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Physical properties of clusters, i.e. systems composed
of a ‘small’ number of particles, are qualitatively
different from those of infinite systems. The general
approach to the problem of clustering is suggested.
Clusters, as they are seen in the graphs theory, are
discussed. Various physical mechanisms of clustering
are reviewed. Dimensional properties of clusters are
addressed. The dimensionality of clusters governs to
a great extent their properties. Weakly and strongly
coupled clusters are discussed. Hydrodynamic
and capillary interactions giving rise to clusters
formation are surveyed. Levitating droplet clusters,
turbulent clusters and droplet clusters responsible
for the breath-figures self-assembly are considered.
Entropy factors influencing clustering are considered.
Clustering in biological systems results in nonequilibrium multi-scale assembly, where at each scale,
self-driven components come together by consuming
energy in order to form the hierarchical structure.
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This article is part of the theme issue ‘Bioinspired materials and surfaces for green science
and technology (part 3)’.

...............................................................

The term ‘cluster’ denotes a collection of similar, although not necessarily identical, things
that occur together. The word originates from the Middle English clustre, Old English clyster
(a clot or a bunch of grapes), thus in the Wycliffite Bible: ‘Thi tetes shul ben as the clustris of
a vyne’ (‘May your breasts be like clusters of grapes’, Song of Songs 7:8, translation of Hebrew
) [1].
Although the phenomenon of clustering is ubiquitous in natural and artificial systems, it is
difficult to exactly define ‘cluster’ and ‘clustering’, which is the common problem for very general
terms. Scientists speak about the cluster model of nuclei [2], clusters of atoms and molecules
[3], clusters of nanoparticles [4], clusters of genes [5] and clusters of galaxies [6]. In astronomy,
researchers speak about superclusters of galaxies, which are the largest clearly defined in the
Universe [7]. Therefore, clustering occurs on all of the possible spatial scales, as well as in the
temporal domains [8,9].
In computer science, clusters are defined as groups of objects that have maximum similarity
with other objects within the group, and minimum similarity with objects in other groups [8,9].
The clusters may be classified as physical and informational (or data) ones [10], as depicted
in figure 1. However, this classification is conditional, given that clusters of genes [5] are both
physical objects and data carriers. Our review is about physical clusters.
In physics and chemistry, clusters refer to small (between three and several millions)
conglomerations of atoms or molecules, or nanoparticles, which are intermediate in size and
properties between a molecule and a bulk solid. The current interests in clusters and the
emergence of the so-called cluster science was stimulated by the development of the nanoscience
and nanotechnology [11–14]. Clusters provide a bridge between properties of isolated molecules
and bulk matter, particularly those properties, such as the phase transitions, which have no
counterpart in individual objects. Moreover, phase transition is a property of the infinite system
and it is impossible for clusters.
In a more general sense, physical clusters may be classified as those dominated by fundamental
physical forces, such as gravitational forces (clusters of galaxies [6,7]), electromagnetic or
nuclear forces (clusters of nuclei and clusters of atoms and molecules [2,3]) and clusters
formed by intermediate phases (gaseous or liquid). This kind of cluster is represented by
recently discovered levitating droplet clusters bonded by aerodynamic interactions occurring
in water vapour flow [15–20], droplet clusters formed by the breath-figures self-assembly,
in which water droplets interact via evaporated polymer solutions [21–25] and capillary
clusters formed by floating micro- and nanoparticles and bubbles [25–32]. The mixed
situation, when clusters of particles interact via media and in parallel via fundamental (say
electrostatic) interactions, was reported [33–37]. Clustering in biological systems was broadly
discussed [38–40].
It is noteworthy that the droplet and capillary clusters reported in [11–28] are two-dimensional
(2D) ones. The subclass of 2D clusters are the chain-like clusters in which particles or droplets
form polymer-like structures due to a structural phase transition [15,37,38,41–43]. The distinction
between 3D (bulk), 2D (plane) and 1D (linear or chain) clusters is important, due to the fact that
the fundamental thermodynamic properties of 3D, 2D and 1D systems differ very strongly [44,45].
Thus, for example, phase transitions are impossible in 1D systems under certain assumptions [44].
Moreover, the Ising model suggests that ‘true’ phase transitions are impossible in finite systems,
in particular they are impossible in clusters, whatever their dimensions are. The aforementioned
temporal clustering represents a kind of 1D clustering [8,9].
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1. Introduction: what are ‘clusters’ and ‘clustering’?
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Figure 1. Classification of clusters and clustering processes. (Online version in colour.)

