking FR and FT
into account, even though the observations now incorporate the multipath effects.
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(a) Transmitter 1, FR2

(b) Transmitter 1, FT2

(c) Transmitter 2, FR2

(d) Transmitter 2, FT2

(e) Transmitter 3, FR2

(f) Transmitter 3, FT2

Fig. 2. The magnitudes of the squared propagation factors, FR2 and FT2 , used in the NC3A simulation, for a target located
at an altitude of 7315 m. The values plotted are those at the centerpoints of the gridspaces in the range-variance based grid.
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The simulations in this section consist of two targets. Target 1 is present at time step
k = 1, where each discrete time step represents one second, and moves at a speed of 130
m/sec at a heading of 45◦ in azimuth. Target 2 enters at time step k = 22 and travels at 225
m/sec with an azimuthal heading of 170◦ . The values of the SNR and pD for the two targets
throughout the simulation are displayed in Figures 4 and 5.
The performance of the multitarget tracker in estimating the number of targets is shown in
Figure 6. The PHD filter, as implemented, exhibits frequent overestimation, and occasional
underestimation, of the number of targets. Figures 7 and 8 compare the real target locations to
those found by the PHD filter and peak-extraction algorithm described in [5], [6], and Figure
9 compares the velocities found to the true target velocities. The errors in the estimated
target positions and velocities are displayed in Figure 10. These errors are slightly greater
than those found when multipath was not included in the simulation. This is somewhat due
to the bias introduced by the three-dimensional flat-earth model, as described in Section I,
as well as to the incorrect tracking of Target 2 in the later stages of the simulation. Note
how the estimated location of Target 2 starts to veer off of the true path of the target before
it enters an area of low SNR for all its transmitter-target-receiver links.
As seen in the figures, both targets are dropped by the range and velocity tracker upon
entering regions of low SNR and then were detected again upon re-entering regions of high
SNR. Our explanation for this behavior is that, in the regions where the targets are dropped,
the PHD filter assumes that the targets are in areas of high SNR. Yet, because of multipath
effects, the targets are actually in regions of low SNR. Thus, the PHD filter ends up missing
observations in an area of assumed high pD ; hence, the targets are dropped. This is the issue
with which Erdinc et al. [9] are concerned. They claim that the PHD filter drops targets
abnormally quickly, relative to a Markov chain model, due to the (1 − pD ) term in the
Date Update equation. This issue requires further study by the PHD-based target-tracking
community, in general.
Note that a ghost target, here defined as a point at an intersection of range ellipses that
does not correspond to a true target, is detected and followed when the PHD filter loses track
of Target 1.
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(a) Transmitter 1, FR2 FT2

(b) Transmitter 2, FR2 FT2

(c) Transmitter 3, FR2 FT2
Fig. 3.

The magnitudes of the two-way power ratio, FR2 FT2 , for each of the transmitters used in the NC3A simulation,

for a target located at an altitude of 7315 m. The values plotted are those at the centerpoints of the gridspaces in the
range-variance based grid.
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100

150
k (sec)

200

250

300

250

300

250

300

(b) Transmitter 1, pD
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(c) Transmitter 2, SNR
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Fig. 4.
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The signal to noise ratios and probabilities of detection of Target 1 for each transmitter with multipath effects

present. The circles indicate the actual values sampled.
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(c) Transmitter 2, SNR
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The signal to noise ratios and probabilities of detection of Target 2 for each transmitter with multipath effects

