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❆❜str❛❝t

❲❡ ♠♦❞❡❧ ✜♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥s s✉❝❤ ❛s ❊①❝❤❛♥❣❡✲❚r❛❞❡❞ ❋✉♥❞s✱ s♠❛rt ❜❡t❛ ♣r♦❞✉❝ts✱ ❛♥❞
♠❛♥② ✐♥❞❡①✲❜❛s❡❞ ✈❡❤✐❝❧❡s ❛s ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s t❤❛t ❢❛❝✐❧✐t❛t❡ tr❛❞✐♥❣ ❝♦♠♠♦♥ ❢❛❝t♦rs ✐♥
❛ss❡ts✬ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡s✳ ❚❤r♦✉❣❤ ❛❝❝❡ss✐♥❣ ❛ ❧❛r❣❡r ❜❛s❦❡t ♦❢ ❛ss❡ts ✐♥ ❡♥❞♦❣❡♥♦✉s❧②✲❝❤♦s❡♥
♣r♦♣♦rt✐♦♥s✱ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❝❛♥ ❜❡♥❡✜t ❜♦t❤ ✐♥❢♦r♠❡❞ ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs ❛♥❞ ❛ttr❛❝t
❛❧❧ ❢❛❝t♦r ✐♥✈❡st♦rs ✇✐t❤ ♦♣t✐♠❛❧ ❞❡s✐❣♥s t❤❛t ❢❡❛t✉r❡ s❡❧❡❝t✐♥❣ ❧✐q✉✐❞ ❛♥❞ r❡♣r❡s❡♥t❛t✐✈❡ ❛s✲
s❡ts✳ ❈♦♥s✐st❡♥t ✇✐t❤ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s✱ ✐♥tr♦❞✉❝✐♥❣ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❧❡❛❞s t♦ ❤✐❣❤❡r ♣r✐❝❡
✈❛r✐❛❜✐❧✐t② ❛♥❞ ❝♦✲♠♦✈❡♠❡♥ts✱ ❧❛r❣❡r tr❛❞✐♥❣ ❝♦sts ❛♥❞ s②♥❝❤r♦♥✐❝✐t②✱ ❛♥❞ ❧♦✇❡r ❛ss❡t✲s♣❡❝✐✜❝
❜✉t ❤✐❣❤❡r ❢❛❝t♦r ✐♥❢♦r♠❛t✐♦♥ ✐♥ ♣r✐❝❡s✱ ❡s♣❡❝✐❛❧❧② ❢♦r ✐❧❧✐q✉✐❞ ❛ss❡ts✳ ❚r❛❞✐♥❣ tr❛♥s♣❛r❡♥❝②✱
❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ❜✉♥❞❧❡s ❛♥❞ ❞❡r✐✈❛t✐✈❡s✱ ❛♥❞ ❡♥❞♦❣❡♥♦✉s ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ❛❧s♦ s✐❣✲
♥✐✜❝❛♥t❧② ❛✛❡❝t ♣r✐❝❡s ❛♥❞ s❡❝✉r✐t② ❞❡s✐❣♥✳

❑❡② ❲♦r❞s✿ ❈♦♠♣♦s✐t❡ ❙❡❝✉r✐t✐❡s✱ ❊❚❋s✱ ❙♠❛rt ❇❡t❛✱ ■♥❞❡①✲▲✐♥❦❡❞ ✐♥✈❡st♠❡♥t✱ ❋✐♥❛♥✲
❝✐❛❧ ■♥♥♦✈❛t✐♦♥✱ ❙❡❝✉r✐t② ❉❡s✐❣♥✱ ■♥❢♦r♠❛t✐♦♥❛❧ ❊✣❝✐❡♥❝②✳

∗❚❤❡ ❛✉t❤♦rs ❛r❡ ❡s♣❡❝✐❛❧❧② ❣r❛t❡❢✉❧ t♦ ❉♦✉❣❧❛s ❉✐❛♠♦♥❞ ❛♥❞ ❩❤✐❣✉♦ ❍❡ ❢♦r t❤❡✐r ✐♥✈❛❧✉❛❜❧❡ ❢❡❡❞❜❛❝❦✳ ❚❤❡②

❛❧s♦ t❤❛♥❦ ❉❛✈✐❞ ❈❤❛♣♠❛♥✱ ❈❤❛r❧❡s ▲❡❡✱ ▲✉❜♦s P❛st♦r✱ P✐❡tr♦ ❱❡r♦♥❡s✐✱ ❆❞❛♠ ❩❛✇❛❞♦✇s❦✐✱ ❨❛♦ ❩❡♥❣✱ ❛♥❞

❝♦♥❢❡r❡♥❝❡ ❛♥❞ s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ❛t ❈❤✐❝❛❣♦ ❇♦♦t❤✱ ❯ ♦❢ ❊①❡t❡r✱ ❍❑❯❙❚✱ ■◆❙❊❆❉✱ ◆❇❊❘ ▼❛r❦❡t ▼✐✲

❝r♦str✉❝t✉r❡ ▼❡❡t✐♥❣✱ ❛♥❞ ❯❇❈ ❙✉♠♠❡r ❋✐♥❛♥❝❡ ❈♦♥❢❡r❡♥❝❡ ❢♦r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳
† ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ ❇♦♦t❤ ❙❝❤♦♦❧ ♦❢ ❇✉s✐♥❡ss✳ ❆✉t❤♦rs ❈♦♥t❛❝t✿ ❲✐❧❧✳❈♦♥❣❅❈❤✐❝❛❣♦❇♦♦t❤✳❡❞✉✳
§ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ ❇♦♦t❤ ❙❝❤♦♦❧ ♦❢ ❇✉s✐♥❡ss ❛♥❞ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✳
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✷

✶✳ ■♥tr♦❞✉❝t✐♦♥

❙✐♥❝❡ t❤❡✐r ❤✉♠❜❧❡ ✐♥❝❡♣t✐♦♥ ♠♦r❡ t❤❛♥ t✇♦ ❞❡❝❛❞❡s ❛❣♦✱ ❊①❝❤❛♥❣❡ ❚r❛❞❡❞ ❋✉♥❞s ✭❊❚❋s✮

❛♥❞ ♦t❤❡r ❡①❝❤❛♥❣❡ tr❛❞❡❞ ♣r♦❞✉❝ts ❤❛✈❡ ♣r♦❧✐❢❡r❛t❡❞ ❜❡②♦♥❞ ❡①♣❡❝t❛t✐♦♥s✳✶ ❚❤✐s ❞❡✈❡❧♦♣✲

♠❡♥t r❡♣r❡s❡♥ts t❤❡ ❧❛t❡st ❡♣✐s♦❞❡ ♦❢ t❤❡ r✐s❡ ♦❢ ✐♥❞❡①✐♥❣ ❛♥❞ ♣❛ss✐✈❡ ✐♥✈❡st✐♥❣ ♦✈❡r t❤❡ ♣❛st

✹✵ ②❡❛rs✱ ✇❤❡♥ ✏❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✑ s✉❝❤ ❛s ♣❛ss✐✈❡ ♠✉t✉❛❧ ❢✉♥❞s ❛♥❞ ✐♥❞❡① ❢✉t✉r❡s ❤❛✈❡

✢♦✉r✐s❤❡❞✳✷ ■♥ ❢❛❝t✱ ♠❛♥② ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❤❛✈❡ ❛❧s♦ ❣r♦✇♥ ❜❡②♦♥❞ t❤❡✐r ✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥

♦❢ tr❛❝❦✐♥❣ ❧❛r❣❡ ❧✐q✉✐❞ ✐♥❞✐❝❡s✳ ◆❡✇ ❤②❜r✐❞ ❢♦r♠s ♦❢ ❛❝t✐✈❡ ❛♥❞ ♣❛ss✐✈❡ ✐♥✈❡st✐♥❣✱ ❣❡♥❡r❛❧❧②

r❡❢❡rr❡❞ t♦ ❛s s♠❛rt ❜❡t❛s ♦r ❛❧t❡r♥❛t✐✈❡ ✐♥❞❡①✐♥❣ ♦r ❡♥❤❛♥❝❡❞ ✐♥❞❡①✐♥❣✱ r❡♣r❡s❡♥t ♦♥❡ ❤♦t❜❡❞

♦❢ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥t✳✸ ❆s ❛ r❡s✉❧t✱ ❛♥②♦♥❡ ✇✐t❤ ❛ ❜r♦❦❡r❛❣❡ ❛❝❝♦✉♥t ❝❛♥ ♥♦✇ ❝❤♦♦s❡ ❢r♦♠

❛♠♦♥❣ ♠♦r❡ t❤❛♥ ✺✱✵✵✵ ❞✐✛❡r❡♥t ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✱ ❝♦✈❡r✐♥❣ ❛❧♠♦st ❡✈❡r② ❝♦♥❝❡✐✈❛❜❧❡ ❛ss❡t

❝❧❛ss✱ ❣❡♦❣r❛♣❤✐❝ r❡❣✐♦♥✱ ♠❛r❦❡t s❡❝t♦r✱ ❛♥❞ ❢❛s❤✐♦♥❛❜❧❡ tr❛❞✐♥❣ str❛t❡❣②✳

❉❡s♣✐t❡ t❤❡✐r r❛♣✐❞ r✐s❡ ❛♥❞ ❣r♦✇✐♥❣ ✐♠♣♦rt❛♥❝❡✱ t❤❡r❡ ❧❛❝❦s ❛ ❝❧❡❛r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤②

❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s s✉❝❤ ❛s ❊❚❋s ❤❛✈❡ ❜❡❝♦♠❡ s♦ ♣♦♣✉❧❛r ❛♥❞ ❤♦✇ t❤❡② ❛✛❡❝t t❤❡ tr❛❞✐♥❣

❛♥❞ ♣r✐❝✐♥❣ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ Pr♦♣♦♥❡♥ts ❤❛✈❡ s✉r❡❧② ❛rt✐❝✉❧❛t❡❞ t❤❡ ♠❛♥✐❢♦❧❞ ❜❡♥✲

❡✜ts✱ ❜✉t ✈♦✐❝❡s ♦❢ ❝♦♥❝❡r♥s ❛❧s♦ ❡♠❡r❣❡ ♦✈❡r t❤❡✐r ❣r♦✇t❤✳✹ ❊♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ✐s ❢❛r ❢r♦♠

❝♦♥❝❧✉s✐✈❡ ❛♥❞ ✐t ❤❛s ❜❡❡♥ ❞✐✣❝✉❧t t♦ ❝♦♥t❡♠♣❧❛t❡ t❤❡ ❞❡s✐❣♥ ♦❢ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❛♥❞

❣❛✉❣❡ t❤❡✐r ✐♠♣❛❝t ♦♥ ❛ss❡t ♣r✐❝❡s ❛♥❞ tr❛❞✐♥❣ ❜❡❤❛✈✐♦rs✳ ❚❤✐s ♣❛♣❡r ❛✐♠s t♦ ✜❧❧ t❤✐s ❣❛♣ ❜②

❞❡✈❡❧♦♣✐♥❣ ❛ ♣❛rs✐♠♦♥✐♦✉s ♠♦❞❡❧ t❤❛t ✐❧❧✉str❛t❡s ✐♠♣♦rt❛♥t ❡❝♦♥♦♠✐❝ ❢♦r❝❡s ❛t ♣❧❛② ✇❤❡♥ ❛

❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ❣❡ts ✐♥tr♦❞✉❝❡❞✱ ❛♥❞ ❝♦♠♣❧❡♠❡♥ts ♣r✐♦r ❧✐t❡r❛t✉r❡ ❜② ❞❡♠♦♥str❛t✐♥❣ t❤❛t

✉♥❞❡r❧②✐♥❣ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♠❛♥② ✐♥♥♦✈❛t✐✈❡ ♣r♦❞✉❝ts ✐s t❤❡ r✐s❡ ♦❢ ❢❛❝t♦r ✐♥✈❡st✐♥❣✳ ■t t❤✉s

♣r♦✈✐❞❡s ❛ ✉♥✐❢②✐♥❣ ❢r❛♠❡✇♦r❦ t♦ ❛♥❛❧②③❡ ✈❛r✐♦✉s ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❢r♦♠ ❛♥ ✐♥❢♦r♠❛t✐♦♥❛❧

