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Abstract There are a variety of devices for the delivery of pharmaceutical substances, tablets of course being the most prominent. Pharmaceutical scientists and
physicians have formulated goals, such as release of a drug in a controlled fashion
over an extended period of time or the targeted delivery of a drug to a specific site
in a patient’s body. Since experiments with these delivery devices can be costly and
sometimes only partially conclusive, mathematical modeling can play a role in understanding the mechanisms behind experimental release profiles, and in developing
delivery systems. Here we review mathematical models for drug delivery by matrix
tablets and liposomes.

1 Introduction
Pharmaceutical scientists are concerned with the delivery of drugs to a patients body
in an efficient and safe manner. Dictated by the nature of the ailment and the drug to
treat it, there are several routes of delivery, such as oral, nasal, intravenous and transdermal routes to name just a few. Most well-known of course is oral administration
and there the most prevalent form of delivery is via tablets. Simple and convenient
to use, they also allow fairly exact measuring of the dose of active ingredient in each
tablet. As we shall see in this chapter, it is often the case that only a part of the drug
load of the tablet is released. With modern drugs being very expensive it is obvious
that the fraction of drug released should be as high as possible. Another objective
is to release the drug load in a controlled fashion so that the levels of the drug in
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the body remain in a narrow therapeutic range: levels of drug that are too low are
sub-therapeutic, and levels that are too high carry the obvious danger of harmful
side effects.
A second, more recently developed delivery device that we will discuss in this
chapter are liposomes. Liposomes are artificially prepared vesicles consisting of a
lipid bilayer that encapsulates the drug in a solution. The lipid bilayer is similar in
nature to those that make up cytoplasmic and nuclear membranes of the cells. Thus
liposomes have the potential to be incorporated by cells through endocytosis and in
addition may be directed towards specific target sites in the body. They further offer
protection of hydrophilic drugs from dissolving before they reach their target zone
in the body. The goal of pharmaceutical scientists is to control the permeability of
the liposome membrane to the drug cargo. One way to accomplish this is with the
help of bile salts that bind to the membrane. Different bile salts act differently on
the liposome membrane, depending of course also on their concentrations. This is
another part of our mathematical modeling efforts to be reviewed in this chapter.
The importance of mathematical modeling of drug delivery has long been recognized. While early attempts [13] consisted still largely of phenomenological expressions, in the past decades the need for a deeper understanding of the physical processes inside a tablet or liposome became clear. In this chapter we review
our own works concerning drug release from matrix tablets [3, 4] and modulation
of liposome permeability [15]. The mathematical tools employed include ordinary
and partial differential equation models, random walks and cellular automata. The
chapter ends with an outlook on present challenges and the concept of “triggered”
delivery.

2 Drug release from matrix tablets
Matrix tablets are drug delivery devices that release a water-soluble drug over an
extended period of time. Such matrix tablets are formulated from mixtures of polymer, drug, and excipient powders, of which the latter two are water soluble. The
composition of the powder mixture as well as the choice of compaction pressures
and optional curing temperatures allow variation in the drug release profile of the
tablet. To determine the release profiles experimentally, a tablet fabricated in this
manner is placed into a rotating basket apparatus and the release of the drug over
time is monitored. Earlier mathematical models focused on random walks on cubic
lattices [29, 30], Monte Carlo simulations [18], and percolation theory [6]. A common observation in many works is that there exists a critical fraction of polymer
powder in the mixture below which the release of the drug is complete or nearly
complete. If the polymer fraction is increased above that fraction, the drug release
remains incomplete, say 40-60% of the total load. Frequently expressions such as
the Higuchi law, Peppas equation or Weibull equation, namely
√
M(t) = Kt n ,
M(t) = K(1 − exp(−at b )),
M(t) = K t,
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respectively, are fit to the simulated release curves. In these expressions, M(t) is
the fraction released at time t, and K, n, a and b are model parameters. While these
expressions allow for easy comparison of different curves, the precise meaning of
the fitted parameters often remains unclear. Subsequent authors have worked with
partial differential equations for diffusion and erosion processes [19, 25]. These
powerful models remain challenging to construct, to parametrize and to implement.
During the release process, the matrix porosity increases and the topology of the
channel network available for diffusion changes as well. We will address this issue
briefly below.