present. The circles indicate the actual values sampled.
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Expected number of targets at each time step in the two-target simulation with multipath effects.
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Fig. 7. Actual vs. estimated target locations over the first 300 iterations of the two-target simulation with multipath effects.
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True & Estimated target track
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Fig. 9. Actual vs. estimated target velocities over the first 300 iterations of the two-target simulation with multipath effects.
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B. Additional Experimental Scenarios
Additional simulation experiments were performed to better gauge the effect of multipath
on the PHD filter. Brief descriptions of each experiment and the corresponding results are
given below.
a) Experiment 1: To obtain a baseline for the performance of the PHD filter, the true
pD and SNR values were used in the Data Update step of the PHD filter. This assumes that
the PHD filter knows the true altitude of the target. The result was similar to that of the
initial multipath simulation of Section II-A, except that Target 1 was almost always detected.
Only Target 2 was dropped in the area of low SNR. This experiment also manifested more
overestimation of target number than in the original multipath simulation, in which the PHD
filter did not know the true pD and SNR values.
b) Experiment 2: Instead of using the true pD and SNR in the Data Update step of the
PHD filter, the lowest possible pD values were used by assuming the worst-case multipath
power ratio, i.e., min(FR2 FT2 ), for the whole field of view (FoV). The result was that the
number of targets was extremely overestimated by the PHD filter. One possible reason for
this is that the range likelihood used by the filter was too broad. Since the assumed SNR
was too low, the range variance used to compute the likelihood was too large. Thus, the filter
considered too many ellipses to be intersections (and thus, possible targets), even if they were
separated by large distances.
This simulation was also run with false-alarm suppression to determine whether the extreme target number overestimation would still occur if no false alarms were present. The
filter’s false alarm parameters were kept as is, so the PHD filter still expected false alarms;
however, no false alarms were allowed to occur in the simulated data. This would lead us to
expect a slight underestimation by the PHD filter of expected target number. Nevertheless,
overestimation still occurred in the absence of false alarms.
Thus, where the pD used by the PHD filter is smaller than the real pD in the FoV, the
overestimation may be the same problem seen when birth particles were spontaneously placed
in areas of low pD , as was surmised in [4]. Because the PHD filter assumes that the pD is
low, it believes that there are targets present that it cannot observe. Yet, because the actual
pD is higher, the PHD filter does receive observations from the targets. This appears to have
a feedback effect in the PHD filter and causes considerable overestimation of the number of
targets present.
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c) Experiment 3: The largest possible pD values were now used in the Data Update
step of the PHD filter by assuming the largest multipath power ratio, i.e., max(FR2 FT2 ), for
the entire FoV. The result was that the number of targets was rarely overestimated, but the
PHD filter had a hard time detecting both targets. This was expected, given the results of
Experiment 2, since in this case, the PHD filter assumed an SNR that was too high, and
the range variance used to compute the likelihood was too small. Thus, the filter most likely
missed valid observation intersections.
d) Experiment 4: In this simulation, as in Section II-A, it was assumed that the PHD
filter did not know the true pD and SNR values to use in the Data Update step. However,
the offline range-variance based grid used to find the ellipse intersections was recomputed
assuming that it knew the true target altitude and the true multipath-dependent SNR. The result
was that both targets were lost and a ghost target was tracked where the pD drops significantly
in one or more of the transmitters used. The PHD filter again occasionally overestimated the
number of targets present. This poor performance is expected, since even though the birth
particles are being placed according to the multipath truth, the sensor likelihoods used in the
PHD filter to compute the particle weights do not correctly model the multipath.
e) Experiment 5: Both the ellipse-intersection finding grid and the Data Update step
were assumed to know the correct pD and SNR to use in this simulation. The result was
that Target 1 was detected most of the time, Target 2 was undetected while in the region of
low SNR, and the overestimation of the number of targets was as severe as in experiment 1
when just the PHD filter knew the multipath truth.
f) Experiment 6: The original multipath simulation, in which neither the PHD filter, nor
the range-variance based grid, know the true SNR or pD caused by the multipath, was rerun, including the same false alarm parameters; however, in this new experiment, false alarms
were prevented from occurring during the simulation run. Just as in the original multipath
simulation (see Figures 6-10), the PHD filter fails to detect the two targets while they travel
in areas of low SNR. However, this Experiment 6 exhibits almost no overestimation of
the expected number of targets, and considerably fewer ghost targets are detected than in
the original multipath simulation. However, since the false alarm parameters specified do
indicate the presence of false alarms, the PHD filter expects false alarms, and we expect it
to underestimate slightly the number of targets.
g) Experiment 7: The previous experiment with suppressed false alarms was repeated,
but the PHD filter and range-variance based grid were given knowledge of the true pD and
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SNR caused by the multipath, as in Experiment 5. As in Experiment 5, Target 2 was not
detected in the region of low SNR. Target 1 was detected almost always, which is slightly
more than in Experiment 5. The main differences between this simulation and Experiment 5
are the almost complete absence of ghost targets and much better target number estimation
performance.
III. C ONCLUSIONS
The simulation experiments in the previous section give us some insight into the robustness
of the PHD filter. When the actual probabilities of detection and signal to noise ratios differ
from those assumed by the PHD filter, target tracking performance suffers. We find that it is
not suffering from birth particle placement issues, since adding multipath truth information
into the range-variance based grid did not affect the simulation results. It is the incorrectness
of the sensor likelihood functions, caused by the discrepancy between the true pD and SNR
and the pD and SNR assumed by the PHD filter, that affects the tracking performance. This
is evident multiple times in the experiments of the previous section.
In the case where the PHD filter overestimates the SNR, as in Experiment 3, the sensor
likelihood function is too tight, and the PHD filter has a difficult time detecting the targets. In
the case where the PHD underestimates the SNR, as in Experiment 2, the sensor likelihood
function is too loose, and the PHD filter overestimates the number of targets present, even
in the absence of false alarms. Another reason for the overestimation is that the PHD does
not expect to see the targets given the underestimated SNR. Yet, because the SNR is really
high, it still receives target observations and thus overestimates the number of targets present.
When the true values of pD and SNR were given to the PHD filter, as in Experiments 1 and
5, the tracking performance improved. Only one of the targets remained undetected when
traveling through an area of low SNR.
Experiments 6 and 7 attempted to probe further the issue of the target number overestimation by the PHD filter, which was present in these multipath simulations even when
the PHD filter knew the true pD and SNR values. When false alarms were suppressed in
the simulation, the overestimation problem, as well as the detection of ghost targets, almost
vanished. This leads us to conjecture that the overestimation problem is different from that in
[4], which was attributed to the (1 − pD ) term in the Data Update equation of the PHD filter
when spontaneously placing birth particles in areas of low pD . The current overestimation
problem, when the true pD and SNR are known, appears to be due to an interplay between
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false alarms and the ambiguity in triangulating targets for which not all sensors have high pD .
Thus, in the presence of false alarms, the PHD filter is highly sensitive to the probabilities
of detection and signal-to-noise ratios present in the tracking scenario.
One promising direction for future work is the cardinalized PHD approach recently proposed by Mahler [10], [11] (as well as an associated approximation known as the “binomial
filter” [12]), which purports to be more robust than the original PHD approach in terms
of maintaining correct estimates of the number of targets. Post-processing of the PHD
sequence, as explored by Lin, Bar-Shalom, and Kirubarajan [13], provides another avenue
for investigation. Our results on using the PHD filter for tracking in multipath environments
provide further evidence for the need to explore new approaches such as these.
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A Robust Algorithm for Automated Target Recognition
Using Precomputed Radar Cross Sections
Lisa M. Ehrman and Aaron D. Lanterman
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ABSTRACT
Passive radar is an emerging technology that offers a number of unique benefits, including covert operation.
Many such systems are already capable of detecting and tracking aircraft. The goal of this work is to develop a
robust algorithm for adding automated target recognition (ATR) capabilities to existing passive radar systems.
In previous papers,1, 2 we proposed conducting ATR by comparing the precomputed RCS of known targets
to that of detected targets. To make the precomputed RCS as accurate as possible, a coordinated flight model
is used to estimate aircraft orientation. Once the aircraft’s position and orientation are known, it is possible to
determine the incident and observed angles on the aircraft, relative to the transmitter and receiver. This makes
it possible to extract the appropriate radar cross section (RCS) from our simulated database. This RCS is then
scaled to account for propagation losses and the receiver’s antenna gain. A Rician likelihood model compares
these expected signals from different targets to the received target profile.
We have previously employed Monte Carlo runs to gauge the probability of error in the ATR algorithm;
however, generation of a statistically significant set of Monte Carlo runs is computationally intensive. As an
alternative to Monte Carlo runs, we derive the relative entropy (also known as Kullback-Liebler distance) between
two Rician distributions. Since the probability of Type II error in our hypothesis testing problem can be expressed
as a function of the relative entropy via Stein’s Lemma, this provides us with a computationally efficient method
for determining an upper bound on our algorithm’s performance. It also provides great insight into the types
of classification errors we can expect from our algorithm. This paper compares the numerically approximated
probability of Type II error with the results obtained from a set of Monte Carlo runs. 3
Keywords: automatic target recognition, passive radar, coordinated flight model, radar cross section, relative
entropy