✶❇② ❉❡❝❡♠❜❡r ✷✵✶✺✱ t❤❡② ❤❛✈❡ s✉r♣❛ss❡❞ t❤❡ ❤❡❞❣❡❢✉♥❞ ✐♥❞✉str② ✐♥ ❆❯▼ ✇✐t❤ ❛❜♦✉t ✩✸ tr✐❧❧✐♦♥ ❯❙❉✱ ❤❛❞ ✷✸
❝♦♥s❡❝✉t✐✈❡ ♠♦♥t❤ ♦❢ ♣♦s✐t✐✈❡ ♥❡t ✢♦✇s✱ ❛♥❞ s❡t ❛ r❡❝♦r❞ ♦❢ ❛♥♥✉❛❧ ❛ss❡t ❣❛t❤❡r✐♥❣ ❢♦r ✩✸✼✷ ❜✐❧❧✐♦♥ ❯❙❉✳ ❆s
♠✉❝❤ ❛s ✸✵✪ ♦❢ ❯✳❙✳ ❡q✉✐t② tr❛❞✐♥❣ ✈♦❧✉♠❡ ✐s ❛ttr✐❜✉t❛❜❧❡ t♦ ❊❚❋s ❛♥❞ ✹✸✪ ♦❢ t❤❡ ✶✽✸ ❯❙✲❜❛s❡❞ ✐♥st✐t✉t✐♦♥❛❧
✐♥✈❡st♦rs ✐♥✈❡st ❛t ❧❡❛st ✶✵ ♣❡r ❝❡♥t ♦❢ t❤❡✐r t♦t❛❧ ❛ss❡ts ✐♥ ❊❚❋s✱ ❛❝❝♦r❞✐♥❣ t♦ ❇♦r♦✉❥❡r❞✐ ❛♥❞ ❋♦❣❡rt❡② ✭✷✵✶✺✮✱
❛♥❞ ❊❚❋●■✱ ❛ r❡s❡❛r❝❤ ❝♦♥s✉❧t❛♥❝②✬s r❡❝❡♥t ●r❡❡✇✐❝❤ ❆ss♦❝✐❛t❡s✬ s✉r✈❡②✳ ▼❛❞❤❛✈❛♥ ❡t ❛❧✳ ✭✷✵✶✻✮ ♣r♦✈✐❞❡s ❛
❝♦♠♣r❡❤❡♥s✐✈❡ ❞✐s❝✉ss✐♦♥ ♦♥ ❊❚❋s✳
✷❙t❛♠❜❛✉❣❤ ✭✷✵✶✹✮ ❞❡s❝r✐❜❡s t❤❡ tr❡♥❞s ✐♥ ♣❛ss✐✈❡ ✐♥✈❡st✐♥❣ ❛♥❞ r❡❧❛t❡s t❤❛t t♦ ❞❡❝❧✐♥✐♥❣ ♦✇♥❡rs❤✐♣ ❜② ✐♥❞✐✲
✈✐❞✉❛❧ ✐♥✈❡st♦rs✳
✸❙❡❡ ❙❤♦r❡s ✭✷✵✶✺✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
✹❖♥ ♦♥❡ ❡①tr❡♠❡✱ ❩✐♥❣❛❧❡s ✭✷✵✵✾✮ ❛r❣✉❡s ❢♦r t❤❡ ♥❡❝❡ss✐t② ♦❢ r❡❣✉❧❛t♦r② ♣r♦t❡❝t✐♦♥ t❤❛t ✇♦✉❧❞ ♣r♦❤✐❜✐t ✐♥❞✐✈✐❞✲
✉❛❧ ✐♥✈❡st♦rs ❢r♦♠ ✐♥✈❡st✐♥❣ ✐♥ ✐♥❞✐✈✐❞✉❛❧ st♦❝❦s ❛♥❞ ❡♥❝♦✉r❛❣❡ t❤❡♠ t♦ ✐♥✈❡st ❡①❝❧✉s✐✈❡❧② ✐♥ ❡①❝❤❛♥❣❡✲tr❛❞❡❞
❢✉♥❞s ✭❊❚❋s✮ ♦r ✐♥ ♠✉t✉❛❧ ❢✉♥❞s✳ ❖♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡✱ ❏♦❤♥ ❇♦❣❧❡✱ ❢♦✉♥❞❡r ♦❢ ❱❛♥❣✉❛r❞ ❛♥❞ ❝r❡❛t♦r ♦❢ t❤❡
✜rst ✐♥❞❡① ❢✉♥❞✱ ❤❛s ❧♦♥❣ ❛❞✈♦❝❛t❡❞ t✐❣❤t❡r r❡❣✉❧❛t✐♦♥s ♦♥ ❊❚❋s✳ ▲✉✐s ❆❣✉✐❧❛r✱ ❝♦♠♠✐ss✐♦♥❡r ♦❢ t❤❡ ❙❊❈✱
❛❧s♦ ♣✉❜❧✐❝❧② ❛r❣✉❡s ❢♦r ♠❛❥♦r r❡❢♦r♠ ♦❢ t❤❡ ❊❚❋ ✐♥❞✉str②✱ ❛❢t❡r tr❛❞✐♥❣ ✐♥ ❛ ✜❢t❤ ♦❢ ❛❧❧ ❯❙✲❧✐st❡❞ ❊❚❋s ❛♥❞
✐♥ ✷✺✼ s❡❝✉r✐t✐❡s ✇❛s ❤❛❧t❡❞ ✶✱✷✼✽ t✐♠❡s ♦♥ ❆✉❣✉st ✷✹✱ ✷✵✶✺✱ t❤❡ ✇♦rst tr❛❞✐♥❣ ❞❛② ✐♥ t❤❡ ❯❙ ❢♦r ❢♦✉r ②❡❛rs✳
❉❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t ❤tt♣s✿✴✴✇✇✇✳s❡❝✳❣♦✈✴♥❡✇s✴st❛t❡♠❡♥t✴❛❣✉✐❧❛r✲❡♠s❛❝✲✶✵✲✷✵✶✺✳❤t♠❧✳ ❆❝❛❞❡♠✐❝ ❛rt✐❝❧❡s
s✉❝❤ ❛s ■sr❛❡❧✐ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ❇❤❛tt❛❝❤❛r②❛ ❛♥❞ ❖✬❍❛r❛ ✭✷✵✶✺✮✱ ❛♥❞ ❭❝✐t❡④r❛♠❛s✇❛♠②✷✵✶✶♠❛r❦❡t⑥ ❛❧s♦ ♣♦✐♥t
t♦ t❤❡ r❡❛❧✐t② t❤❛t ❊❚❋s ♠❛② r❡❞✉❝❡ ♠❛r❦❡t ❡✣❝✐❡♥❝② ❛♥❞ ✐♥❝r❡❛s❡ s②st❡♠✐❝ ❢r❛❣✐❧✐t②✳
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♣❡rs♣❡❝t✐✈❡✱ ❛❞❞s t❤❡♦r❡t✐❝❛❧ ✐♥s✐❣❤ts ♦♥ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ❞❡s✐❣♥✱ ❛♥❞ r❛t✐♦♥❛❧✐③❡s r❡❝❡♥t

❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s ✇❤✐❧❡ ♠❛❦✐♥❣ ❛❞❞✐t✐♦♥❛❧ ♣r❡❞✐❝t✐♦♥s✳

❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❡①t❡♥❞ ❑②❧❡ ✭✶✾✽✺✮ ❛♥❞ ❆❞♠❛t✐ ❛♥❞ P✢❡✐❞❡r❡r ✭✶✾✽✽✮ t♦ ♠✉❧t✐♣❧❡ ❛ss❡t

♠❛r❦❡ts ❛♥❞ ♣♦t❡♥t✐❛❧❧② ❛ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t②✳ ■♥ ❛ r✐s❦✲♥❡✉tr❛❧ s❡tt✐♥❣✱ t❤❡r❡ ❛r❡ t✇♦ ✉♥✲

❞❡r❧②✐♥❣ r❡♣r❡s❡♥t❛t✐✈❡ ❛ss❡ts ✇✐t❤ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡s ❝♦♠♣r✐s❡❞ ♦❢ t✇♦ ♣❛rts✿ ❛ ❧♦❛❞✐♥❣ ♦♥

❛ s②st❡♠❛t✐❝ ❢❛❝t♦r ❛♥❞ ❛♥ ❛ss❡t✲s♣❡❝✐✜❝ ❝♦♠♣♦♥❡♥t✳ ❚❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ s♣❡❝✉❧❛t♦rs✿

❛ss❡t✲s♣❡❝✐✜❝ s♣❡❝✉❧❛t♦r ✇❤♦ ❝❛♥ ❝♦st❧② ❛❝q✉✐r❡ ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❛ ❢❛❝t♦r s♣❡❝✲

✉❧❛t♦r ✇❤♦ ❝♦st❧② ❛❝q✉✐r❡s ❢❛❝t♦r ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ t✇♦ t②♣❡s ♦❢ ❧✐q✉✐❞✐t② tr❛❞❡rs✿

❛ss❡t✲s♣❡❝✐✜❝ ❧✐q✉✐❞✐t② tr❛❞❡rs ✇❤♦ ❤❛✈❡ ❡①♦❣❡♥♦✉s ♥❡❡❞s ❢♦r ❛♥ ❛ss❡t✲s♣❡❝✐✜❝ ❝♦♠♣♦♥❡♥t ✭❛♥❞

t❤✉s t❤❡ ❛ss❡t✮✱ ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✇❤♦ ❤❛✈❡ ❡①♦❣❡♥♦✉s ❡①♣♦s✉r❡ r❡q✉✐r❡♠❡♥ts ❢♦r

t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦r✳

❆ ❣r♦✉♣ ♦❢ ✐♥t❡r♠❡❞✐❛r✐❡s s✉♣♣❧② ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❛s ✇❡✐❣❤t❡❞ ❜✉♥❞❧❡s ♦r ❞❡r✐✈❛t✐✈❡s

♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✱ t♦ ♠❛①✐♠✐③❡ t❤❡✐r ❝❧✐❡♥ts✬ ♣❛②♦✛s✳ ❈♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❛r❡ ♥♦♥✲

r❡❞✉♥❞❛♥t ❜❡❝❛✉s❡ ❛❜s❡♥t t❤❡♠✱ ✐♥✈❡st♦rs ❝❛♥ ♦♥❧② tr❛❞❡ ❛ s✉❜s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ♦r ❦♥♦✇❛❜❧❡

❛ss❡ts✳ ❚❤✐s ✐s ❛ r❡❞✉❝❡❞✲❢♦r♠ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❤✐❣❤ tr❛♥s❛❝t✐♦♥ ♦r s❡❛r❝❤ ❝♦sts ❛ss♦❝✐❛t❡❞

✇✐t❤ ♠❛♥② ❛ss❡ts ❜❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✳ ❆❧❧ ✐♥✈❡st♦rs s✉❜♠✐t ♦r❞❡rs

♦♥ ❡❛❝❤ ❛ss❡t ❜❛s❡❞ ♦♥ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❧✐q✉✐❞✐t② ♥❡❡❞s t♦ ❛ ♠❛r❦❡t ♠❛❦❡r✳ ❖r❞❡rs ♦♥

❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✐♥✈♦❧✈✐♥❣ tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✐♥ t❤❡ ✇❡✐❣❤ts s♣❡❝✐✜❡❞ ❢♦r t❤❡

❜✉♥❞❧❡✳ ❆s ✐♥ ❑②❧❡ ✭✶✾✽✺✮✱ ♠❛r❦❡t ♠❛❦❡rs ❛r❡ s♣❡❝✐❛❧✐③❡❞ ❛♥❞ ❝♦♠♣❡t✐t✐✈❡✱ ❛♥❞ s❡t ♣r✐❝❡s t♦

❜r❡❛❦ ❡✈❡♥✳

❲❡ ❞❡r✐✈❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❧✐♥❡❛r tr❛❞✐♥❣ str❛t❡❣✐❡s ❛♥❞ ♣r✐❝✐♥❣

r✉❧❡s ✐♥ ✇❤✐❝❤ ❜♦t❤ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs tr❛❞❡ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✱ ❛♥❞ ❝♦♥✲

tr❛st t❤❛t t♦ t❤❡ ✉♥✐q✉❡ ❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ❛❜s❡♥t ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✳ ❚❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r

♣r❡❢❡rs ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❜❡❝❛✉s❡ ❤❡ ❝❛♥ ❡①♣❧♦✐t ❤✐s ✐♥❢♦r♠❛t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ✇✐t❤♦✉t ❝r❡✲

❛t✐♥❣ t♦♦ ♠✉❝❤ ♣r✐❝❡ ✐♠♣❛❝t ✐♥ ❝♦♥❝❡♥tr❛t❡❞ ❛ss❡t ♠❛r❦❡t❀ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛❧s♦ ♣r❡❢❡r

❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❜❡❝❛✉s❡ ❝♦❧❧❡❝t✐✈❡❧② t❤❡② ❛r❡ ❧❡ss ❛❞✈❡rs❡❧② s❡❧❡❝t❡❞ ❜② ❛ss❡t s♣❡❝✉❧❛t♦rs

t❤r♦✉❣❤ ❝♦♦r❞✐♥❛t❡❞ tr❛❞✐♥❣✳ ■♥ t❤✐s r❡❣❛r❞✱ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❛r❡ q✉✐♥t❡ss❡♥t✐❛❧❧② ❛ ❢❛❝t♦r