Figure 2. Cluster built of interacting particles seen as the network. Particles shown as circles correspond to vertices; edges,
shown as lines, correspond to physical interactions between the particles. (Online version in colour.)

2. Dimensional properties of clusters
Mathematically, clusters are related to networks and graphs. Consider a cluster built of particles,
such as those depicted in figure 2. The particles may interact one with another, but they do
not necessarily interact. The cluster shown in figure 2 may be seen as a graph, where particles
correspond to vertices, and edges, in turn, correspond to interactions. The clustering coefficient C
may be introduced [46]
C=

number of triangles on a graph
.
number of connected vertices

(2.1)

The clustering coefficient is a number between zero and one, which serves as a measure of
the relative frequency of triangles, and it quantifies the network transitivity (the probability that
two particles interacting with a given particle, also interact with one another). The clustering
coefficient is equal to zero, when there is no clustering (zero triangles appear on the graph). In
other words, a clustering coefficient is a measure of the degree to which vertices in a graph (and
particles in the cluster) tend to cluster together and it is used to quantify aggregation in granular
media [47].

The reductionist approach concentrating on individual properties of atoms and molecules is
opposite to the approach focusing on the properties of condensed phases comprising a large
number of particles (atoms or molecules). The realm between these limits remained untouched
until the late 1970s. Clusters are aggregates of particles intermediate in size between individual
particles and aggregates large enough to be called the bulk matter. Consider the cluster built
of N particles or molecules with the constant number density n = N/V. Suppose the attractive
potential between two particles to be of the general form w(r) = −(α/rm ), where α = const and m
is an integer.
The total interaction energy W of one particle with all other molecules of the cluster is
given by
W=

L
d


 m−3 
4π αn
d
w(r)n4π r dr = −
1−
,
m−3
L
(m − 3)d
2

(3.1)

where d is the diameter of the particles and L is the size of the system. Note that the clustering
coefficient C = 1 is this case because each particle interacts with every other particle. If d/L  1
and m > 3, large distance contributions to the interaction will disappear [53]. This makes possible
the existence of intensive thermodynamic properties of condensed phases, which are independent
of the size of the system L. Such systems are called weakly coupled, due to the fact that most of
the energy of a particle comes from interactions between nearby neighbours.
However, for d/L  1, m < 3, the contributions from more distant particles will dominate over
those of nearby ones [53]. In such cases (which are called strongly coupled systems), the size of
the system matters, as occurs for gravitational forces where n = 1 and where distant planets, stars
and galaxies are still strongly interacting with one another. Note that the boundary value m = 3
arises from the 3D nature of the space. This marginal class of systems whose interaction decays
with an exponent equal to their dimensionality D (in other words, D = m) will be discussed below
in the context of microfluidic droplet clusters.
The size of clusters is often of the same order of the diameters of the particles, namely
d/L ∼
= 1, and it follows from equation (3.1) that the size of the system must be taken into
account for any value of m. Therefore, we conclude that the properties of clusters are never
intensive and depend on the size of a cluster; this makes the study of cluster systems extremely
challenging. In particular, the extensive nature of properties of clusters manifests itself in the
well-known problem of the Tolman length [54], estimating the extent by which the surface
tension γ of a small liquid drop (in other words, a cluster of water molecules) deviates from its
planar value.
When clusters are governed by fundamental interactions and zero screening is assumed, the
particles form the fully connected graph [46], and the clustering coefficient C introduced by
equation (1.1) equals to unity, i.e. C = 1.

...............................................................