2.1 The discrete model
In [3] we propose two mathematical models for drug release from a matrix tablet,
one discrete and one continuous. The discrete model begins with the construction
of a graph as the contact graph of a random dense sphere packing. Dense sphere
packings are a highly interesting topic in their own right [9, 14, 27] and have found
many applications in statistical physics [20] and space engineering [17]. We use the
“stochastic billiard” method proposed by Lubachevsky and Stillinger [21] where a
certain number of spheres move and grow in a container. The spheres are initialized
with small radii, randomly placed in a container, with random initial velocities. The
spheres then undergo elastic collisions with one another and with the walls, while
the radii grow at constant rates. By assigning different rates to different spheres,
packings with spheres of different sizes can be created. Since the walls of the container are fixed, the growing spheres have less and less room to move in, and the
collisions become more and more frequent. The process is stopped once the collision frequency exceeds a certain bound. The spheres in the packing are then labeled
“polymer”, “drug” and “excipient” according to the composition of the powder mixture that we want to simulate.
From the sphere packing, we construct a contact graph. The contact graph consists of a node for each particle (sphere), with edges between nodes that are less than
a prescribed minimum distance apart. Under the assumption that dissolved drug and
excipient particles can diffuse through the tablet, we model the escape of drug by
a random walk along the edges of the contact graph. However, all edges emanating
from a node labeled “polymer” are removed, to represent the insolubility of polymer. The production process can contain a step of heating of the tablet which causes
polymer to melt and leads to a closer encapsulation of the drug. In order to model
this, we allow for an additional random removal of edges between neighboring nonpolymer spheres. We now begin a random walk on the contact graph that begins at
every drug node and terminates at one of the boundary nodes. Since edges to polymer nodes have already been removed, only nodes labeled “drug” or “excipient” are
accessible to the random walker. The number of steps of each walk is counted and
the cumulative distribution function is taken as a prediction of the release curve. To
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avoid endless loops, a walk is also terminated once a maximum number of steps has
been reached. Figure 1 illustrates the random walk in two dimensions.
Particle numbers: 60 180 360

Fig. 1 Graphical illustration of one random walk through the contact graph. The polymer particles
are the smaller, solid, spheres. The walk terminates when the “walker” reaches the boundary of the
tablet.
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Fig. 2 (Left) Simulated release curves for powder mixtures with five different polymer fractions.
The mass fraction is kept constant at 10 %, the remainder of the tablet is comprised of water
soluble, pharmaceutically inactive excipient. (Right) Experimental release of indomethacin (mass
fraction 10%) from Eudragit RLPO matrix tablets containing mannitol (90 − 125 µm particle diameter) as plastic excipient. The tablets were cured at 40◦ C for 24 h. Figures are taken from [3]
and [8].

The simulation method in [3] is quite capable of reproducing the delayed and
only partial release of drug as the polymer fraction in the powder mixture is increased. As we mentioned above, heating of the tablet can be simulated by additional edge removal ([3], not shown). This results in pockets of drug particles that
are completely surrounded by polymer particles and thus unable to escape. The fact
that the simulated release curves in the left panel of Figure 2 begin at approximately
one-half of the total amount of drug contained is due to the fact that the sphere packings used in [3] were relatively small, about 2000 spheres. Thus surface effects are
more prominent as a lot of drug particles are already situated on the boundary of
the tablet. A more critical shortcoming of the simulated release curves is that they
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do not show the change from convex to concave that is visible in some of the experimental release profiles in the right panel of Figure 2. This shape is due to the
fact that after the tablet is initially place in the fluid, some time is required for the
fluid to penetrate the tablet and to dissolve the drug. Moreover, the initial model did
not take into account the rearrangement of the polymer matrix during the process
of powder compaction. To address these problems, in [4] we introduce a cellular
automaton model that we describe in Section 2.3.

