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It is widely acknowledged that no structures can be designed to be risk free, and therefore reliability analysis plays a central
role in the design of engineering structures. The recent focus has been placed on structures made of brittle heterogenous
(a.k.a. quasibrittle) materials, such as ceramics, composites, concrete, and many more at the microscale. We recently
developed a level excursion model for analyzing the probabilistic failure of quasibrittle structures, in which the structural
failure statistics is calculated as a first passage probability. The main feature of the model is that it captures both the spatial
randomness of local material resistance and the random stress field induced by microstructures (e.g. randomly distributed
flaws and defects). The model represents a generalization of the classical weakest-link model, which recovers the Weibull
distribution as an asymptotic distribution function. In this talk, we will discuss two applications of this model:
1) Modeling of strength distribution of polycrystalline silicon (poly-Si) MEMS structures based on 1D level excursion
analysis. We show that the model agrees well with the experimentally measured strength distributions of poly-Si MEMS
specimens of different sizes. The model predicts a complete size effect curve of the mean structural strength, which
transitions from a vanishing size effect at the small-size limit to the classical Weibull size effect at the large-size limit.
2) Investigation of the tail distribution of strength of brittle and quasibrittle structures by extending the level excursion
analysis to high dimensions. We show that the power-law tail distribution of structural strength stems from the tail
distribution of material strength. Flaw statistics introduces additional randomness to the overall failure statistics of the
structure, but does not dictate the power-law form of its tail distribution.
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8, this length scale Lp can approximately be set equal to the characteristic length L0 introduced in
Eq. 36, which explains the relationship between the present model and the conventional weakest-link
statistical model.
Furthermore, the present model also predicts the first order derivative of the mean size e↵ect curve
at the small size limit:
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where 0 = 0 F⌘0 ( N )d N = strength at the small-size limit (L ! 0) and c1 = constant. It is
interesting to note that this linear descent from the small-size strength limit is consistent with the size
e↵ect asymptote predicted by the cohesive crack model [4].
At the large-size limit, the strength distribution would necessarily approach the two-parameter
Weibull distribution (Eq. 36). The corresponding mean strength can be calculated by using the
well-known formula of the Weibullian mean, i.e.:
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where (x) = the Eulerian gamma function. Note that in Eq. 41 L0 is replaced by Lp . It is clear that
this Weibull size e↵ect would be reached as the strength distribution of the entire specimen is primarily
governed by the power-law tail of specimen of size Lp . Consider that the power-law tail of specimen
of length Lp reaches a probability of Pt0 . In order to approach the Weibull asymptotic behavior, the
strength distribution of the specimen need to follow the Weibull cdf up to some probability Pf w , and
the corresponding specimen size should be at least on the order of Lw = Lp ln(1 Pf w )/Pt0 .
In the intermediate size range, there could exist another asymptote if Lp and Lw are far apart,
which is usually the case. Such an asymptote is often termed as the intermediate asymptote [1]. The
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regime of the mean size e↵ect curve, the tail behavior of the random process ⌘0 (x) is unimportant.
To asymptotically match the aforementioned asymptotes, the following approximate equation can
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be used to describe the mean size e↵ect for the entire size range:
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Approximate size effect eq.

where Lp , L1 , L2 , u, r = constants. Note that Eq. 42 consists of three asymptotic behaviors: 1) at the
small size limit, ¯N = constant, 2) in the intermediate size range, ¯N approaches another power law
¯N / L 1/q (q = r/u), and 3) at the large size limit, ¯N follows the classical Weibull size e↵ect, i.e.
¯N / L 1/m . It is clear that the autocorrelation length Lp governs the transition from the horizontal
small-size asymptote to the intermediate asymptote (see Fig. 11). Since the Weibull modulus is
usually large, Eq.142 becomes
¯N1= 0 (Lw /L)1/m as L ! 1. Therefore, by matching the small and
m
large size limits, we have
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Eq. 44 shows that L2 is directly related to the length scale Lp . Furthermore, we note that
the length constant L2 can be directly related to the aforementioned length scale Lw , at which
the Weibull asymptote is approached. In the context of the mean size e↵ect curve, we may define
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Lw as the specimen size at which the intermediate asymptote and the large-size asymptote intersects. Therefore, we have L2 = (Lp /Lw )m/q Lw . Substitution of this relationship into Eq. 43 yields

Figure 1: Fracture of poly-Si MEMS devices: a) fracture test (Coutersy of Dr. Brad Boyce, Sandia National Laboratories), b) simplified mechanical
model, c) size effect on the strength disribution, and d) mean size effect curve of13 structural strength.

References
[1] Z. Xu and J.-L. Le (2017) “A first passage model for probabilistic failure of polycrystalline silicon MEMS structures”, J. Mech. Phys. Solids, 99,
225--241.
[2] Z. P. Bažant and J.-L. Le (2017) Probabilistic Mechanics of Quasibrittle Fracture: Strength, Lifetime, and Size Effect, Cambridge University
Press, Cambridge.
[3] Z. Xu and J.-L. Le (2018) “On power-law tail distribution of strength statistics of brittle and quasibrittle structures”, Eng. Frac. Mech., 197, 8091.