1. BACKGROUND
Two parallel schools of thought dominate the literature regarding the recognition of fast-moving fixed-wing
aircraft. The first proposes a two-step approach to the problem. Target images are created, such as twodimensional inverse synthetic aperture radar (ISAR) images or a sequence of one-dimensional range profiles. 4
Target recognition is then conducted using these images. The alternate approach has been to bypass the creation
of images and attempt recognition directly from the received data. Herman5, 6 takes this second approach to
automatic target recognition (ATR), using data obtained from a passive radar system.
Although ATR has been a subject of much research, Herman’s application of passive radar was innovative.
Unlike traditional radar systems, passive radar systems bypass the need for dedicated transmitters by exploiting
“illuminators of opportunity” such as commercial television and FM radio signals. In doing so, they are able to
reap a number of benefits. Most notably, the fact that passive radar systems do not emit energy renders them
covert. An additional benefit is that the illuminators of opportunity often operate at much lower frequencies than
their traditional counterparts. These low-frequency signals are well-suited for ATR. 7–9 Several passive radar
systems have been developed in recent years, with Lockheed Martins’ Silent Sentry and John Sahr’s Manastash
Ridge Radar10, 11 being two well-known examples.
(Tel: 404-385-2548. Fax: 404-894-8363. Email: ehrman@ece.gatech.edu, lanterma@ece.gatech.edu)