3. Clusters dominated by fundamental physical interactions: strongly and
weakly coupled systems
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Since the 1990s, a number of important discoveries have been made about scaling behaviour
and topology of real-life networks, including experimental properties such as small-world
networks and the scale-free behaviour [48–50]. The small-world concept implies that despite their
large size, in most networks, there is a relatively short path between any two nodes. The scalefree behaviour implies a power-law relation between the number of nodes and the number of
neighbours, which is somewhat similar to the statistical Benford law [51]. These concepts from
the network topology and graphs theory turn out to be instructive for physical characterization of
clusters. For example, the small-world effect and scale-free behaviour were reported for packing
problems related to aggregation of granular media [52].

4. Clusters of particles interacting via intermediate media

5

F ≈ γ R2 K1 (qL)

(4.1)

where K1 (x) is the modified Bessel function of the first order and q is the parameter with the
dimensions of m−1 introduced in [26–29], and R is the radius of floating particles. It is seen from
equation (4.1) that the immersion force increases with the increase in the radius of floating objects.
This prediction waits for experimental verification. It was already demonstrated by Bragg &
Nye [30] and Lomer [31] that the capillary interaction of bubbles promotes the assemblage of
bubbles, representing the crystal structure of real metals. It was also suggested that capillary
forces are responsible for the breath-figures self-assembly discussed in [21–25]. However, the
precise mechanism of breath-figures clustering remains obscure. Limaye et al. [56] suggested one
more mechanism of attraction of floating bodies, namely their hydrodynamic attraction.
Capillary interaction is not the only kind of physical interaction acting between particles
placed at the liquid/vapour interface. It was demonstrated by Pieranski that the repulsive
electrostatic interactions between floating particles may be no less important than capillary ones
[33]. The potential U(L) arising from the electrostatic interaction of floating particles is described
by the function
a2 kB T
a1 kB T
exp(−κ̂L) +
,
(4.2)
U(L) =
3L
L3
where a1 and a2 are the pre-factors that determine the order of magnitude of the screened
Coulomb, diffuse double layer and the dipole–dipole interaction, respectively; kB is the
Boltzmann constant, κ̂ is the inverse Debye screening length and T is the absolute temperature
[33,57]. At large enough particle separations (κ̂L  10), the dipolar contribution dominates the

...............................................................

This very different kind of cluster is represented by the systems of macroscopic bodies interacting
via liquid or gaseous phase. Consider the group of floating polymer bodies shown in figure 3.
These bodies tend to form a cluster driven by the capillary forces illustrated by figure 4 (ϕ 1 and
ϕ 2 are interfacial angles (defined as the meniscus slope angles) at the contact lines separating
particles and liquid). Two different situations should be distinguished, as depicted in figure 4.
In the first (shown in figure 4a,c,e), the particles (in our case, water droplets) are freely floating.
The forces acting in this case were called the flotation forces by Kralchevsky et al. [26–29]. The
attraction appears because the liquid meniscus changes the gravitational potential energy of
two particles which decreases as they approach each other. Hence, the origin of this force is
the particle weight (including the Archimedes force) [26–29]. Thus, it is well expectable that this
force is negligible for micro-scaled floating objects, which are characterized by dimensions much

smaller than the capillary length lca = γ /ρg (where ρ is the contrast in the densities of the
floating body and liquid [55]). Kralchevsky et al. [26–29] stated that the flotation force disappears
for spherical particles with radius smaller than 10 µm.
A force of capillary attraction also appears when the particles (instead of freely floating) are
partially immersed in a liquid layer on a substrate, as shown in figure 4b,d,f. In this case, the
deformation of the liquid surface is related to the wetting properties of the particle surface,
namely the position of the triple line and the magnitude of contact angle, rather than to
gravity. These forces were called the immersion forces by Kralchevsky et al. [26–29]. It should
be emphasized that the immersion force can be significant even when R ∼
= 10 nm [26–29].
The immersion forces may be either attractive (figure 4b) or repulsive (figure 4d). This is
governed by the signs of the meniscus slope angles ϕ 1 and ϕ 2 . As shown in [21–24], the capillary
force is attractive when: sin ϕ 1 sin ϕ 2 > 0, and it will be repulsive, when: sin ϕ 1 sin ϕ 2 < 0. When
the capillary forces are attractive, they give rise to the self-assembly or clustering of the floating
objects. The theory developed by Kralchevsky et al. predicts the following asymptotic expression
for the lateral immersion force acting between two particles (droplets) of radii R, separated by a
centre-to-centre distance L
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(a) Capillary clusters
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Figure 4. Lateral capillary forces acting between solid particles. ϕ 1 and ϕ 2 are the interfacial angles (the meniscus slope angle)
at the contact lines separating particles and liquid. (a,c,e) flotation forces; (b,d,f ) immersion forces.