✐♥✈❡st✐♥❣ t♦♦❧ ❜❡❝❛✉s❡ ♥♦ ♠❛tt❡r ♦♥❡ ✐s ✐♥❢♦r♠❡❞ ♦❢ s②st❡♠❛t✐❝ ♥❡✇s ♦r ✐s s✐♠♣❧② ❣❡tt✐♥❣ ❛♥

❡①♣♦s✉r❡ t♦ t❤❡ ❢❛❝t♦r✱ ❜♦t❤ ❤✐s ♦✇♥ ♣r✐❝❡ ✐♠♣❛❝t ✭✐❢ ❤❡ ✐s ❛t♦♠✐❝✮ ❛♥❞ t❤❡ ❝♦❧❧❡❝t✐✈❡ ♣r✐❝❡

✐♠♣❛❝t ♦❢ s✐♠✐❧❛r ❛❣❡♥ts ❛r❡ ❧♦✇❡r ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❤❡ ♦♥❧② tr❛❞❡s ❛ s✉❜s❡t

♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳

❲❡ t❤❡♥ ❡♥❞♦❣❡♥✐③❡ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ❞❡s✐❣♥ ❛♥❞ s❤♦✇ t❤❡ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ❛r❡ ♣r♦♣♦r✲

t✐♦♥❛❧ t♦ ❛ss❡ts✬ ❢❛❝t♦r ❡①♣♦s✉r❡ ❜✉t ✐♥✈❡rs❡❧② r❡❧❛t❡ t♦ t❤❡✐r ✐❧❧✐q✉✐❞✐t②✱ ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t

♦❢ t❤❡ ❈❙ s♣♦♥s♦rs✬ ❝❧✐❡♥ts✳ ❆ ❢❡❛s✐❜❧❡ s❡t ♦❢ ❞❡s✐❣♥s ❡①✐st t♦ ❛ttr❛❝t ❛❧❧ ❢❛❝t♦r ✐♥✈❡st♦rs✱
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♣♦t❡♥t✐❛❧❧② ❡①♣❧❛✐♥✐♥❣ ✇❤② s♠❛rt ❜❡t❛ ♣r♦❞✉❝ts ❛r❡ ❣❛✐♥✐♥❣ ♠♦♠❡♥t✉♠✿ ❜② ❞❡✈✐❛t✐♥❣ ❢r♦♠

♠❛r❦❡t✲❝❛♣ ✇❡✐❣❤ts✱ t❤❡② ❝♦✉❧❞ ❜❡tt❡r ❢❛❝✐❧✐t❛t❡ ❢❛❝t♦r ✐♥✈❡st✐♥❣ ♦r ❝❛♣t✉r❡ ❢❛❝t♦rs ❞✐✛❡r❡♥t

❢r♦♠ t❤❡ ♠❛r❦❡t✳ ❖✉r ✜♥❞✐♥❣s ❛❧s♦ s✉❣❣❡st t❤❛t t❤❡ s♦✲❝❛❧❧❡❞ ♣❛ss✐✈❡ ✐♥✈❡st✐♥❣ ✐s ♠❛✐♥❧② ❢❛❝t♦r

✐♥✈❡st✐♥❣ ❢r♦♠ ❛♥ ✐♥❢♦r♠❛t✐♦♥❛❧ ♣❡rs♣❡❝t✐✈❡✱ ❛♥❞ ✐s ♥♦t ♣❛ss✐✈❡ ❢♦r ✐♥✈❡st♦rs ❜❡❝❛✉s❡ ♥♦t ♦♥❧②

✐s t❤❡r❡ ❛❝t✐✈❡ ❞❡❝✐s✐♦♥ ♦♥ ✇❤✐❝❤ ❢❛❝t♦r ♦r ✇❤❡♥ ♦r ❤♦✇ ♠✉❝❤ t♦ ✐♥✈❡st ✐♥✱ ❜✉t ✐t ✐s ♥♦t ❛❧✇❛②s

♣r❡❞✐❝❛t❡❞ ♦♥ t❤❡ ♠❛r❦❡t ❜❡✐♥❣ ❡✣❝✐❡♥t ❡✐t❤❡r✿ tr❛❞✐♥❣ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s r❡❧✐❡s ♦♥ t❤❡

❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ ♣r✐❝❡s ❛♥❞ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡s✱ ❛♥❞ t❤❡ tr❛❞✐♥❣ ✐ts❡❧❢ ❛✛❡❝ts t❤❡ ✐♥❢♦r♠❛✲

t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✐♥ ♣r✐❝❡s✱ ✇❤✐❝❤ ✐s ✐♠♣♦rt❛♥t ✐♥ ❞❡❝✐s✐♦♥s s✉❝❤ ❛s ♠❛♥❛❣❡r✐❛❧ ❝♦♠♣❡♥s❛t✐♦♥✱

❛❞❥✉st♠❡♥t t♦ ❝❛♣✐t❛❧ str✉❝t✉r❡✱ ❛♥❞ r❡❛❧ ✐♥✈❡st♠❡♥ts✳

❲❡ ✜♥❞ t❤❛t ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ❞❡s✐❣♥s✱ ❛ss❡t ♣r✐❝❡s

r❡✢❡❝t ♠♦r❡ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❧❡ss ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥✱ ❜❡❝❛✉s❡ ♠❛r❦❡t ♠❛❦✲

❡rs✱ ✉♥❞❡rst❛♥❞✐♥❣ t❤❛t t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ♥♦✇ ❢✉❧❧② ❡①♣❧♦✐ts ❤✐s ✐♥❢♦r♠❛t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡✱

s❡t ♣r✐❝❡s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ♦r❞❡rs✳ ▼♦r❡♦✈❡r✱ ❛ss❡t✲s♣❡❝✐✜❝ s♣❡❝✉❧❛t♦rs

♠❛② st♦♣ ❛❝q✉✐r✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✇❤❡♥ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❡♥❞♦❣❡♥♦✉s❧② s✇✐t❝❤ t♦ tr❛❞✐♥❣

❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✭t❤✉s ♣r♦✈✐❞✐♥❣ ❧❡ss ❝❛♠♦✉✢❛❞❣❡ ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ♠❛r❦❡t✮✳ ❆s

❧♦♥❣ ❛s t❤❡ ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥❛❧ ❛s②♠♠❡tr② ✐s ♥♦t ❡①tr❡♠❡❧② s♠❛❧❧ r❡❧❛t✐✈❡ t♦ t❤❡ s②s✲

t❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥❛❧ ❛s②♠♠❡tr②✱ ✐♥tr♦❞✉❝✐♥❣ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✐♠♣r♦✈❡ t❤❡ ♦✈❡r❛❧❧ ♣r✐❝✐♥❣

❡✣❝✐❡♥❝②✳ ❈♦♥s✐st❡♥t ✇✐t❤ ❡❛r❧✐❡r st✉❞✐❡s✱ ♣r✐❝❡ ✈❛r✐❛❜✐❧✐t②✱ ❝♦✲♠♦✈❡♠❡♥t✱ ❛♥❞ s②♥❝❤r♦♥✐❝✐t②

❛❧❧ ❣♦ ✉♣✱ ✇❤✐❝❤ ✐s ♣❛rt✐❛❧❧② ❞✉❡ t♦ ❜❡tt❡r r❡✢❡❝t✐♦♥ ♦❢ t❤❡ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥✳ ▼♦r❡♦✈❡r✱

✇❡ ♣r♦✈✐❞❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❛r❡ ♠♦r❡ ❧✐q✉✐❞ t❤❛♥ t❤❡ ✉♥❞❡r❧②✲

✐♥❣ ❛ss❡ts ✐♥ t❡r♠s ♦❢ ❛✈❡r❛❣❡ ♣r✐❝❡ ✐♠♣❛❝t✱ ♦r r❡❞✉❝❡s t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✬ ❧✐q✉✐❞✐t②✳❚❤❡s❡

✐♠♣❧✐❝❛t✐♦♥s ❞✐✛❡r ❢r♦♠ ♠❛♥② ♣r✐♦r st✉❞✐❡s ❜✉t ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ r❡❝❡♥t st✉❞✐❡s ♦♥ ❊❚❋s✳

■♥ ♦✉r ❛♥❛❧②s✐s✱ ✇❡ ❛❧s♦ ❤✐❣❤❧✐❣❤t t❤❡ r♦❧❡ ♦❢ tr❛♥s♣❛r❡♥t ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② tr❛❞✐♥❣✱ t❤❡

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝♦♠♣♦s✐t❡ ❜✉♥❞❧❡s ❛♥❞ ❝♦♠♣♦s✐t❡ ❞❡r✐✈❛t✐✈❡s✱ ❛♥❞ ❡♥❞♦❣❡♥♦✉s ✐♥❢♦r♠❛t✐♦♥

❛❝q✉✐s✐t✐♦♥✳ ❲❡ s❛② ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② tr❛❞✐♥❣ ✐s tr❛♥s♣❛r❡♥t ✐❢ t❤❡ ♠❛r❦❡t ♠❛r❦❡rs ❢✉rt❤❡r ♦❜✲

s❡r✈❡ t❤❡ ♦r❞❡rs ❢♦r ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✱ ✇❤✐❝❤ ❡✛❡❝t✐✈❡❧② ❣r♦✉♣s tr❛❞❡rs ✐♥t♦ ❢❛❝t♦r ✐♥✈❡st♦rs

❛♥❞ ♥♦♥✲❢❛❝t♦r ✐♥✈❡st♦rs✳ ❋❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ ♣✐t❝❤❡❞ ❞✐r❡❝t❧② ❛❣❛✐♥st ❢❛❝t♦r s♣❡❝✉❧❛✲

t♦rs ❛♥❞ t❤❡✐r ❡q✉✐❧✐❜r✐✉♠ ♣❛②♦✛s ❛r❡ ❧❡ss s❡♥s✐t✐✈❡ t♦ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ❞❡s✐❣♥✳ ❈♦♠♣♦s✐t❡

❞❡r✐✈❛t✐✈❡s ✇❤✐❝❤ ❛r❡ ❥✉st s✐❞❡ ❝♦♥tr❛❝ts ✇✐t❤♦✉t ❞✐r❡❝t❧② ❛✛❡❝t✐♥❣ t❤❡ ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧② ♦❢

✉♥❞❡r❧②✐♥❣ ❛ss❡ts ❤❛✈❡ ❛ss❡t ♣r✐❝✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s ♦❢t❡♥ ♦♣♣♦s✐t❡ t♦ t❤❛t ♦❢ ❝♦♠♣♦s✐t❡ ❜✉♥❞❧❡s

✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ t❤❛t ✏❧♦❝❦ ✐♥✑ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ ❋✐♥❛❧❧②✱ ❡♥❞♦❣❡♥♦✉s ✐♥❢♦r♠❛t✐♦♥

❛❝q✉✐s✐t✐♦♥ ❢✉rt❤❡r str❡♥❣t❤❡♥s ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✬ ✐♠♣❛❝t ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♦❢

❛ss❡t ♣r✐❝❡s✱ ❛s ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐st✐♦♥ ❝♦✉❧❞ ❡♥❞♦❣❡♥♦✉s❧② ❞❡❝❧✐♥❡ ❛♥❞ s②st❡♠✲

❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ✐♥❝r❡❛s❡✳ ❲❡ ✉♥❞❡rs❝♦r❡ t❤❛t t❤❡s❡ ❛r❡ ✐♠♣♦rt❛♥t ❞✐♠❡♥s✐♦♥s ✐♥
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✇❤✐❝❤ ✈❛r✐♦✉s t②♣❡s ♦❢ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❞✐✛❡r✱ ❛♥❞ s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✇❤❡♥

❞❡s✐❣♥✐♥❣ ❛♥❞ r❡❣✉❧❛t✐♥❣ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✳ ❲❡ ❛❧s♦ s❤♦✇ ♦✉r ♠❛✐♥ r❡s✉❧ts ❛♥❞ ✐♥t✉✐t✐♦♥

r❡♠❛✐♥ ✈❛❧✐❞ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ♥♦✐s❡ tr❛❞✐♥❣ ❛♥❞ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳

❖✉r ♣❛♣❡r r❡❧❛t❡s t♦ t❤❡ ❢❛st ❣r♦✇✐♥❣ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ❡❝♦♥♦♠✐❝ ❝♦♥s❡q✉❡♥❝❡s ♦❢