2.2 The continuous model
The second model in [3] is based on a system of reaction-diffusion partial differential equations for the concentrations of dissolved and undissolved drug and excipient, respectively. The spatial domain Ω is a cylinder of radius R and height H. It is
therefore convenient to introduce cylindrical coordinates and to make the plausible
assumption that all dissolution and diffusion processes possess rotational symmetry,
so that the angular variable θ can be omitted. We denote by v1 and v2 the concentration of dissolved drug in the solvent and the content of undissolved drug in the
tablet, respectively, with similar expressions u1 and u2 for dissolved and undissolved
excipient. The porosity of the tablet is denoted by κ ∈ [0, 1] and this will increase
as excipient and drug are dissolved in the solvent. The diffusion of the dissolved
substance follows the classical Fick’s law, while the dissolution of undissolved substance is possible only as long as the surrounding fluid is not already saturated with
dissolved substance. Under these assumptions we obtain a system of the following
type


v1
∂
v2 ,
(κ(u2 , v2 )v1 ) − ∇(r,z) · (Dv κ(u2 , v2 )∇v1 ) = αv κ(u2 , v2 ) 1 − v
∂t
Cmax


(1)
∂
v1
v2 = −αv κ(u2 , v2 ) 1 − v
v2 ,
∂t
Cmax
with a similar pair (but with possibly different constants) for the dynamics of the
excipient. Here αv denotes the rate of drug dissolution. Note that the porosity of the
tablet, which itself changes over time, influences the dissolution process due to the
changing contact area between drug and fluid. The porosity function is given by
κ(u2 , v2 ) = (κ0 − κend )

u2 + v2
+ κend ,
u02 + v02

where κ0 and κend are the initial and terminal porosities, respectively. The parameter,
κend , reflects the amount of polymer in the tablet: when all of the drug and excipient
have dissolved and diffused out of the table, a higher polymer content will yield a
less porous tablet. In other words, κend decreases as the fraction of polymer in the
tablet increases. Initially all drug and excipient are bound and uniformly distributed
across the tablet so that
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u01 = v01 = 0,

u02 (x) ≡ u02 ,

and

v02 (x) ≡ v02 .

Finally, we assume that any dissolved drug and excipient that have reached the
boundary of the tablet are immediately carried away so that the model is completed
by homogeneous Dirichlet boundary conditions for the diffusing substances. The
integral of κ(u2 , v2 )u1 + u2 gives the total amount of drug still in the tablet so that
its antiderivative is the complement of the cumulative release function. A few numerical solutions are shown in Figure 3. As can be seen in this Figure, the partial
differential equation model captures the change from convex to concave in the release profiles. This further underscores the importance of including the dissolution
process in any model. On the other hand, this model does not provide an easy way
to quantitatively represent the different possible powder compositions, nor does it
reproduce the partial release in the case of high polymer load. To produce both features, namely the concavity changes and the saturation of the release profiles, we
develop a cellular automaton model.

Fig. 3 Release profiles predicted by the continuous model (1) as the final porosity κend varies. The
dimensionless parameters used in this example are κ0 = 0.02, Du = 0.3, Dv = 0.5 αu = αv = 1.5
u
v
and Cmax
= Cmax
= u02 = v02 = 1.