interaction. A wide range of experiments confirms the dipolar nature of the interactions, showing
that the interparticle potential decays as L−3 [37]. Thus, clustering and self-assembly of floating
particles result from both capillary and electrostatic interactions. Clustering in this case arises
from media (liquid)-inspired and electrostatic forces. When capillary clusters are addressed, the

...............................................................

Figure 3. Cluster built from floating polyethylene particles is shown. The scale bar is 3 mm. (Online version in colour.)
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3 mm

Forces acting between floating particles discussed in the previous section are essentially
static. Another kind of cluster appears when droplets flowing inside a microchannel interact
hydrodynamically [58–60]. Consider the continuous two-phase flow of water droplets dispersed
in oil driven in a channel at low Reynolds number of Re ∼
= 10−4 ÷ 10−3 . Note that the 2D
flow enables the exact solution of equations of hydrodynamics [58,59]. It was demonstrated
that the motion of the droplets induces dipolar flow fields, which result in w(r) ∼ −(1/r2 )
hydrodynamic interactions between droplets (see §2). The 2D microfluidic droplet ensemble
belongs to the marginal class of systems whose interaction decays with an exponent equal to
their dimensionality, thus we have in this case the strongly coupled system, exposed to long-range
effects [58,59]. However, it was shown that summation of the long-range 2D hydrodynamic forces
over droplet clusters converges in contrast with the divergence of long-range hydrodynamic
forces in the 3D situation [58,59]. The collective phenomena such as phonons emerge in chain-like
clusters of water droplets dispersed in oil [58,59].
Hydrodynamic interactions occur also under sedimentation of colloidal particles. However,
under 3D sedimentation experiments, the strong coupling gives rise to long-range correlations
in the form of swirls that depend on the geometry of the boundaries [61]. The main difficulty
with strongly coupled systems is their non-additivity, the inability to break them into weakly
interacting subsystems [58–61]. Again, the dimensionality of clusters plays a crucial role in
constituting their physical properties.

(c) The droplet cluster: water droplets interacting via the gaseous phase
Ordered, self-assembled 2D clusters, depicted in figure 5, formed by droplets interacting via the
gaseous phase were revealed and reported in [15–20]. It was demonstrated that the self-assembled
monolayer of hexagonally ordered microdroplets (10–200 µm diameter) is condensed over a
locally heated surface of water levitating at heights of the same order as the droplet diameter. The
microdroplets do not coalesce with the substrate water layer due to complex aerodynamic forces
between them in the ascending vapour flow. Typical water temperatures are 60–95°C, although
the phenomenon has been observed also at lower temperatures of about 25°C [20]. Such clusters
emerge over locally heated spots of a liquid surface [15–20]. The weight of droplets is equilibrated
by the drag force of the ascending vapour jet rising over the heated spot [15,17]. Due to the
attraction to the centre of the heated area combined with aerodynamic repulsion between the
droplets, the clusters form structures that are quite diverse and different from densest packing of
hard spheres [17].
Dynamic ordering of clusters may be quantified with the Voronoi entropy [17]. It was
suggested that not only aerodynamic but also electrostatic interactions are responsible for
the ordering [16]. However, experiments performed with the use of the external electric field
demonstrated the crucial role of the aerodynamic interactions in the ordering of the droplet
clusters. Anyway, both fundamental (electrostatic) and media-driven interactions are inherent
for droplet clusters [16]. The aerodynamic interactions are short-range, whereas electrostatic
interactions are long-range ones, thus the resulting clustering coefficient for droplet cluster
supplied by equation (2.1) equals to unity. It is recognized that the clustering coefficient,
introduced by equation (2.1), ignores the strength of interactions between the objects forming the

...............................................................