2. OUR APPROACH
Our approach to the problem falls under the second school of thought regarding ATR. We intend to identify
aircraft models using the Radar Cross Section (RCS) obtained from a passive radar system as our key parameter
for classification. This is accomplished by comparing the RCS of the true target to the precomputed RCS of
known targets in a target library. Since the RCS is the sole parameter for target identification in this scheme,
its accurate representation is paramount.
We divide the process of simulating the RCS of known targets into four basic steps. First, we assume that the
passive radar system can accurately track the target and provide us with its location. Using the time-correlated
aircraft positions, we estimate the aircraft orientation via a coordinated flight model. 12 Given that the aircraft
position and orientation are known, we can then compute the incident and observed azimuths and elevations on
the aircraft, relative to the transmitter and receiver. Second, using the incident and observed angles, we access
an RCS database∗ containing information for each aircraft in the target class. The appropriate RCS data are
extracted from the database, yielding time-correlated RCS profiles for each aircraft in the target class, as though
each aircraft is executing the same maneuver as the true target. Next, the RCS profiles are scaled to account
for propagation losses, using the Advanced Refractive Effects Prediction System (AREPS). Finally, the profiles
are scaled using the Numerical Electromagnetic Code (NEC2) to account for the antenna gain of the receiver.
This process results in a set of power profiles simulating those that should arrive at the receiver if each aircraft
in the target library were to execute the same maneuver as the true target.
The passive radar system being modeled as part of this research is actually under development by NATO/NC3A.
We are proceeding with the intent of eventually comparing our precomputed power profiles to the profiles of
targets actually detected by the NATO/NC3A system. Until then, we must simulate the profiles of the true
targets. This process is similar to the one just described, with two notable differences. First, when simulating
the received data, we use the real aircraft orientation angles rather than those estimated by the coordinated
flight model. The second major difference is that we assume the received target profiles are corrupted by noise.
The effect of noise on the received power profile is modeled by,
√
PRECEIV ED = ( P + wR )2 + wI2 ,

(1)

where P is the power profile prior to being corrupted by noise, and w is zero-mean additive white Gaussian noise,
which has real and imaginary components, wR and wI .6 This yields a Rician likelihood model for comparing
the received power profile to the precomputed power profiles of targets in the target library. The aircraft type
giving the largest likelihood is declared to be the target type.