2.3 The cellular automaton model
Cellular automata (CA) were first conceived by Stanislaw Ulam and John von Neumann in the 1940s at a time when computing technology was yet in its infancy.
Since then they have been put to good use in the simulation of traffic networks [22],
neural networks [12], tumor growth [10, 16] and statistical mechanics, to name but
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a few examples. In a standard CA, the computational domain (in this context, the
three-dimensional volume taken up by the tablet) is divided into “cells”. Each cell
can be in one of a finite number of states. Rules governing transitions between states
depend on the state of the cell and on the states of its neighbors. In our case of matrix tablets it is natural to create cells that are empty, occupied by solid substance
(drug, polymer or excipient), or by water, which in turn carries the dissolved drug
and excipients.
To represent the tablet, the cells of the automaton are arranged on a cubical lattice filling out a cylinder. Each cell can be in one of five states drug (D), polymer
(P), excipient (X), empty (E) and water (W). Every cell filled with water is in addition characterized by the concentrations of dissolved drug and excipient, relative
to a saturation concentration. The polymer, drug and excipient cells are present in
their relative concentrations in the powder mixture while the empty sites are created
during the simulation of the compaction process by breaking drug cells into smaller
pieces. The effect of compaction and curing on the polymer cells is to allow polymer to move into adjacent empty spaces, with a preference for spaces occupied by
polymer. This part of the initialization process allows the user to simulate a variety of preparation scenarios, since the polymer particles deform under pressure, and
fuse together when heated. Initially, there are no water cells inside the tablet but it
is surrounded at all times by cells filled with water.
In each simulated time step after the initialization step, there are three subprocesses that are modeled by the cellular automaton rules:
1. Dissolution: the number of wet cells are updated, and the concentration of dissolved drug and excipient is calculated. Empty cells can be filled with water if
they have water cells as neighbors. Cells occupied by drug or excipient can be
replaced by water if they have water cells as neighbors and these cells have still
some dissolution capacity. Once a drug or excipient cell is replaced by water, the
amount of drug or excipient is then dissolved in the newly formed water cell.
2. Diffusion: Dissolved drug and excipient diffuse freely between neighboring water
cells in accordance with Fick’s law.
3. Transport away from the boundary: The entire tablet is surrounded by a layer
of water cells in which the dissolved substances are diffusing. We simulate some
common experimental setups where the external fluid is stirred by further diluting
the concentrations of drug end excipient in the external boundary layer. This
eases further diffusion of dissolved substances from the interior of the tablet.
A simulation of a small tablet is shown in Figure 4 to illustrate these steps.
One key observation from the experimental data is the initially slow release of
drug from the tablet, especially at high polymer fractions, (see Figure 2, right panel,
lower graph). One explanation for this very slow release is the formation of a polymer “shell” when the tablet is thermally cured (heated), [2]. We can represent this
in the model by allowing a layer of polymer cells to form on the outside of the simulated tablet. A user-specified parameter allows the simulation of polymer shells of
different thickness, so that polymers with varying thermal reactivity can be mod-
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Fig. 4 Snapshots of the states of the tablet CA for a very small tablet to illustrate the updating
rules. Part of the tablet is cut away so that we can visualize what is happening in the interior. The
states are represented by different colors: red (drug), green (polymer), grey (excipient), water (blue)
and empty (black). Initially (t = 0) the tablet contains no water, and we see the randomly placed
particles of solid drug, excipient and polymer, with a few empty cells. As the tablet is immersed
in the water medium, water cells enter the empty spaces (t = 1), but the interior still consists of
solid particles. Excipient and drug cells then begin to dissolve, and we see the corresponding grey
and red cells becoming blue (t = 10, 20, 50). Finally, all of the accessible drug and excipient is
dissolved, and we see that only a few drug (red) and excipient (grey) cells remain: those that are
surrounded by polymer (green) (t = 199). Note that this visualization does not show the outer
boundary layer of water.

eled. The left panel of Figure 5 shows a cross-section of a tablet in which a shell has
formed.
All parameters of the CA model have straightforward physical interpretations
such as the geometric dimensions of the tablet, the mass of the particles, and the
diffusion rates of dissolved drug and excipient. The entire CA model, beginning
with the initialization of the tablet has been implemented in C++ and is available
from the authors upon request. For further details we refer to [4]. In the right panel
of Figure 5 we see a good qualitative agreement between the simulated release profiles and the experimental data from the right panel of Figure 2. This agreement
consists of the ordering of the release profiles according to the polymer content in
the matrix, the change from a convex to a concave phase and the general time scale
of approximately 8 h. It is straightforward to study the influence of the respective
parameters on the release profiles ([4], not shown).
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Fig. 5 (Left) Simulated formation of an exterior polymer shell due to thermal curing (white
squares). (Right) Release curve produced by the cellular automaton model for a tablet of 8 mm
diameter and 2 mm height. The drug content is 10% in all cases while the polymer fraction varies.
The unit of time is 1 h. This figure should also be compared to the experimental data in the right
panel of Figure 2. The parameters for this figure are taken from [4, Table 1].