(b) Two-dimensional and three-dimensional droplet clusters arising from hydrodynamic
interactions
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effect of screening is pronounced. In other words, the particles do not feel the presence of distant
ones, thus the graph representing the cluster is not fully connected and the clustering coefficient
C < 1. Regrettably, there are no reports devoted to the calculation of the clustering coefficient for
clusters built of objects interacting via gaseous or liquid media. This challenging task should be
addressed in the future research.

(a)

(b)

...............................................................
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(c)
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Figure 5. The configurations of levitating droplet clusters are depicted: (a) the hexagonal 2D lattice of the typical ‘large’ clusters
is shown; (b) clusters built of 8–14 droplets are depicted [17]; (c) the cluster comprising chain structures is presented [19].

cluster. Thus, a more reasonable physical (weighed) coefficient considering the nature of these
interactions quantifying the phenomenon of clustering should be introduced, which is elaborated
now by our group and which is out of the scope of the present review.

(d) Turbulent droplets clustering
One more example of droplets clustering is supplied by aggregation of water droplets in cumulus
clouds [62–65]. In contrast with the aforementioned 2D clusters, the aggregation of droplets
in clouds is a 3D effect, which does not result in the formation of ordered structures. The
phenomenon takes place at the high Reynolds numbers Re ∼
= 106 ÷ 107 ; thus, the effects due to
the turbulence became important. This turbulent clustering is also known as the ‘preferential
concentration’ effect. Essential processes that govern the evolution of the entire system take place
at the scale of the particle size, which is smaller than the dissipation scale [62]. The clusters of

9

(e) Self-assembled breath figures
One more exemplification of 2D droplets-built clusters is supplied by the so-called breathfigures patterns. The breath figures consisting of regular hexagonal clusters of microdroplets are
formed when water vapour contacts a cold solid surface, such as glass, when one breathes on
it. The breath figures were studied already by J. Aiken and by Lord Rayleigh [66,67]; however,
the mechanism of the interaction between the droplets leading to their clustering and noncoalescence is still not well understood. Most researchers tend to agree that non-coalescence
is due to the Marangoni convection and variations in the temperature and humidity next to
condensing microdroplets [23,24]. It was suggested that the capillary interactions discussed in
§4a are responsible for the ordering observed under the breath-figures self-assembly [23,24].
Breath figures are used for the formation of regular honeycomb arrangements of micropores
on polymer surfaces, depicted in figure 6. These micropores are formed by rapid evaporation
of polymer solutions in humid atmosphere [21–25]. Rapid evaporation of the solvent cools the
solution resulting in intensive condensation of water droplets at the surface. The droplets then
sink into the solution, eventually forming a honeycomb pattern (figure 6). The correlational
analysis of the SEM images indicated hierarchical short-range (ca 5 µm) and large-scale (ca 50 µm)
ordering of the honeycomb structures. The quantification of ordering in droplet clusters and
breath-figures patterns may be achieved by a diversity of mathematical techniques including
calculation of the Voronoi entropy, Fourier analysis of the images, calculation of the Minkowski
functionals and the correlational analysis [68].

...............................................................

inertial particles or droplets are formed and disappear permanently even in the case of the socalled homogeneous turbulence. Consideration of collisions between droplets followed by their
coalescence is important for the understanding of the cloud clusters [62].
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Figure 6. Typical micro-porous polymer (polystyrene) pattern arising from the breath-figures self-assembly process. Clusters
of water droplets condensed on the rapidly evaporated surface of polymer solution give rise to the ordered micro-porous
topography. The scale bar is 20 µm.