✐♥❞❡①✐♥❣ ❛♥❞ tr❛❞✐♥❣ ♦❢ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✱ ❡s♣❡❝✐❛❧❧② ❊❚❋s✳ ❇❡♥✲❉❛✈✐❞ ❡t ❛❧✳ ✭✷✵✶✹✮ ❛♥❞

▼❛❞❤❛✈❛♥ ❛♥❞ ❙♦❜❝③②❦ ✭✷✵✶✹✮ ✜♥❞ ❡✈✐❞❡♥❝❡ t❤❛t ❊❚❋s ❛r❡ ♠♦r❡ ❧✐q✉✐❞ t❤❛♥ t❤❡ ✉♥❞❡r❧②✐♥❣

❜❛s❦❡t✳ ❇❡♥✲❉❛✈✐❞ ❡t ❛❧✳ ✭✷✵✶✹✮ ❛♥❞ ❑r❛✉s❡ ❡t ❛❧✳ ✭✷✵✶✹✮ t❛❧❦ ❛❜♦✉t ❡❧❡✈❛t❡❞ ✐♥tr❛❞❛② r❡t✉r♥

✈♦❧❛t✐❧✐t②✳ ❍❛♠♠ ✭✷✵✶✹✮ ✜♥❞s t❤❛t ❊❚❋s ❛♥❞ ♣❛ss✐✈❡ ♠✉t✉❛❧ ❢✉♥❞s ❞❡♣r✐✈❡ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐✲

t✐❡s✬ ❧✐q✉✐❞✐t②✳ ❇r❛❞❧❡② ❛♥❞ ▲✐t❛♥ ✭✷✵✶✶✮ ❛❧s♦ ✈♦✐❝❡ ❝♦♥❝❡r♥s t❤❛t ❊❚❋s ♠❛② ❞r❛✐♥ t❤❡ ❧✐q✉✐❞✐t②

♦❢ ❛❧r❡❛❞② ✐❧❧✐q✉✐❞ st♦❝❦s ❛♥❞ ❝♦♠♠♦❞✐t✐❡s✳ ❉❛ ❛♥❞ ❙❤✐✈❡ ✭✷✵✶✸✮ s❤♦✇ ❊❚❋ ❛r❜✐tr❛❣❡ ❝❛✉s❡s

❝♦✲♠♦✈❡♠❡♥ts✳ ▲❡✐♣♣♦❧❞ ❡t ❛❧✳ ✭✷✵✶✺✮ ❞♦❝✉♠❡♥ts ❝♦rr❡❧❛t✐♦♥s ♦❢ ✉♥❞❡r②❧✐♥❣ ❛ss❡ts✬ r❡t✉r♥s ✐♥

t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❊❚❋s ❛♥❞ ✐♥❞❡① ❢✉t✉r❡s✳ ■sr❛❡❧✐ ❡t ❛❧✳ ✭✷✵✶✻✮ ♣r♦✈✐❞❡ ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥❛❧

♣❡rs♣❡❝t✐✈❡ t♦ t❤❡ ❞❡❜❛t❡ ❜② s❤♦✇✐♥❣ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❊❚❋ ♦✇♥❡rs❤✐♣ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤

❤✐❣❤❡r tr❛❞✐♥❣ ❝♦sts✱ ❣r❡❛t❡r r❡t✉r♥ s②♥❝❤r♦♥✐❝✐t②✱ r❡❞✉❝❡❞ ♣r✐❝❡ ❡✣❝✐❡♥❝②✱ ❛♥❞ ❧❡ss ✐♥❢♦r♠❛✲

t✐♦♥ ❛❝q✉✐s✐t✐♦♥✳ ●❧♦st❡♥ ❡t ❛❧✳ ✭✷✵✶✺✮ ❛❧s♦ ✜♥❞ ❊❚❋ tr❛❞✐♥❣ ✐♥❝r❡❛s❡s ❝♦✲♠♦✈❡♠❡♥t ❛♥❞ r❡t✉r♥

s②♥❝❤r♦♥✐❝✐t②✱ ❜✉t ❛r❣✉❡ ❊❚❋s ❛❝t✉❛❧❧② ✐♥❝r❡❛s❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❢♦r s♠❛❧❧ st♦❝❦s✳ ❖✉r

♠♦❞❡❧ ♥♦t ♦♥❧② ♣r♦❞✉❝❡ ♣r❡❞✐❝t✐♦♥s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡s❡ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s ❜✉t ❛❧s♦ ♣r♦✈✐❞❡s

❛ ❢r❛♠❡✇♦r❦ t♦ ✐♥t❡r♣r❡t ❛♥❞ r❡❝♦♥❝✐❧❡ s❡❡♠✐♥❣❧② ❝♦♥tr❛❞✐❝t♦r② r❡s✉❧ts✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ♥♦✈❡❧

t❡st❛❜❧❡ ✐♠♣❧✐❝❛t✐♦♥s ❜❡②♦♥❞ ❊❚❋s✳

❉❡s♣✐t❡ t❤❡ ❡♠❡r❣✐♥❣ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ♦♥ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✱ ❢❡✇ t❤❡♦r② ♣❛♣❡rs ❡①❛♠✐♥❡

t❤❡✐r ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✛❡❝ts ♦r ❡①♣❧❛✐♥ t❤❡✐r r✐s❡ ✐♥ ♣♦♣✉❧❛r✐t②✳ ❙✉❜r❛❤♠❛♥②❛♠ ✭✶✾✾✶✮ ❛♥❞ ●♦r✲

t♦♥ ❛♥❞ P❡♥♥❛❝❝❤✐ ✭✶✾✾✸✮ ❛r❡ t✇♦ ♥♦t❛❜❧❡ ❡①❝❡♣t✐♦♥s✳ ❙✉❜r❛❤♠❛♥②❛♠ ✭✶✾✾✶✮ ❤✐❣❤❧✐❣❤ts ❤♦✇

❧✐q✉✐❞✐t② tr❛❞❡rs ❝♦✉❧❞ ❜❡ ❜❡tt❡r ♦✛ tr❛❞✐♥❣ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✇✐t❤ ♠✐t✐❣❛t❡❞ ❛❞✈❡rs❡ s❡❧❡❝✲

t✐♦♥✳ ●♦rt♦♥ ❛♥❞ P❡♥♥❛❝❝❤✐ ✭✶✾✾✸✮ ❜❡❧❛❜♦r ❛ s✐♠✐❧❛r ♣♦✐♥t✱ ❜✉t ❢♦❝✉s ♦♥ r✐s❦✲❛✈❡rs❡ ❧✐q✉✐❞✐t②

tr❛❞❡rs ❛♥❞ ❞♦ ♥♦t ❞✐st✐♥❣✉✐s❤ s②st❡♠❛t✐❝ ✈❡rs✉s ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ♦r ❡♥❞♦❣❡♥✐③❡ ✐♥❢♦r✲

♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥✳ ❆❧s♦ r❡❧❛t❡❞ ❛r❡ ❙t❛♠❜❛✉❣❤ ✭✷✵✶✹✮ ♦♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❣r♦✇t❤ ✐♥

♣❛ss✐✈❡ ✐♥✈❡st✐♥❣ ❛♥❞ t❤❡ ❞❡❝❧✐♥❡ ✐♥ ♥♦✐s❡ tr❛❞✐♥❣✱ P❛♥ ❛♥❞ ❩❡♥❣ ✭✷✵✶✻✮ ♦♥ ❧✐q✉✐❞✐t② ♠✐s♠❛t❝❤

❜❡t✇❡❡♥ ❊❚❋s ❛♥❞ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✱ ▼❛❧❛♠✉❞ ✭✷✵✶✺✮ ♦♥ ❧✐♠✐ts t♦ ❛r❜✐tr❛❣❡ ♦❢ r✐s❦✲❛✈❡rs❡ ❆Ps

✉♥❞❡r s②♠♠❡tr✐❝ ✐♥❢♦r♠❛t✐♦♥✱ ❛♥❞ ❇❤❛tt❛❝❤❛r②❛ ❛♥❞ ❖✬❍❛r❛ ✭✷✵✶✺✮ ♦♥ ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦❛❣❡s

✐♥ ❊❚❋ ♠❛r❦❡ts ❛♥❞ ❢r❛❣✐❧✐t②✳ ❉✐st✐♥❝t ❢r♦♠ t❤❡s❡ ♣❛♣❡rs ❛♥❞ ❛s ❛ ❝♦♠♣❧❡♠❡♥t t♦ t❤❡♠✱ t❤✐s

♣❛♣❡r ❞♦❡s ♥♦t r❡❧② ♦♥ r✐s❦✲❛✈❡rs✐♦♥ ♦r ♠✐s♣r✐❝✐♥❣ ❞✉❡ t♦ ❢❛✐❧✉r❡ ♦❢ ❛r❜✐tr❛❣❡✳ ❋✉rt❤❡r♠♦r❡✱

✇❡ ❡♥❞♦❣❡♥✐③❡ tr❛❞❡rs ✐♥ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✇✐t❤♦✉t ❡①♦❣❡♥♦✉s❧② ❛ss✉♠✐♥❣ ❛❞❞✐t✐♦♥❛❧ ♥♦✐s❡

tr❛❞✐♥❣ ✭❙✉❜r❛❤♠❛♥②❛♠ ✭✶✾✾✶✮✱ ❇❤❛tt❛❝❤❛r②❛ ❛♥❞ ❖✬❍❛r❛ ✭✷✵✶✺✮✱ ❛♥❞ ▼❛❧❛♠✉❞ ✭✷✵✶✺✮✮ ♦r



✻

✐♥❢♦r♠❡❞ tr❛❞✐♥❣ ✭●♦rt♦♥ ❛♥❞ P❡♥♥❛❝❝❤✐ ✭✶✾✾✸✮✮ ✐♥ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✳✺ ❲❤✐❧❡ ❡❛r❧✐❡r st✉❞✲

✐❡s t②♣✐❝❛❧❧② ❡♠♣❤❛s✐③❡ t❤❡ ✇❡❧❢❛r❡ ♦❢ ❧✐q✉✐❞✐t② tr❛❞❡rs✱ ✇❡ ❤✐❣❤❧✐❣❤t t❤❛t ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s

❛ttr❛❝t ❜♦t❤ ✐♥❢♦r♠❡❞ ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs✱ ❧❡❛❞✐♥❣ t♦ ❞r❛st✐❝❛❧❧② ❞✐✛❡r❡♥t ✐♠♣❧✐❝❛t✐♦♥s ♦♥

❞✐✛❡r❡♥t t②♣❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❛♥❞ ✐♥✈❡st♦r ✇❡❧❢❛r❡✳ ❋✐♥❛❧❧②✱ t❤❡s❡ st✉❞✐❡s ❞♦ ♥♦t

❡①❛♠✐♥❡ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ❞❡s✐❣♥ ♦r ❞❡r✐✈❡ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✐♥ ❝❧♦s❡❞✲❢♦r♠✳

▼♦r❡ ❜r♦❛❞❧②✱ t❤✐s ♣❛♣❡r r❡❧❛t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦❢ ✜♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ s❡❝✉r✐t② ❞❡s✐❣♥✳✻

■♥ ❝♦♥tr❛st t♦ t❤❡ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ✐♥ t❤❡s❡ ♣❛♣❡rs✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ✐♠♣❛❝t

♦❢ ❛♥ ✐♥♥♦✈❛t✐♦♥ t❤❛t ❞r❛st✐❝❛❧❧② r❡❞✉❝❡s tr❛❞✐♥❣ ❝♦sts ❛♥❞ ✐♥❝r❡❛s❡s ❛❝❝❡ss t♦ ♠❛♥② ❛ss❡ts✳

❆❧t❤♦✉❣❤ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✐♥ ♦✉r ♠♦❞❡❧ r❡❞✉❝❡ ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ s❡♥s✐t✐✈✐t②✱ t❤❡②

❝♦✉❧❞ ✐♥❝r❡❛s❡ ❢❛❝t♦r ✐♥❢♦r♠❛t✐♦♥ s❡♥s✐t✐✈✐t②✱ ❛♥❞ t❤✉s ♦✉r ♣❛♣❡r ❝♦♠♣❧❡♠❡♥ts st✉❞✐❡s s✉❝❤ ❛s

●♦rt♦♥ ❛♥❞ P❡♥♥❛❝❝❤✐ ✭✶✾✾✵✮ r❡❣❛r❞✐♥❣ ❤♦✇ ✜♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥s ✐♠♣❛❝t ❧✐q✉✐❞✐t②✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✷ s❡ts ✉♣ t❤❡ ♠♦❞❡❧ ❛♥❞ ❝❤❛r❛❝t❡r✲

✐③❡s t❤❡ s✉❜✲❡q✉✐❧✐❜r✐✉♠ ❣✐✈❡♥ t❤❡ s❡❝✉r✐t② ❞❡s✐❣♥✳ ❙❡❝t✐♦♥ ✸ ❡♥❞♦❣❡♥✐③❡s ❝♦♠♣♦s✐t❡ s❡❝✉r✐t②