2.1. Relative Entropy Between Two Ricians
Since the classification scheme is essentially just an M-ary hypothesis testing problem, it seems intuitive that
the algorithm’s ability to correctly classify the targets is largely determined by the amount of overlap between
the target distributions. If the probability density functions of the targets in the target library overlap quite a
bit, then the ATR algorithm is expected to have difficulty discriminating between the aircraft; conversely, when
the target densities are widely separated, the ATR algorithm should be able to classify the targets with a high
rate of success.
Although the ATR algorithm uses an M-ary hypothesis testing scheme, a great deal of insight into the types
of classification errors likely to be made by the algorithm is derived by considering several binary discrimination
tests. By determining how widely separated any two target densities are, we can estimate the likelihood that
one aircraft will be misidentified as another. The relative entropy quantifies this distance between any two
target density functions, p(x) and q(x).13 Since the data points are independent (conditioned on a particular
hypothesis) in our case, we can write the relative entropy as the sum of the relative entropy for the original data
points using,
∗

The RCS database was created using the Fast Illinois Solver Code, FISC.
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Substituting (3) and (4) into (2) reveals that the relative entropy between two Rician densities with the same
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Two types of errors are possible in a binary hypothesis testing problem. For ease of notation, let us temporarily
denote aircraft #1 as the aircraft whose probability density function is p(x); similarly, let us temporarily define
aircraft #2 as the target whose probability density function is q(x). The event in which aircraft #1 is misidentified
as aircraft #2 is called a Type I error. The probability of such an error is denoted by α. A Type II error occurs
if aircraft #2 is mistakenly identified as aircraft #1. Denote the probability of a Type II error as β.
In a Neyman-Pearson scheme, α is set to be some arbitrarily small number, and the decision threshold
separating the acceptance regions for aircrafts #1 and #2 shifts to keep α constant as N increases. Within this
context, we can use Stein’s Lemma13, 14 to approximate β as

βp(x)||q(x) ≈ e−D(p(x)||q(x)) .

(6)

The subscript on β has been added to clarify which two distributions are being compared. To avoid confusion,
the order of p(x) and q(x) in the subscript is kept consistent with the order in the definition of D(p(x)||q(x)).
Using this notation, βp(x)||q(x) is the probability that aircraft #2 (whose density is q(x)) will be misidentified as
aircraft #1 (whose density is p(x)).
In later sections, we compute β for each possible aircraft pairing. Since our target library is currently
comprised of four targets, this results in a total of sixteen ordered pairings. The order of the pairing does
matter; it should be clear from examining (5) that the relative entropy for this problem is not symmetric. Note
that in (5), the xi parameter is the dummy variable of the integral. This implies that we do not actually need
to substitute in the power profile of a particular true target; rather, xi is swept from zero to infinity. As a
consequence, there is no need for Monte Carlo runs when computing the relative entropy. This significantly
reduces the computational complexity involved in determining algorithm performance.

2.2. Anticipated Noise Levels
The only parameter in (5) yet to be determined is the noise power, σ 2 . This is expressed in dBW as,

PN =

kT0 NF
,
CP I

(7)

where k is Boltzmann’s constant, T0 is temperature in Kelvin, NF is the unitless noise figure, and CPI is the
coherent processing interval of the system.15 To match the NATO system, the CPI is set equal to 0.5 seconds,
and T0 is set equal to 290 K. Determining the appropriate noise figure of the system is more difficult. In an urban
environment, a reasonable upper bound on the noise figure due to thermal noise and out-of-band interference
might be 30 dB. However, transmitter interference must also be addressed. Typically, the direct path interference
manifests itself as a spike in the cross-ambiguity function. Since the transmitter’s power and location are known,
and since the direct path interference spike occurs along the axis with zero velocity, this spike can usually be
identified and removed. The more treacherous effect of the transmitter interference is that it can raise the
“thumbtack” noise floor of the ambiguity function, potentially masking a target spike. To be thorough, this
should also be considered when computing the noise figure.
If the ambiguity function is normalized such that the direct path spike has unit height, then the average
pedestal height, or sideband power, is given by