(f) Formation of clusters and entropy considerations

The phenomenon of clustering in living matter is ubiquitous and is not well understood due to
its inherent complexity [38–40,73]. It can be viewed as a non-equilibrium hierarchical assembly,
where at each scale, self-driven components come together by consuming energy in order to
form increasingly complex structures [73]. The examples include bacterial turbulence [74,75] and
fish schooling in the ocean [76]. It was shown that there exists a trade-off between grouping
(clustering) and the optimizing of the energetic efficiency of individual locomotion for swimming
fishes [76].
The complexity of biological clusters arises from the fact that they are built from active
(self-propelling) matter (bacteria, nematodes, fishes, etc.). Even the pair interactions between selfpropelled swimmers become complicated, due to the fact that the pair dynamics depends on
the Reynolds number and time [73]. Moreover, the scaling arguments and the estimation of the
relevant dimensionless numbers (such as Re) become subtle. Even if the individual swimmer is
small (say microscopic), when a cluster of such swimmers is considered, the relevant length scale
used to calculate Re may be that of the collective rather than the individual swimmer [73]. It is
noteworthy that swimming bacteria sometimes demonstrate the turbulent dynamics in a system
which is nominally in the regime of Stokes flow (Re  1) [77]. Establishment of the nature of
coupling (strong/weak) as well as the calculation of the clustering coefficient for the clusters built
of living entities becomes an extremely challenging task.

5. Conclusion
An interest in clusters composed of the small number of physical entities was strengthened in the
context of nanoscience [78,79]. In this article, we suggested a general approach to the problems of
clusters and clustering. The classification of clusters distinguishing between physical, information
(data) and biological clusters can be proposed. Clusters of any kind are treated mathematically as
graphs or networks, with the clustering coefficient defined as a measure of the degree to which
vertices in a graph tend to cluster together [46]. Physical clusters are aggregates of objects, such
as particles, droplets or bubbles, intermediate in size between individual entities and aggregates
large enough to be called the bulk matter.
The stability of physical clusters is controlled either by fundamental physical interactions or
interactions via the gaseous or liquid media. The energy of attraction may be represented by
the potential w(r) = −(α/rm ). The physical properties of the cluster are dependent, to a large
extent, on the interrelation between the exponent, m, and the dimension of the cluster, D. When

...............................................................

(g) Clustering in biological systems
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Until now, we considered only energy contributions to the formation of clusters of interacting
objects. Obviously, entropy considerations are well expected to be important for the
understanding of clusters formation. Somewhat surprisingly entropy considerations are essential
for the analysis of clustering on all of possible scales: from subatomic to astronomic ones [69,70].
We restrict ourselves to the very important and ubiquitous entropy-driven ‘hydrophobic effect’.
The hydrophobic effect is the observed tendency of non-polar particles to aggregate in an aqueous
solution and exclude water molecules [71,72]. The hydrophobic interaction originates from the
disruption of hydrogen bonds between molecules of liquid water by the non-polar solute [71]. By
aggregating together, non-polar molecules reduce the surface area exposed to water and minimize
this disruptive effect. This reduction in the surface is entropically favourable [71,72]. This entropic
effect leads to the clustering of hydrophobic colloidal particles [71]. Hydrophobic interactions, like
other entropic effects, increase in strength with increasing temperature [71]. Thus, the formation
of clusters may be stipulated by the entropic factors as well as by the energetic ones. Again, there
is no research devoted to the calculation of the clustering coefficient for the clusters, driven by the
hydrophobic effect.
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m> D, the clusters are weakly coupled, and the particles are mainly influenced by their nearest
neighbours. On the other hand, when m<D, the contributions from more distant particles become
significant and dominate over neighbouring particles. The intermediate case, m = D, is common
for 2D droplet clusters driven by hydrodynamic interactions, such as disk-shaped water droplets
dispersed in oil [58–60].
It was shown that summation of the long-range 2D hydrodynamic forces over droplet clusters
converges in contrast with the divergence of long-range hydrodynamic forces in the 3D situation
[58,59]. However, the physical properties of clusters, composed of the small number of particles,
are never intensive, and they depend on the size of a cluster, which makes the study of cluster
systems extremely challenging. Generally, the properties of systems containing infinitely many
particles are qualitatively different from those of finite systems. In particular, phase transitions
cannot occur in any finite system; they are solely a property of infinite systems, in particular there
is no phase transition in any finite-temperature system in one dimension [44,80].
The entropy considerations are important for the understanding of properties of clusters as
well as energetic ones. The entropy factors to a great extent govern aggregation of hydrophobic
particles, dispersed in water [69,71,72]. The properties, structures and ordering of droplet clusters
levitating on the hot water/vapour interface and turbulent droplet clusters are addressed
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