❞❡s✐❣♥✳ ❙❡❝t✐♦♥ ✹ ♣r❡s❡♥ts t❤❡ ♠♦❞❡❧ ✐♠♣❧✐❝❛t✐♦♥s ♦♥ ❛ss❡t ♣r✐❝❡s ❛♥❞ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✳

❙❡❝t✐♦♥ ✺ ❡①t❡♥❞s t❤❡ ♠♦❞❡❧ ❛❧♦♥❣ s❡✈❡r❛❧ ❞✐♠❡♥s✐♦♥s ❛♥❞ ❞✐s❝✉ss❡s ❡♥❞♦❣❡♥♦✉s ✐♥❢♦r♠❛t✐♦♥

❛❝q✉✐s✐t✐♦♥ ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞✐♥❣✱ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛✱ tr❛❞✐♥❣ tr❛♥s♣❛r❡♥❝②✱ ❛♥❞ ❝♦♠✲

♣♦s✐t❡ ❞❡r✐✈❛t✐✈❡s✳ ❙❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s✳ ❆❧❧ ♣r♦♦❢s ❛r❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✷✳ ❆ ▼♦❞❡❧ ♦❢ ❙♣❡❝✉❧❛t✐✈❡ ❛♥❞ ▲✐q✉✐❞✐t② ❚r❛❞✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❝❧❛ss✐❝ ❑②❧❡ ✭✶✾✽✺✮ ♠♦❞❡❧ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡

❛ s❡t ♦❢ ❧✐♥❡❛r ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✭❤❡♥❝❡❢♦rt❤ r❡❢❡rr❡❞ t♦ ❛s

✏❈❙✑✮✳ ●✐✈❡♥ t❤❛t ♦♥❡ ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ✐s ✐♥ ❊❚❋ tr❛❞✐♥❣✱ ♦♥❡ ❝❛♥ t❤✐♥❦ ♦❢

❈❙s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ❛s ♣❤②s✐❝❛❧ ❊❚❋s✳ ❲❡ ❞✐✛❡r❡♥t✐❛t❡ ✈❛r✐♦✉s t②♣❡s ♦❢ ❈❙s ✐♥ ❙❡❝t✐♦♥ ✺✳

✷✳✶ ▼♦❞❡❧ ❙❡t✉♣

❆ss❡ts ❛♥❞ ▲✐q✉✐❞❛t✐♦♥ ❱❛❧✉❡s

✺❲❡ ❜❛s✐❝❛❧❧② ♣♦st✉❧❛t❡ t❤❛t t❤❡ ♣♦✇❡r❢✉❧ ❢♦r❝❡s ♦❢ ❛r❜✐tr❛❣❡ r❡♥❞❡r ♠❛♥② ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s s✐♠♣❧② ❛s
❜✉♥❞❧❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✱ ✐♥ ♦r❞❡r t♦ ❛❜str❛❝t ❢r♦♠ s❤♦rt✲t❡r♠ ❢r❡❡③❡s ♦❢ ❛r❜✐tr❛❣❡ ❧✐q✉✐❞✐t② ❛♥❞ ❢♦❝✉s
♦♥ t❤❡ ❧♦♥❣✲t❡r♠ ✐♥❢♦r♠❛t✐♦♥❛❧ ❛♥❞ ♣r✐❝✐♥❣ ❡✛❡❝ts✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❡♥❞♦❣❡♥✐③✐♥❣ t❤❡ tr❛❞✐♥❣ ❝❤♦✐❝❡ ♦❢ ❧✐q✉✐❞✐t②
tr❛❞❡rs✱ ❡♥❞♦❣❡♥✐③✐♥❣ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ♥♦✐s❡ tr❛❞✐♥❣ ❛ ❧❛ ❍❛ss❛♥ ❛♥❞ ▼❡rt❡♥s ✭✷✵✶✶✮ ♠❛② ❛❧s♦ ♣r♦✈❡ ❢r✉✐t❢✉❧✱
❜✉t ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳
✻❙❡❡ ❉✉✣❡ ❛♥❞ ❘❛❤✐ ✭✶✾✾✺✮✱ ❆❧❧❡♥ ❛♥❞ ●❛❧❡ ✭✶✾✾✹✮✱ ❛♥❞ ❚✉❢❛♥♦ ✭✷✵✵✸✮ ❢♦r ❝♦♠♣r❡❤❡♥s✐✈❡ s✉r✈❡②s ♦❢ t❤❡
❡❛r❧✐❡r ❧✐t❡r❛t✉r❡✳ ❘❡❝❡♥t st✉❞✐❡s ✐♥❝❧✉❞❡ ❑✉❜❧❡r ❛♥❞ ❙❝❤♠❡❞❞❡rs ✭✷✵✶✷✮✱ ❙✐♠s❡❦ ✭✷✵✶✸✮✱ ❛♥❞ ❇❛♥❡r❥❡❡ ❛♥❞
●r❛✈❡❧✐♥❡ ✭✷✵✶✹✮✳
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❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡❝♦♥♦♠② ✇✐t❤ N = 2 ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✱ ✇❤✐❝❤ ❝♦✉❧❞ r❡♣r❡s❡♥t

t✇♦ ❜❛s❦❡ts ♦❢ ❛ss❡ts✳ ❚❤❡ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡ Si ♦❢ ❛ss❡t i ✱ i = 1, 2✱ ❝♦♠♣r✐s❡s ♦❢ ❛ s②st❡♠❛t✐❝

❝♦♠♣♦♥❡♥t γ ❛♥❞ ❛♥ ❛ss❡t✲s♣❡❝✐✜❝ ❝♦♠♣♦♥❡♥t ǫi✿

✭✶✮ Si = S̄i + βiγ + ǫi

✇❤❡r❡ S̄i ✐s t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ t❤❡ ❛ss❡t✱ ❛♥❞ βi ✐s s❡❝✉r✐t② i✬s ❡①♣♦s✉r❡ t♦ ❢❛❝t♦r γ✳

❍❡r❡ γ ❝♦✉❧❞ r❡♣r❡s❡♥t ❛ ♠❛❝r♦❡❝♦♥♦♠✐❝ s❤♦❝❦ ♦r ❛ ✐♥❞✉str②✲✇✐❞❡ t❡❝❤♥♦❧♦❣② ❝❤❛♥❣❡ t❤❛t

❛✛❡❝ts t❤❡ ♣❛②♦✛ ♦❢ ❛❧❧ s❡❝✉r✐t✐❡s ✐♥ ❛ s②st❡♠❛t✐❝ ✇❛②✳ γ✱ ǫ1✱ ❛♥❞ ǫ2 ❛r❡ ♠✉t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t

♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥sσγ✱ σǫ1 ✱ ❛♥❞ σǫ2

r❡s♣❡❝t✐✈❡❧②✳ S̄i ✭♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦ ❢♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✮✱

βi ❛♥❞ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ♦♥ γ✱ ǫ1✱ ❛♥❞ ǫ2 ❛r❡ ♣✉❜❧✐❝ ❦♥♦✇❧❡❞❣❡✳

❯♥❧❡ss ♦t❤❡r✇✐s❡ s♣❡❝✐✜❡❞✱ ❈❙s ❛r❡ ❜✉♥❞❧❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t✐❡s (w1S1, w2S2) ✇✐t❤

w1 + w2 = 1✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts wi ♦♥ ❡❛❝❤ ❛ss❡t ❛r❡ ❞❡s✐❣♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♣r✐❝❡ ♦❢ ❛ ❈❙

✐s t❤✉s t❤❡ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ t❤❡ ♣r✐❝❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳✼ ❲❡ ❛♥❛❧②③❡ ✐♥ ❙❡❝t✐♦♥ ✺

❝♦♠♣♦s✐t❡ ❞❡r✐✈❛t✐✈❡s t❤❛t ❞♦ ♥♦t ❡♥t❛✐❧ tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣s ❞✐r❡❝t❧②✳

▼❛r❦❡t P❛rt✐❝✐♣❛♥ts✱ ■♥❢♦r♠❛t✐♦♥✱ ❛♥❞ ❚r❛❞✐♥❣

❲❡ ❛ss✉♠❡ ❛❧❧ ❛❣❡♥ts ❛r❡ r✐s❦✲♥❡✉tr❛❧ t♦ ❢♦❝✉s ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ❛s♣❡❝t ♦❢ ❈❙ tr❛❞✐♥❣✳

❚❤❡r❡ ❛r❡ ❢♦✉r t②♣❡s ♦❢ tr❛❞❡rs✿

✭❛✮ ❆♥ ❛ss❡t s♣❡❝✉❧❛t♦r ❢♦r ❡❛❝❤ ❛ss❡t i ✇❤♦ ❝❛♥ ❝♦st❧② ❛❝q✉✐r❡ ✐♠♣❡r❢❡❝t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

ǫi✱ ♥❛♠❡❧② ❛ ♥♦✐s② s✐❣♥❛❧ χi = ǫi + νi✱ ❛♥❞ tr❛❞❡ t♦ ♠❛①✐♠✐③❡ ♣r♦✜t✳

✭❜✮ ❆ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✇❤♦ ❝❛♥ ❝♦st❧② ❛❝q✉✐r❡ ✐♠♣❡r❢❡❝t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t γ✱ ♥❛♠❡❧② ❛

♥♦✐s② s✐❣♥❛❧ ζ = γ + ξ✱ ❛♥❞ tr❛❞❡s t♦ ♠❛①✐♠✐③❡ ♣r♦✜t✳

✭❝✮ ❆ ✉♥✐t ♠❡❛s✉r❡ ♦❢ ❛ss❡t ❧✐q✉✐❞✐t② tr❛❞❡rs ❢♦r ❡❛❝❤ ❛ss❡t i ✱ ✇❤♦ tr❛❞❡ t♦ ♠✐♥✐♠✐③❡ ❝♦sts

t♦ s❛t✐s❢② ❛♥ ❡①♦❣❡♥♦✉s ♥❡❡❞ n̂i ❢♦r ❡①♣♦s✉r❡ t♦ ǫi✱ ❛♥❞ t❤✉s ❛ss❡t i✳

✭❞✮ ❆ ✉♥✐t ♠❡❛s✉r❡ ♦❢ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✱ ✇❤♦ tr❛❞❡ t♦ ♠✐♥✐♠✐③❡ ❝♦sts t♦ s❛t✐s❢② ❛♥

❡①♦❣❡♥♦✉s ♥❡❡❞ τ ❢♦r ❡①♣♦s✉r❡ t♦ ❢❛❝t♦r γ. ❆ ❢r❛❝t✐♦♥ fi ❛❝❤✐❡✈❡s t❤✐s ❡①♣♦s✉r❡ ✉s✐♥❣ ❛ss❡t i✳

❍❡r❡ νi✱ ξ, n̂i, ❛♥❞ τ ❛r❡ ♠✉t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ ③❡r♦

✼❋♦r ♥♦♥✲❡①❝❤❛♥❣❡✲tr❛❞❡❞ ❈❙ s✉❝❤ ❛s ♣❛ss✐✈❡ ♠✉t✉❛❧ ❢✉♥❞✱ ❛ ❝❤❛♥❣❡ ✐♥ ❞❡♠❛♥❞ ❢♦r ❈❙ ✐s ❞✐r❡❝t❧② tr❛♥s❧❛t❡❞
✐♥t♦ ❝❤❛♥❣❡s ✐♥ ❞❡♠❛♥❞s ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ ❜② t❤❡ ❢✉♥❞✳ ❋♦r ❡①❝❤❛♥❣❡✲tr❛❞❡❞ ♣r♦❞✉❝ts s✉❝❤ ❛s ❊❚❋s✱ ✇❡
❛ss✉♠❡ ❛t ❞❛✐❧② ♦r ❧♦✇❡r ❢r❡q✉❡♥❝②✱ t❤❡ ❛r❜✐tr❛❣❡rs s✉❝❤ ❛s t❤❡ ❛✉t❤♦r✐③❡❞ ♣❛rt✐❝✐♣❛♥ts ❛r❜✐tr❛❣❡ t♦ t❤❡ ❡①t❡♥t
t❤❛t t❤❡r❡ ✐s ♥♦ ♣r✐❝✐♥❣ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❈❙ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳
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❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s σνi ✱ σξ✱ σn̂i
✱ ❛♥❞ στ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ r❡❢❡r t♦ ✭❜✮ ❛♥❞ ✭❞✮ ❝♦❧❧❡❝✲

t✐✈❡❧② ❛s ❢❛❝t♦r ✐♥✈❡st♦rs✳ ❲❡ t❛❦❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ s♣❡❝✉❧❛t♦rs ❛s ❣✐✈❡♥ ❤❡r❡✱ ❛♥❞ ❞✐s❝✉ss