Ppedestal =

1
,
B × CP I

(8)

where B is the signal bandwidth, and CP I is the coherent processing interval. 16 To match the NATO/NC3A
system, values of 45 kHz and 0.5 seconds are used for B and CP I, respectively.
If propagation losses and antenna gain are neglected, the pedestal power is 44 dBW below the direct-path
spike. Since the illuminator of opportunity exploited by the NATO/NC3A system has a power level of 50
dBW, the sideband power is 6 dBW. Propagation losses and antenna gain play a significant role, lowering
the pedestal power by 95 dBW. The electronics in the receiver of the NATO/NC3A system also mitigate the
problem by suppressing the direct path signal by 70 dBW, which reduces the sideband power to -159 dBW. More
sophisticated filters could be implemented to further reduce the noise figure, but using the specifications of the
system being modeled, the effective noise figure falls between 40 and 45 dB. Thus, the effects due to transmitter
interference are far more significant than those due to thermal noise and out-of-band interference.
This underscores an important point. In the interest of gauging the algorithm’s performance in the presence
of noise, the results presented in Section 3 correspond to a broad range of noise figures. When reading that
section, it is imperative to recall that the anticipated noise figure in the real system is only 40 dB.

3. RESULTS
A series of maneuvers are used to test the ATR algorithm. The first maneuver is simply a straight-and-level
flight path in which the aircraft flies directly away from the receiver at a speed of 200 m/s and an altitude of
8000 m AGL (above ground level). The second maneuver is nearly identical to the first, but the aircraft heading
is rotated 90o so that the aircraft flies broadside to the receiver. This provides the receiver with a wider array of
observed azimuths on the aircraft. The third encounter was recorded on-board a maneuvering F-15 † , providing
us with a more difficult test of our algorithm. All three maneuvers are conducted approximately 30 km from the
receiver, and are located in the receiver’s main lobe.
†
The F-15C trajectory was obtained, courtesy of Major Larkin Hastriter and Lt. Col. Adam MacDonald, from the
Joint Helmet Cuing System, Mission JH-16, conducted by the 445th Flight Test Squadron at Edwards Air Force Base in
May 2000.

3.1. Straight-and-Level Trajectory #1
The precomputed power profiles corresponding to the first straight-and-level trajectory are shown in Figure 1a.
Recall that this maneuver involves the aircraft flying directly away from the receiver. Since the range of aspects
of the aircraft presented to the receiver is very limited, it is not surprising that the power profiles of all four
aircraft look very similar. Four hundred Monte Carlo runs are conducted at each noise figure in the study, with a
quarter of the runs corresponding to each aircraft being the true target. The noise figure is swept from 30 dB to
100 dB in increments of 5 dB. As mentioned in Section 2.2, the noise figure is swept well beyond the anticipated
noise levels so that we can witness the breaking point of the algorithm. The probability of error determined by
the Monte Carlo runs is shown in Figure 1b. The similarities among the probability-of-error curves of the four
aircraft corroborate the point that the precomputed power profiles are quite similar.
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Figure 1. Straight-and-Level Trajectory #1: a.) Power Profiles (left), b.) Probability of Error Vs. Noise Figure (right)

Confusion matrices are tabulated to provide additional insight into the types of identification errors exhibited
by the algorithm. The confusion matrices for the first straight-and-level maneuver at noise levels of 55 and 60 dB
are shown in Tables 1 and 2. The aircraft listed in the first column correspond to the true target. The aircraft
listed across the top row pertain to the aircraft chosen by the algorithm.
Several conclusions may be drawn from the probability of error curves and confusion matrices. For example,
the algorithm performs perfectly until the noise figure reaches 50 dB.‡ By 70 dB, the probability of error, averaged
over all four aircraft, approaches 75%. Since there are four aircraft in the study, this is equivalent to chance. The
confusion matrices also provide insight into the likeliest misidentifications made by the algorithm. For example,
they indicate that if an aircraft is misidentified as the F-15, then the true target is likeliest to have been a
T-38A. The probabilities that it was actually a Falcon-100 or Falcon-20 are lower. Similarly, when the algorithm
mistakenly chooses an aircraft as the T-38A, it is likeliest that the true target was really the F-15. Under these
circumstances, the probability that it was actually a Falcon-100 or Falcon-20 is lower. We can also deduce that
the Falcon-100 is most likely to be the true target when the algorithm mistakenly chooses an aircraft as the
Falcon-20. The F-15 and T-38A had similar probabilities of being the true target in this setting, but had lower
probabilities than the Falcon-100. Finally, when the algorithm mistakenly chooses the Falcon-100, the F-15 is
the likeliest to be the true target, followed by the Falcon-20 and T-38A.
Equation 6 is used to approximate β for each possible target pairing; these results, shown in Figure 2, are
compared to the results of the Monte Carlo runs. For example, Figure 2a shows the probability that each
aircraft will be misidentified as the F-15. Similar findings are given in Figures 2b, 2c, and 2d for the T-38A,
‡