Both the experimental data and the simulations reveal a challenge in the matrix
tablets as they are currently formulated. This challenge comes from two competing
goals: the first is to design a tablet so that all of the drug is released. The second
goal is to have the release occur steadily over a fixed amount of time: in the case of
ingested tablets, the best we can hope for is a steady release over 8 hours, since the
tablet itself will be eliminated from the system after that. Using our CA model, we
were able to experiment with changing the key parameters: polymer content, curing temperature (which affects the polymer spreading), and shell formation (which
is affected by the choice of polymer as well as the curing temperature). Based on
these experiments, we found that a polymer concentration of 30% in a tablet manufactured at low temperature and cured at low temperature resulted in a release profile
with the desired characteristics, shown in Figure 6. With this CA tool, pharmaceutical researchers can easily do experiments in silico that will suggest which powder
mixtures and manufacturing procedures result in an optimal matrix tablet.

3 Permeability of liposome membranes
The matrix tablets described in the previous section are relatively inexpensive to
manufacture, and can be “tuned” to have the desired release profiles. However, they
are only useful for drugs that are to be delivered via the gastrointestinal tract. In
some cases, as in the case of many tumors, drugs need to be delivered to a specific
site in the body, and then released there. One way to accomplish this targeted delivery is to load the drug into small vesicles that have low permeability in the blood,
but whose permeability can be affected by the micro-environment. Hence, by manipulating this micro-environment, drugs can be delivered to specific sites, and in
specific doses. One promising type of vesicle used for drug delivery are liposomes.
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Fig. 6 Release profile from a simulated CA tablet that shows near complete release of the drug
load at a fairly steady rate over an 8-hour period. The parameters used here represent a low curing
temperature, a low pressure compaction process, and a tablet with 30% polymer.

Liposomes are artificially prepared nano-spheres consisting of a lipid bilayer.
They are currently being investigated as potential drug delivery devices [11, 26] and
as model biological membranes. The permeability of the liposome bilayer membrane can be modified by binding of suitable bile salts. These bile salts occur naturally in the gastrointestinal tract where they play a central role in the digestion of
dietary fats. This poses the danger of premature degradation of drug-carrying liposomes. On the other hand, they can also enhance transport across biological barriers
[31]. The release of drugs from liposomes can be experimentally studied by measuring the release profiles of fluorescent dyes from the nano-particles under different
experimental conditions. In [15] we combined mathematical modeling and experiments to study the release of carboxufluorescein from liposomes.
Carboxyfluorescein (CF) is a fluorescent dye which is non-fluorescent when it
is encapsulated at high concentrations inside the liposomes. Once CF has been released from the liposomes, the concentration is sufficiently low that it can be made
visible by excitation with light. The level of fluorescence is taken as a measure
for the concentration of CF outside the liposomes. Bile salts, such as cholate (C),
deoxycholate (DC) and monoketocholate (MKC) act as permeability enhancer by
binding to the lipid bilayer. We have created a compartmental model for the concentrations of bile salts in the exterior space, the leaflets of the liposomes and the
interior volumes [4]. Let Vi , Vs and Vo denote the total volumes of the combined liposome interiors, the inner and outer leaflets and the exterior volume, respectively.
Further, let w(t), x(t), y(t) and z(t) denote the concentrations of bile salt in the combined interior liposome volume, the combined inner leaflet volume, the combined
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outer leaflet volume and the exterior volume, respectively. Then we have the system
of differential equations
Vi w0 (t) = k−1 x − k1 w,
Vs x0 (t) = k1 w + k2 y − (k−1 + k−2 )x,
Vs y0 (t) = k−2 x + k1 z − (k−1 + k2 )y,

(2)