❡♥❞♦❣❡♥♦✉s ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳ ❆s ❝♦♠♠♦♥❧② ❛ss✉♠❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱

❧✐q✉✐❞✐t② tr❛❞❡rs tr❛❞❡ ❢♦r r❡❛s♦♥s ♦✉ts✐❞❡ t❤❡ ♠♦❞❡❧✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❢✉♥❞ ♠❛♥❛❣❡r ♠❛② ♥❡❡❞

t♦ ❛❝❤✐❡✈❡ ❝❡rt❛✐♥ ♣♦s✐t✐♦♥s ✐♥ s❡❝✉r✐t✐❡s r❡q✉✐r❡❞ ❜② ❤✐s ❝❧✐❡♥ts✱ ♦r ❛ t❡❝❤ ❡♥tr❡♣r❡♥❡✉r ✇✐s❤❡s

t♦ ❤❡❞❣❡ ❛❣❛✐♥st t❤❡ s②st❡♠❛t✐❝ r✐s❦ ✐♥ ❝❧♦✉❞ ❝♦♠♣✉t✐♥❣✳✽ ❊❛r❧✐❡r ♠♦❞❡❧s t②♣✐❝❛❧❧② ❛ss✉♠❡ ❛♥

❛❣❣r❡❣❛t❡ ❧✐q✉✐❞✐t② tr❛❞✐♥❣ ni ✐♥ ❡❛❝❤ ♠❛r❦❡t✳ ❲❡ ❜❛s✐❝❛❧❧② ❞❡❝♦♠♣♦s❡ ni ✐♥t♦ ❛ss❡t✲s♣❡❝✐✜❝

❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞✐♥❣✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ ni = n̂i + fiτ/βi✱ ✇❤❡r❡ fi ✐s t❤❡ ❡①♦❣❡♥♦✉s

❢r❛❝t✐♦♥ ♦❢ τ ❛❝❤✐❡✈❡❞ ✈✐❛ tr❛❞✐♥❣ ❛ss❡t i✱ ❛♥❞ f1 + f2 = 1✳ ❲❡ ❡♥❞♦❣❡♥✐③❡ fi ✐♥ ❙❡❝t✐♦♥ ✺✱

✇❤✐❝❤ ✐♥ t✉r♥ ❡♥❞♦❣❡♥✐③❡s t❤❡ ❝♦rr❡❧❛t✐♦♥ ❛♥❞ r❡❧❛t✐✈❡ ❛♠♦✉♥ts ♦❢ ❧✐q✉✐❞✐t② tr❛❞✐♥❣ ❛❝r♦ss

❛ss❡t ♠❛r❦❡ts ❜❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✳

❚❡❝❤♥♦❧♦❣✐❡s t♦ ❝❤❡❛♣❧② ❛❝❝❡ss ❛♥❞ tr❛❞❡ ❧❛r❣❡ ❜❛s❦❡ts ♦❢ ❛ss❡ts ❤❛✈❡ ✐♠♣r♦✈❡❞ ♦✈❡r t✐♠❡✱

❡♥❛❜❧✐♥❣ ✐♥t❡r♠❡❞✐❛r✐❡s t♦ ❝❤❛r❣❡ ❧♦✇ ❢❡❡s t♦ ❝❧✐❡♥ts t♦ tr❛❞❡ ♣♦rt♦✢✐♦s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts

✇✐t❤ s♣❡❝✐✜❝ ✇❡✐❣❤ts✳ P❛ss✐✈❡ ♠✉t✉❛❧ ❢✉♥❞s✱ ❊❚❋s✱ ❛♥❞ ❢✉♥❞s ✐ss✉✐♥❣ s♠❛rt ❜❡t❛ ♣r♦❞✉❝ts ❛r❡

s♦♠❡ ❡①❛♠♣❧❡s✳ ❲❡ ♠♦❞❡❧ t❤❡♠ ❛s ❛ ✉♥✐t ♠❡❛s✉r❡ ♦❢ ❝♦♠♣❡t✐t✐✈❡ ❈❙ s♣♦♥s♦rs✱ ✇❤♦ tr❛❞❡

t❤❡ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t✐❡s t♦ ♠❡❡t ❝❧✐❡♥ts✬ ❞❡♠❛♥❞ ❢♦r ❈❙✳ ❚♦ ❝❛♣t✉r❡ t❤❡ r❡❛❧✐t② t❤❛t t❤❡✐r

♣❛②♦✛s ❛r❡ t②♣✐❝❛❧❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ ❛ss❡ts ✉♥❞❡r ♠❛♥❛❣❡♠❡♥t✱ ✇❡ ❛ss✉♠❡ t❤❡② ♠❛①✐♠✐③❡

t❤❡✐r ❝❧✐❡♥ts✬ ♣❛②♦✛s ✐♥ ♦r❞❡r t♦ ❛ttr❛❝t ♠❛①✐♠✉♠ ❛ss❡ts✳✾

❙♣❡❝✉❧❛t♦rs✱ ❧✐q✉✐❞✐t② tr❛❞❡rs✱ ❛♥❞ ❈❙ s♣♦♥s♦rs s✉❜♠✐t ♦r❞❡rs t♦ ❛ r❛t✐♦♥❛❧ ❛♥❞ ❝♦♠♣❡t✐t✐✈❡

♠❛r❦❡t ♠❛❦❡r ✐♥ ❡❛❝❤ ♠❛r❦❡t✱ ✇❤♦ t❤❡♥ ♣r✐❝❡s t❤❡ ❛ss❡t ❛t ❤❡r ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❜❛s❡❞ ♦♥

♦❜s❡r✈❡❞ ♦r❞❡r ✢♦✇ ✐♥ ♦r❞❡r t♦ ❜r❡❛❦ ❡✈❡♥✳ ❲❡ ♠❛❦❡ t❤❡ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥ t❤❛t ❡❛❝❤

♠❛r❦❡t ♠❛❦❡r s♣❡❝✐❛❧✐③❡s ✐♥ ♦♥❡ ♠❛r❦❡t ♦♥❧② ❛♥❞ ♦❜s❡r✈❡s t❤❡ ♦r❞❡r ✢♦✇ ✐♥ t❤❡ ♠❛r❦❡t✳

❖r❞❡rs ♦♥ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s s✐♠♣❧② tr❛♥s❧❛t❡ ✐♥t♦ ♦r❞❡rs ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t✐❡s ✇✐t❤

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts✳✶✵ ❆❢t❡r t❤❡ tr❛❞✐♥❣ r♦✉♥❞✱ ❛ss❡ts✬ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡s ❛r❡ r❡❛❧✐③❡❞✳

✽❋❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞✐♥❣ ❤❡r❡ ❝❛♣t✉r❡s ✐♥ ❛ r❡❞✉❝❡❞✲❢♦r♠ ❤❡❞❣✐♥❣✲♠♦t✐✈❛t❡❞ tr❛❞✐♥❣ ✐♥ ✜♥❛♥❝✐❛❧ ❛ss❡ts✱ ✇❤❡r❡
❛❣❡♥ts ✏❤❡❞❣❡✑ ❛❣❛✐♥st ❜❛❝❦❣r♦✉♥❞ r✐s❦s ♦✉ts✐❞❡ t❤❡ ♠♦❞❡❧✳ ❋♦r ❡①❛♠♣❧❡✱ r✐s❦✲❛✈❡rs❡ ✉♥✐♥❢♦r♠❡❞ tr❛❞❡rs
❣❡♥❡r❛t❡ ✏♥♦✐s②✑ ❞❡♠❛♥❞ ❞✉❡ t♦ r❛♥❞♦♠ ❡♥❞♦✇♠❡♥ts ✐♥ ❙♣✐❡❣❡❧ ❛♥❞ ❙✉❜r❛❤♠❛♥②❛♠ ✭✶✾✾✷✮✱ ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t②
tr❛❞❡rs ✇✐t❤ ❞✐✛❡r❡♥t tr❛❞✐♥❣ ♦♣♣♦rt✉♥✐t✐❡s ❛s ✐♥ ●♦❧❞st❡✐♥ ❡t ❛❧✳ ✭✷✵✶✹✮ ♥❡❡❞ t❤❡ ❡①♣♦s✉r❡ t♦ ❤❡❞❣❡ ❛❣❛✐♥st
t❤❡✐r ♣♦s✐t✐♦♥s ✐♥ ♦t❤❡r ❛ss❡ts✳
✾❖♥❡ ♠❛② q✉❡st✐♦♥ ✇❤② ❈❙ s♣♦♥s♦rs ❞♦ ♥♦t ♠❛①✐♠✐③❡ t❤❡✐r ❝❧✐❡♥ts✬ tr❛❞✐♥❣ ♣r♦❢ts ✐♥ ❈❙ ✭r❛t❤❡r t❤❛♥ ♦✈❡r❛❧❧
♣r♦✜ts✮✱ ✇❤✐❝❤ s❡❡♠s t♦ ❜❡ ❛ r❡❛s♦♥❛❜❧❡ ♦❜❥❡❝t✐✈❡ ✐❢ t❤❡② ❝❤❛r❣❡ ❛ ❝❛rr②✳ ❲❡ ❛r❣✉❡ t❤❛t ❡✈❡♥ ✐♥ t❤✐s s❝❡♥❛r✐♦✱
t❤❡② ♠✉st ❜❡ ♠❛①✐♠✐③✐♥❣ t❤❡ ♦✈❡r❛❧❧ ♣r♦✜t ❛s ✇❡❧❧✱ ❧❡st t❤❡ ❝❧✐❡♥ts s✇✐t❝❤ t♦ ♦t❤❡r ❈❙ s♣♦♥s♦rs ✇✐t❤ ❜❡tt❡r
❞❡s✐❣♥s✳ ■♥ t❤❛t r❡❣❛r❞ ♦✉r s♣❡❝✐✜❝❛t✐♦♥ ♥❡sts s✉❝❤ ❝❛s❡s✳ ■♥ ❛♥ ❡❛r❧✐❡r ❞r❛❢t ✇❡ ✉s❡❞ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥
♦❢ ♦♥❡ r❡♣r❡s❡♥t❛t✐✈❡ ❈❙ s♣♦♥s♦r ✇❤♦ ♠❛①✐♠✐③❡s ❤❡r ❝❧✐❡♥ts✬ ♣❛②♦✛s✱ ❛♥❞ ♦✉r ♠❛✐♥ r❡s✉❧ts ❛r❡ r♦❜✉st t♦ t❤✐s
s♣❡❝✐✜❝❛t✐♦♥✳
✶✵❚❤❡ ❈❙ ❡ss❡♥t✐❛❧❧② ❛s ❛ ♣❛ss✲t❤r♦✉❣❤ ✈❡❤✐❝❧❡ ❢♦r tr❛❞✐♥❣ ❢❛❝t♦rs✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❊❚❋s✱ ✐❢ t❤❡ ❈❙✬s ♣r✐❝❡ ❞❡✈✐❛t❡s
❢r♦♠ t❤❡ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ♣r✐❝❡s✱ ❛✉t❤♦r✐③❡❞ ♣❛rt✐❝✐♣❛♥ts ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ ❛r❜✐tr❛❣❡ ❛✇❛②
t❤❡ ♣r✐❝✐♥❣ ❣❛♣✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ❞✐s❝✉ss ❤♦✇ ✐♥tr♦❞✉❝✐♥❣ ❛ s❡♣❛r❛t❡ ♠❛r❦❡t ❢♦r tr❛❞✐♥❣ ❊❚❋ ❛✛❡❝ts ♦✉r r❡s✉❧ts✳



✾

❋✐♥❛❧❧②✱ t♦ ♠♦❞❡❧ t❤❡ ❧✐♠✐t❡❞ ❞✐✈❡rs✐✜❝❛t✐♦♥ ❞✉❡ t♦ ❝♦♥str❛✐♥ts ♦♥ t❡❝❤♥♦❧♦❣② ♦r ❛tt❡♥t✐♦♥✱

❛♥❞ ❤✐❣❤ tr❛♥s❛❝t✐♦♥ ♦r s❡❛r❝❤ ❝♦sts✱ ✇❡ ❛ss✉♠❡ t❤❛t ✐♥✈❡st♦rs ♦t❤❡r t❤❛♥ ❈❙ s♣♦♥s♦rs ❝❛♥