We would not actually expect the algorithm to perform perfectly in a real setting, as there may be factors that we
have neglected to model. However, the simulation results do indicate that the algorithm would perform well at low noise
levels.

Table 1. Confusion matrix for straight-and-level trajectory #1 with noise figure = 55 dB. The aircraft listed in the
first column correspond to the true target. The aircraft listed across the top row pertain to the aircraft chosen by the
algorithm.

Aircraft
F-15
T-38A
Falcon-20
Falcon-100

F-15
58
21
1
14

T-38A
24
75
5
3

Falcon-20
3
3
84
6

Falcon-100
15
1
10
77

Table 2. Confusion matrix for straight-and-level trajectory #1 with noise figure = 60 dB.
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Figure 2. Straight-and-Level Trajectory #1: β Vs. Noise Figure when targets are mistakenly chosen to be the: a.) F-15
(top left), b.) T-38A (top right), c.) Falcon-20 (bottom left), d.) Falcon-100 (bottom right)

Falcon-20, and Falcon-100, respectively. If β is viewed as an upper bound on the algorithm’s performance, then
it corroborates every one of the trends observed in the Monte Carlo runs. This includes the observation that
the probability of error approaches chance when the noise figure reaches 70 dB. This implies that the target
distributions overlap almost entirely, which means that β approaches 100% for an infinitesimally small α.

3.2. Straight-and-Level Trajectory #2
The analysis is repeated for the second straight-and-level maneuver. Recall that the aircraft now fly broadside
to the receiver. Thus, a much wider range of aspects are presented to the receiver. The manifestation of this
is evident in the power profiles, shown in Figure 3a. They look much less similar in shape and amplitude than
before. This leads us to anticipate much better performance than was observed in the previous maneuver.
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Figure 3. Straight-and-Level Trajectory #2: a.) Power Profiles (left), b.) Probability of Error Vs. Noise Figure (right)

The probability of error curves derived from the Monte Carlo runs, shown in Figure 3b, confirm this suspicion.
No errors occur until the noise figure reaches 55 dB, and at this point, they are limited to the T-38A and Falcon20. The probability of error remains at zero for the Falcon-100 until the noise figure hits 70 dB, and remains
at zero for the F-15 until the noise figure reaches 80 dB. Confusion matrices confirming these trends appear in
Tables 3, 4, and 5 for noise figures of 55, 70, and 80 dB.
Table 3. Confusion matrix for straight-and-level trajectory #2 with noise figure = 55 dB.

Aircraft
F-15
T-38A
Falcon-20
Falcon-100

F-15
100
0
0
0

T-38A
0
96
5
0

Falcon-20
0
4
95
0

Falcon-100
0
0
0
100

Several conclusions are drawn from this experiment. First, the probability of error curves and confusion
matrices suggest that the only errors made for noise figures less than 70 dB pertain to swapping the T-38A and
Falcon-20. Not only are the Falcon-100 and F-15 never misidentified when they are the true targets; they are
never mistakenly chosen when the true target is the T-38A or Falcon-20. Once the noise figure reaches 70 dB,
the Falcon-100 begins being misidentified when it is present, and mistakenly chosen when it is not. Neither of
these two events occur with the F-15 until the noise figure reaches 80 dB. The computation of β, presented in
Figure 4, is in accord with every one of these conclusions.