Vo z0 (t) = k−1 y − k1 z,
where the k’s are the rate constants. The binding of bile salt to a leaflet of the membrane occurs with rate k1 while its release occurs with rate k−1 . It is not assumed that
flipping between inner and outer leaflet occurs at equal rates, so k2 6= k−2 is possible.
In principle there could be also different binding and release rates at the outer and
the inner leaflet (due to different curvature), but we wish to keep the total number
of parameters low, as they will be determined by curve fitting. The concentration
of the drug in the interior of all liposomes is denoted by ci and that in the common
exterior by co . The membrane permeability P depends on the concentration of bile
salt in the outer and inner leaflets in two ways. On the one hand, it can depend on
the total concentration of bile salts in both leaflets, on the other hand it can depend
on the difference between these concentrations. We assume the functional form
P(x, y) = p1 |y − x|a1 + p2 (x + y)a2 ,
where p1 , p2 , a1 and a2 are constants to be determined from the experimental data.
With the convention that the flux of CF is from the interior to the exterior, we obtain
from Fick’s law
dci
= AP(x, y)(co − ci ),
Vi
dt
where A is the combined liposome membrane area. Finally, the fluorescence output
is given by
F(t) = F0 + Kco (t),
with background fluorescence level F0 and proportionality constant K. For the experimental part of the work, liposomes were prepared from soybean phosphatidylcholine (SPC) lipids. For more details on the preparation, see [15]. The experimental
release curves for three different bile salts and their numerical recreations are shown
in Figure 7, where optimal paramters were determined using the Metropolis Monte
Carlo method. Despite uncertainties about certain parameters of the experiment such
as the initial drug concentration inside the liposomes and the exact dependence of
the fluorescence signal on the concentration of CF in the exterior space, some conclusions can be drawn from the optimal fits. Firstly, we obtained for all types of bile
salts that p1 /p2 ≈ 103 . This suggests that the membrane permeability depends much
more strongly on the difference of the bile salt concentrations in the inner and outer
leaflets, rather than on the total amount of bile salt in both leaflets. Secondly, for the
bile salts cholate and deoxycholate we obtained that k2 ≈ k−2 which implies that
the equilibrium concentrations of bile salt in both leaflets are approximately equal.
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Fig. 7 Optimal least-square fit of the release curves for the bile salts cholate (C), deoxycholate
(DC) and monoketocholate (MKC) at different concentrations of bile salts. The dotted experimental and solid fitted curves of the same color belong together. Each dot represents a fluorescence
measurement.

This results in an end of leakage of CF after approximately 3 − 5 h and hence in an
entrapment of the drug cargo in the liposomes. In contrast we have for monoketocholate that k2 /k−2 ≈ 10 and hence the concentrations in both leaflets are noticeably
distinct. This results in a positive steady state permeability and allows a complete
release of the drug cargo on a reasonable timescale (12-24 h, say).

4 Outlook
In the preceding sections we have described several mathematical approaches to
modeling of drug delivery. In the realm of modeling the drug release from matrix
tablets, our cellular automaton (CA) model has shown the best results and is ready
for more concrete applications. It can be trained with experimental release data and
has the potential to be used as a predictive tool. The software is written in C++
and available at [5]. In the future, simulations can be sped up by parallelization of
the code. The model itself can be improved in various directions. For example, currently the dissolution of a drug or excipient cell results in complete and immediate
replacement of this cell by a water cell which then carries a completely saturated so-
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lution. The assumption that one water cell can dissolve a drug cell of equal volume
is clearly not realistic.
Many modern drugs have very specific action sites and it is desirable to deliver
them in a highly localized manner. This includes, but is not restricted to, anti-tumor
vaccines and drugs used to treat neurological disorders such as Parkinson’s disease
and dementia. This has given rise to the concepts of “targeted” and “triggered” delivery. Liposomes are ideal delivery devices since they are made of naturally occurring
lipid bilayers. Antibodies and ligands attached to the liposome surface or magnetic
nanoparticles can be used to target liposomes to specific cells [1, 24]. Even without such targeting, it is possible to trigger the release of the drug cargo at a certain
specific site [23]. Potential signals for drug release are, for example, an acidic tumor micro-environment, heat or low-frequency ultrasound. A particular challenge
is the delivery of drugs to the brain, as the brain is protected by the blood-brain
barrier [7, 28]. Here the effect of triggered delivery would be most beneficial as it
would be possible to create a high concentration of the drug in the capillaries of the
brain. However, ultrasound as the triggering signal results in delivery of energy to
the brain and may not be without harmful side effects. An experimentally validated
mathematical model has the power do yield signaling schedules that maximize the
release of encapsulated drug while at the same time minimize the exposure to the
low-frequency ultrasound. This is the topic of ongoing research.
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