♦♥❧② tr❛❞❡ ♦♥❡ s✐♥❣❧❡ ❛ss❡t✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s r❡❛❧✐st✐❝✕❡❛❝❤ ❛ss❡t ✐♥ t❤❡ ♠♦❞❡❧ ❝♦✉❧❞ ❜❡

t❤♦✉❣❤t ♦❢ ❛s ❛ ♥♦♥❡①❤❛✉st✐✈❡ ❜❛s❦❡t ♦❢ ❛ss❡ts✱ ❛♥❞ tr❛❞✐♥❣ t❤❡ r❡st ✇♦✉❧❞ ❜❡ ♣r♦❤✐❜❛t✐✈❡❧②

❝♦st❧② ❞✉❡ t♦ t❤❡ tr❛♥s❛❝t✐♦♥ ❝♦st ♦❢ tr❛❞✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛❞❞✐t✐♦♥❛❧ ❛ss❡ts✱ t❤❡ ❧✐♠✐t❡❞

❛❝❝❡ss✐❜✐❧✐t② ♦❢ ❛ss❡ts t♦ r❡t❛✐❧ ✐♥✈❡st♦rs✱ ♦r t❤❡ ❢❛❝t t❤❛t s❡❛r❝❤✐♥❣ ❛♥❞ ❧❡❛r♥✐♥❣ ❛❜♦✉t ❛ss❡ts✬

r❡❧❡✈❛♥❝❡ ❢♦r ❛ ❢❛❝t♦r ✐s ❝♦st❧② ✉♥❞❡r ❧♦❝❛❧✐③❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ✉♥❝❡rt❛✐♥ ♠❛r❦❡t ❡♥❝✐r♦♥✲

♠❡♥t✳✶✶ ◆♦t❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✇♦✉❧❞ ♥♦t ❛♣♣❧② ✐❢ t❤❡r❡ ❛r❡ ❛❧r❡❛❞② ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s

s✉❝❤ ❛s ❛♥ ✐♥❞❡① ♣r♦❞✉❝t ❝♦✈❡r✐♥❣ t❤❡ s❛♠❡ ❢❛❝t♦r ❛♥❞ ✇✐t❤ s✐♠✐❧❛r ❞❡s✐❣♥s✳

✷✳✷ ❊q✉✐❧✐❜r✐✉♠ ❜❡❢♦r❡ ■♥tr♦❞✉❝✐♥❣ ❈❙

❆♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤♦✉t ❈❙ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

• ❚❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r ❢♦r s❡❝✉r✐t② i s✉❜♠✐ts ❛♥ ♦r❞❡r xi = Xi(χi) t♦ ♠❛①✐♠✐③❡ ♣r♦✜t❀

• ❚❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r s✉❜♠✐ts ♦r❞❡r yi = Yi(ζ) ✭✐❂✶✱✷✮ ✐♥ ❡✐t❤❡r ❛ss❡t ♠❛r❦❡t ✶ ❛♥❞ ✷✱

❜✉t ♥♦t ❜♦t❤✱ t♦ ♠❛①✐♠✐③❡ ♣r♦✜t✳

• ❑♥♦✇✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ tr❛❞✐♥❣ ❜❡❤❛✈✐♦r ♦❢ ❡❛❝❤ ✐♥✈❡st♦r✱ ♠❛r❦❡t ♠❛❦❡r i ❜r❡❛❦s

❡✈❡♥ ✐♥ ❡①♣❡❝t❛t✐♦♥ ❜② s❡tt✐♥❣ Pi(ωi) ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛ t♦t❛❧ ♦r❞❡r ωi✳ ❙♣❡❝✐✜❝❛❧❧②✱

♠❛r❦❡t ♠❛❦❡rs ❢♦r♠ ❛ ❝♦♠♠♦♥ ❡q✉✐❧✐❜r✐✉♠ ❜❡❧✐❡❢ ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② θi ♦❢ t❤❡ ❢❛❝t♦r

s♣❡❝✉❧❛t♦r tr❛❞✐♥❣ ✐♥ ❛ss❡t i✱ ✇❤❡r❡ θ1 + θ2 = 1✳

❚❤✐s s❡❝t✐♦♥ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✭✇❤❡♥ ❡①✐sts✮ ✇✐t❤ ❡✐t❤❡r (θ1, θ2) =

(1, 0) ♦r (θ1, θ2) = (0, 1)✳ ❙❡❝t✐♦♥ ✺✳✸ ❡①t❡♥❞s t❤❡ ❛♥❛❧②s✐s t♦ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡

❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛❧✇❛②s ❡①✐sts✳

❋♦❧❧♦✇✐♥❣ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ ❢♦❝✉s ♦♥ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❧✐♥❡❛r tr❛❞✐♥❣ ❛♥❞ ♣r✐❝✐♥❣ str❛t❡❣✐❡s✱

❛♥❞ ❝♦♥❥❡❝t✉r❡ Xi(χi) = αiχi ❛♥❞ Yi(ζ) = ηiζ✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❧❡t ✉s ❡①❛♠✐♥❡ t❤❡

❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ (θ1, θ2) = (1, 0)✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❡♥❞♦❣❡♥♦✉s❧② ♣r❡❢❡rs ♠❛r❦❡t

✶✳ ❚❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✉♥❧❡ss ♦t❤❡r✇✐s❡ ♥♦t❡❞✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ ♠❛r❦❡t ✶ ❛s t❤❡

♦r✐❣✐♥❛❧❧② ❧✐q✉✐❞ ♠❛r❦❡t ❛♥❞ ♠❛r❦❡t ✷ ❛s t❤❡ ♦r✐❣✐♥❛❧❧② ✐❧❧✐q✉✐❞ ♠❛r❦❡t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛

✶ ❝❤❛r❛❝t❡r✐③❡s t❤✐s ❡q✉✐❧✐❜r✐✉♠✳

▲❡♠♠❛ ✶

✶✶■♥❞❡❡❞✱ tr❛♥s❛❝t✐♦♥ ❝♦sts ❛r❡ ❤✐❣❤ ✐♥ ❜♦♥❞ ♠❛r❦❡ts✱ ❘❊■❚s✱ ❛ss❡t✲❜❛❝❦❡❞ s❡❝✉r✐t✐❡s✱ ❡t❝✳ ❋♦r ♦✉r r❡s✉❧ts t♦
❤♦❧❞✱ ✇❡ ❥✉st ♥❡❡❞ ❛ s✐❣♥✐✜❝❛♥t ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✐♥✈❡st♦r ♣♦♣✉❧❛t✐♦♥ t♦ ❡♥❞♦❣❡♥♦✉s❧② tr❛❞❡ ❛ s♠❛❧❧❡r s✉❜s❡t ♦❢
❛✈❛✐❧❛❜❧❡ ❛ss❡ts t❤❛♥ ✇❤❛t ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✇♦✉❧❞ ❛❧❧♦✇ t❤❡♠✳



✶✵

❲❤❡♥ λN
1 β

2
2 < λN

2 β
2
1 ✱ ✇❤❡r❡ λN

1 = 1
2σn1

√

(

σ2
ǫ1
− σ2

ν1

)

+ β2
1

(

σ2
γ − σ2

ξ

)

✱ λN
2 = 1

2σn1

√

σ2
ǫ2
− σ2

ν2
✱

❛♥❞ σ2
ni

= σ2
n̂i
+f 2

i σ
2
τ/β

2
i ✱ t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦rs ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs s✉❜♠✐t Xi(χi) =

χi

2λN
i

❛♥❞ fi
τ
βi

✐♥ ♠❛r❦❡t i✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r s✉❜♠✐ts Y1(ζ) =
β1

2λN
1

ζ ✐♥ ♠❛r❦❡t ✶✱ ❛♥❞ t❤❡ ♠❛r❦❡t

♠❛❦❡rs s❡t ♣r✐❝❡s t♦ ❜❡ PN
i (ωi) = λN

i ωi✳

■♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r i✬s ❛♥❞ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s ❡①♣❡❝t❡❞ ♣r♦✜t ❛r❡ ΠN
ǫ,i

(

σ2
νi

)

=
1

4λN
i

(

σ2
ǫi
− σ2

νi

)

❛♥❞ ΠN
γ

(

σ2
ξ

)

=
β2

1

4λN
1

(

σ2
γ − σ2

ξ

)

r❡s♣❡❝t✐✈❡❧②❀ t❤❡ ❛ss❡t i ❧✐q✉✐❞✐t② tr❛❞❡rs✬ ❛♥❞ t❤❡

❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ ❛❣❣r❡❣❛t❡ ❡①♣❡❝t❡❞ ❧♦ss ❛r❡ Ci = λN
i σ

2
n̂i

❛♥❞ CF,i =
λN
i fiσ

2
τ

β2

i

r❡s♣❡❝t✐✈❡❧②✳

❆s ✐♥ ❑②❧❡ ✭✶✾✽✺✮✱ s♣❡❝✉❧❛t♦rs✬ ♣r♦✜ts ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ σ2
γ−σ2

ξ

♦r σ2
ǫi
−σ2

νi
✱ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡✐r ♣r✐❝❡ ✐♠♣❛❝ts λN

i ✳ ▲✐q✉✐❞✐t② tr❛❞❡rs ❢❛❝❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥

❢r♦♠ ❜♦t❤ ❛ss❡t s♣❡❝✉❧❛t♦rs ❛♥❞ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✱ ❛s r❡✢❡❝t❡❞ ✐♥ λN
i ✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡

❡①♣❡❝t❡❞ ❧♦ss ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✐s

✭✷✮ E[C1(τ)] =
στ

2β1

√

[

β2
1

(

σ2
γ − σ2

ξ

)

+
(

σ2
ǫ1
− σ2

ν1

)] f 2
1σ

2
τβ

−2
1

f 2
1σ

2
τβ

−2
1 + σ2

n̂1

β2
1

(

σ2
γ − σ2

ξ

)

+
(

σ2
ǫ1
− σ2

ν1

)

r❡✢❡❝ts t❤❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❜② s♣❡❝✉❧❛t♦rs ✐♥ t❤❡ ♠❛r❦❡t ✇❤❡r❡❛s
f2

1
σ2
τβ

−2

1

f2

1
σ2
τβ

−2

1
+σ2

n̂1

♠❡❛s✉r❡s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❢❛❝❡❞ ❜② ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛s ♦♣✲

♣♦s❡❞ t♦ ❛ss❡t ❧✐q✉✐❞✐t② tr❛❞❡rs✳ στ

β1

s✐♠♣❧② r❡♣r❡s❡♥ts ❤♦✇ ♠✉❝❤ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ♥❡❡❞

t♦ tr❛❞❡ ❛ss❡t ✶✳ ❲❤✐❧❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ tr❡❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❧✐q✉✐❞✐t② tr❛❞✐♥❣ (f1, f2) ❛s

❡①♦❣❡♥♦✉s✱ ♦♥❝❡ ✇❡ ❛❧❧♦✇ t❤❡ ❧✐q✉✐❞✐t② tr❛❞❡rs t♦ ♦♣t✐♠❛❧❧② ❝❤♦♦s❡ t❤❡ ♠❛r❦❡t t♦ tr❛❞❡ ✐♥✱

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❧❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥s (f1, f2) ♠✉st ❜❡ s✉❝❤ t❤❛t ❛♥ ✐♥✜♥✐st✐♠❛❧ ❢❛❝t♦r

❧✐q✉✐❞✐t② tr❛❞❡r ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ tr❛❞✐♥❣ ✐♥ ❡✐t❤❡r ♠❛r❦❡t✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛ ❢❛❝t♦r

❧✐q✉✐❞✐t② tr❛❞❡r ✇♦✉❧❞ ❝❤♦♦s❡ t♦ tr❛❞❡ ✐♥ t❤❡ ♠❛r❦❡t ✇✐t❤ ❧♦✇❡r tr❛❞✐♥❣ ❝♦st λN
i ✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ❛s ♠♦r❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✢♦✇ ✐♥t♦ t❤❡ ♣r❡❢❡rr❡❞ ♠❛r❦❡t i✱ t❤❡ ❤✐❣❤❡r fi

♠❡❛♥s t❤❛t t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r ✇♦✉❧❞ ❢❛❝❡ ♠♦r❡ ❝♦rr❡❧❛t❡❞ ❤❡❞❣✐♥❣ ♦r❞❡r ✐❢ ❤❡ tr❛❞❡s ✐♥

♠❛r❦❡t i✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛ ❤✐❣❤❡r tr❛❞✐♥❣ ❝♦st✳ ❲❡ ❛♥❛❧②③❡ t❤✐s ❡♥❞♦❣❡♥♦✉s ❧✐q✉✐❞✐t② tr❛❞✐♥❣

✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ s❡❝t✐♦♥ ✺✳



✶✶

✷✳✸ ■♥tr♦❞✉❝✐♥❣ ❈❙

◆♦✇ ❝♦♥s✐❞❡r ✐♥tr♦❞✉❝✐♥❣ ❛ ❈❙ (w1S1, w2S2) ✇✐t❤ w1 + w2 = 1✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts wi ♦♥