Table 4. Confusion matrix for straight-and-level trajectory #2 with noise figure = 70 dB.

Aircraft
F-15
T-38A
Falcon-20
Falcon-100

F-15
100
0
0
0

T-38A
0
52
50
2

Falcon-20
0
40
42
9

Falcon-100
0
8
8
89

Table 5. Confusion matrix for straight-and-level trajectory #2 with noise figure = 80 dB.

Aircraft
F-15
T-38A
Falcon-20
Falcon-100

F-15
91
16
15
17

T-38A
3
23
24
17

Falcon-20
0
19
19
14
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Figure 4. Straight-and-Level Trajectory #2: β Vs. Noise Figure when targets are mistakenly chosen to be the: a.) F-15
(top left), b.) T-38A (top right), c.) Falcon-20 (bottom left), d.) Falcon-100 (bottom right)

3.3. Edwards Maneuver
The final test of the algorithm uses a much more difficult maneuver than the previous two tests. This maneuver
is shown in both a 3-D perspective and a God’s eye view in Figure 5. Note that this test involves changes in
aircraft heading, pitch, and roll.
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Figure 5. F-15 maneuver: a) 3-D view (left), b) top view (right).

The precomputed power profiles for this maneuver are shown in Figure 6a. The corresponding Monte Carlo
probabilities of error are shown in Figure 6b. This time, the shapes of the power profiles vary, but the amplitude
of the profiles is fairly similar for all four aircraft models. Confusion matrices are given in Tables 6 and 7 for
noise figures of 60 and 70 dB.
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Figure 6. Edwards Trajectory: a.) Power Profiles (left), b.) Probability of Error Vs. Noise Figure (right)

Once again, the probability of error curves and confusion matrices provide us with ample data for making
conclusions. This time, no identification errors are recorded until the noise figure reaches 60 dB. The algorithm
fails to be effective once the noise figure reaches 80 dB. If a true target is misidentified as the F-15, it was likeliest
to have been the T-38A or Falcon-100, with the probability that it was the Falcon-20 being somewhat smaller.
Similarly, if the T-38A is mistakenly identified as present when it is not, the true target was most likely the
Falcon-100. The Falcon-20 was the least likely aircraft to be present when the algorithm mistakenly identified

Table 6. Confusion matrix for the Edwards trajectory with noise figure = 60 dB

Aircraft
F-15
T-38A
Falcon-20
Falcon-100

F-15
97
2
0
1

T-38A
1
90
0
17

Falcon-20
0
0
100
0

Falcon-100
2
8
0
82

Table 7. Confusion matrix for the Edwards trajectory with noise figure = 70 dB

Aircraft
F-15
T-38A
Falcon-20
Falcon-100

F-15
54
27
10
30

T-38A
16
34
7
24

Falcon-20
16
22
80
21
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Figure 7. Edwards Trajectory: β Vs. Noise Figure when targets are mistakenly chosen to be the: a.) F-15 (top left),
b.) T-38A (top right), c.) Falcon-20 (bottom left), d.) Falcon-100 (bottom right)

the true target as the T-38A. A similar trend is noticeable when the true target is mistakenly identified as the
Falcon-100. This time, the T-38A was the most likely aircraft to be the true target, followed by the F-15. Finally,
when the Falcon-20 is falsely matched with the true target, the Falcon-100 and T-38A were equally likely to be
the true target. The probability that the true target was an F-15 is slightly lower. As before, the plots of β,
shown in Figure 7, are in accord with every one of these conclusions.

4. CONCLUSIONS
Two major conclusions can be drawn from this work. First, the simulations suggest that the algorithm will
perform very well at the anticipated noise levels. In fact, every one of the simulations resulted in perfect
identification of all four aircraft for noise figures below 50 dB. While we do not want to suggest that a real
system would function perfectly, as there may be phenomena present in a real system that have not been
modeled, the findings do suggest that the real system should perform well at the anticipated noise levels. The
data presented in this paper also suggest that β, computed in term of the relative entropy, provides a way to
gauge system performance that is both reliable and computationally efficient. Further work will seek to extend
this idea to a Bayesian framework by computing Chernoff information.
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