❡❛❝❤ ❛ss❡t ❛r❡ tr❡❛t❡❞ ❛s ❡①♦❣❡♥♦✉s ❢♦r ♥♦✇✳ ❆❣❛✐♥ ✇❡ ❢♦❝✉s ♦♥ s②♠♠❡tr✐❝ ❧✐♥❡❛r ❡q✉✐❧✐❜r❛✳

Pr❡✈✐♦✉s❧②✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❝❛♥♥♦t ❢✉❧❧② ❡①♣❧♦✐t ❤✐s ✐♥❢♦r♠❛t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ❜② tr❛❞✐♥❣

❜♦t❤ ❛ss❡ts✳ ❇✉t ♥♦✇ ❤❡ ❝❛♥ ✈✐❛ tr❛❞✐♥❣ ❈❙✱ ✐❢ ❤❡ s♦ ❝❤♦♦s❡s✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ ❈❙ ♠❛②

❛ttr❛❝t ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✳ ❲❤✐❧❡ ❡①✐st✐♥❣ st✉❞✐❡s t②♣✐❝❛❧❧② ❡①♦❣❡♥♦✉s❧② ❛❞❞ ♥♦✐s❡ tr❛❞❡rs

✇✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✱ ✇❡ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ❜② ❡♥❞♦❣❡♥✐③✐♥❣ ❧✐q✉✐❞✐t② tr❛❞✐♥❣

✐♥ ❈❙✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ❢❛❝t♦r ✐♥✈❡st♦rs ❝❛♥ tr❛❞❡ ❈❙ ❛♥❞ ♦♥❡ ♦❢ t❤❡

✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ ❙❡❝t✐♦♥ ✸ ❞✐s❝✉ss❡s t❤❡ ❝❛s❡ ✇❤❡r❡ ❢❛❝t♦r ✐♥✈❡st♦rs st✐❧❧ ❝❛♥ ♦♥❧② tr❛❞❡ ♦♥❡

♦❢ t❤❡ t❤r❡❡ s❡❝✉r✐t✐❡s✱ ❛s ❛ r❡❞✉❝❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♠❛r❦❡t t❤❛t ♥♦t ❢✉❧❧② s♣❛♥♥❡❞ ❡✈❡♥

❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❈❙✳

❆ss❡t s♣❡❝✉❧❛t♦r ✐♥ ♠❛r❦❡t i ❞♦❡s ♥♦t ❤❛✈❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ✐♥ ♠❛r❦❡t j ❛♥❞ ❢❛❝❡s

❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❢r♦♠ ❛ss❡t s♣❡❝✉❧❛t♦r j✳ ❙✐♠✐❧❛r❧②✱ ❛ss❡t ❧✐q✉✐❞✐t② tr❛❞❡rs ✐♥ ♠❛r❦❡t i ❞♦

♥♦t ❢✉❧✜❧❧ t❤❡✐r ❧✐q✉✐❞✐t② ♥❡❡❞s ❜② tr❛❞✐♥❣ ❛ss❡t j✱ ②❡t ❢❛❝❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ ♥❡✐✲

t❤❡r tr❛❞❡s ❈❙ ❜❡❝❛✉s❡ ❞♦✐♥❣ s♦ r❡❞✉❝❡s ♣r♦✜t ♦r ✐♥❝r❡❛s❡s tr❛❞✐♥❣ ❝♦st✳ ❙✉♣♣♦s❡ t❤r♦✉❣❤

tr❛❞✐♥❣ ❈❙ ❛♥❞ ♣♦t❡♥t✐❛❧❧② ♦♥❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs

❛r❡ ❡✛❡❝t✐✈❡ tr❛❞✐♥❣ t❤❡ t✇♦ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✐♥ ♣r♦♣♦rt✐♦♥s
(

ηwS
1 , ηw

S
2

)

❛♥❞
(

τ
β1

wL
1 ,

τ
β2

wL
2

)

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ wS
1 +wS

2 = wL
1 +wL

2 = 1 ❢♦r ♥♦r♠❛❧✐③❛t✐♦♥✱ t❤❡♥ ♠❛r❦❡t ♠❛❦❡r i ♦❜s❡r✈❡s

t❤❡ t♦t❛❧ ♦r❞❡r

✭✸✮ ωi = αiχi + wS
i ηξ + n̂i + wL

i

τ

βi

❛♥❞ s❡ts t❤❡ ♣r✐❝❡ Pi = λCS
i ωi✱ ✇❤❡r❡

✭✹✮ λCS
i =

αiσ
2
ǫi
+ βiw

S
i ησ

2
γ

α2
i

(

σ2
ǫi
+ σ2

νi

)

+ (wS
i )

2
η2
(

σ2
γ + σ2

ξ

)

+ σ2
n̂i
+ (wL

i )
2 σ2

τ

β2

i

❋✐①✐♥❣
(

wS
1 , w

S
2

)

✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❝❤♦♦s❡s

✭✺✮ η = argmax
η

E

[

ηζ
∑

i=1,2

wS
i (βiγ + ǫi − Piωi)|ζ

]

❛♥❞ ❣❡ts ♣r♦✜t



✶✷

✭✻✮ ΠCS
γ =

(

wS
1 β1 + wS

2 β2

)2

4
(

λCS
1 (wS

1 )
2
+ λCS

2 (wS
2 )

2
)

(

σ2
γ − σ2

ξ

)

❚❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ tr❛❞✐♥❣ ❝♦st ✐s

✭✼✮ CCS
F =

λCS
1

(

wL
1

)2
+ λCS

2

(

wL
2

)2

(wL
1 β1 + wL

2 β2)
2 σ2

τ

▲❡♠♠❛ ✷ ✭❚r❛❞✐♥❣ ❘❛t✐♦ ❉✉❛❧✐t②✮

●✐✈❡♥ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝✐♥❣ str❛t❡❣✐❡s✱ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts t❤❛t ♠❛①✲

✐♠✐③❡s t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s ♣r♦✜t ❛❧s♦ ♠✐♥✐♠✐③❡s ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ ❝♦sts✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ❜♦t❤ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs ❛s ❛ ❣r♦✉♣ ✇❛♥t t♦

♠❛①✐♠✐③❡ ❢❛❝t♦r ❡①♣♦s✉r❡ ♣❡r ✉♥✐t ♦❢ tr❛❞❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ❣r❡❛t❡r ❡①♣❧♦✐t❛t✐♦♥ ♦❢ t❤❡ ✐♥❢♦r♠❛✲

t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ❢♦r t❤❡ s♣❡❝✉❧❛t♦r ❛♥❞ ❣r❡❛t❡r ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ ❡①♣♦s✉r❡ ♥❡❡❞s ❢♦r ❧✐q✉✐❞✐t②

tr❛❞❡rs✳ ❚❤❡✐r ♣r♦❣r❛♠s ❛r❡ ✐s♦♠♦r♣❤✐❝ ❜❡❝❛✉s❡ ❜♦t❤ tr❛❞❡rs ❢❛❝❡ t❤❡ s❛♠❡ tr❛❞✐♥❣ ❝♦st✱

✇❤✐❝❤ t❤❡② ♠✐♥✐♠✐③❡ t❤r♦✉❣❤ tr❛❞✐♥❣ ✐♥ ❝❡rt❛✐♥ ♣r♦♣♦rt✐♦♥s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✱ ❛♥❞

t❤❡r❡❢♦r❡ ❜♦t❤ ♣r❡❢❡r t❤❡ s❛♠❡ tr❛❞✐♥❣ r❛t✐♦ ❢♦r ❛❧❧ ❢❛❝t♦r ✐♥✈❡st♦rs✳ ▲❡♠♠❛ ✷ ❛❧❧♦✇s ✉s t♦

❞❡r✐✈❡ t❤❡ tr❛❞✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❈❙✳

Pr♦♣♦s✐t✐♦♥ ✶ ✭❋❛❝t♦r✲■♥✈❡st✐♥❣ ❊q✉✐❧✐❜r✐✉♠✮

❆♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❈❙ tr❛❞✐♥❣ ❡①✐sts✳ ❚❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs s✉❜♠✐t

Xi(χi) =
χi

2λCS
i

❛♥❞ n̂i ✐♥ ♠❛r❦❡t i❀ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs ❡✛❡❝t✐✈❡❧② tr❛❞❡

t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✐♥ ♣r♦♣♦rt✐♦♥ wS
1 : wS

2 = wL
1 : wL

2 = β1

λCS
1

: β2

λCS
2

✱ ❛♥❞ ♠❛r❦❡t ♠❛❦❡rs s❡t

t❤❡ ♣r✐❝❡ ❛❝❝♦r❞✐♥❣ t♦ Pi(ωi) = λCS
i ωi✱ ✇❤❡r❡ λCS

1 ✱ λCS
2 ❛♥❞ η ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

✭✽✮ η =
1

2

(

β1

λCS
1

+
β2

λCS
2

)

✭✾✮
1

4β2
i σ

2
τ

(

σ2
ǫi
− σ2

νi

)

+
1

4σ2
τ

(

σ2
γ − σ2

ξ

)

− 1

β2
i σ

2
τ

(

λCS
i

)2
σ2
n̂i

=

(

λCS
1 λCS

2

λCS
2 β2

1 + λCS
1 β2

2

)2

, i = 1, 2.
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❍♦❧❞✐♥❣ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s tr❛❞✐♥❣ t❤❡ s❛♠❡ ❛s ✐♥ ▲❡♠♠❛ ✶✱ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❝❛♥

❛❝❤✐❡✈❡ ❛t ❧❡s❛t t❤❡ s❛♠❡ ♣❛②♦✛ ❛s ✐♥ ▲❡♠♠❛ ✶ ❜② s❡tt✐♥❣ wL
i =

fiβj

fjβi+fiβj
, i 6= j✳ ❚❤✐s ✐s

r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ✏❞✐✈❡rs✐✜❝❛t✐♦♥✑ ❜❡♥❡✜ts ♦❢ ❈❙ tr❛❞✐♥❣ t♦ ❞✐s❝r❡t✐♦♥❛r② ❧✐q✉✐❞✐t② tr❛❞❡rs ✐♥

❙✉❜r❛❤♠❛♥②❛♠ ✭✶✾✾✶✮ ❛♥❞ ●♦rt♦♥ ❛♥❞ P❡♥♥❛❝❝❤✐ ✭✶✾✾✸✮✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❢❛❝t♦r ❧✐q✉✐❞✐t②

tr❛❞❡rs ♠✐t✐❣❛t❡ ❛ss❡t✲s♣❡❝✐✜❝ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❜② tr❛❞✐♥❣ t❤❡ ❜❛s❦❡t r❛t❤❡r t❤❛♥ t❤❡ ♣♦rt❢♦✲

❧✐♦ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❛ss❡ts✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ♥♦ ❛ss❡t s♣❡❝✉❧❛t♦r ❤♦❧❞s ❛❜s♦❧✉t❡ ✐♥❢♦r♠❛t✐♦♥❛❧

❛❞✈❛♥t❛❣❡ ❛❣❛✐♥st t❤❡♠ ✐♥ t❤❡ ♠❛r❦❡t✳ ❙✐♠✐❧❛r❧②✱ ✇❤❡♥ ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ r✐s❦ ❛✈❡rs❡✱ ❛

❜❛s❦❡t r❡❞✉❝❡s t❤❡ ✈❛r✐❛♥❝❡ ✐♥ ❛ss❡ts✬ t♦t❛❧ ✈❛❧✉❡✱ ❛♥❞ t❤✉s t❤❡ ❝♦st ♦❢ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥✳ ❚❤❡

✉♥❞❡r❧②✐♥❣ ♠❡❝❤❛♥✐s♠ ❤❡r❡ ✐s r❛t❤❡r ❞✐✛❡r❡♥t✿ r❛t❤❡r t❤❛♥ r❡❧②✐♥❣ ♦♥ r✐s❦✲❛✈❡rs✐♦♥✱ ♦r s❡♣❛✲

r❛t❡ ♠❛r❦❡t ♠❛❦✐♥❣ ❛♥❞ ♠✐s♣r✐❝✐♥❣ ❜❡t✇❡❡♥ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❛♥❞ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t✐❡s✱ ✇❡

❡♠♣❤❛s✐③❡ t❤❡ ✏❝♦♦r❞✐♥❛t✐♦♥✑ ❜❡♥❡✜ts ♦❢ ❈❙ ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✇❤♦ ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧✳

❲✐t❤♦✉t ❈❙✱ t❤❡② ❝♦❧❧❡❝t✐✈❡❧② ❛r❡ tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✐♥ ♣r♦♣♦rt✐♦♥ f1✿f2✱ ❛♥❞ ❛ ❈❙

❝❛♥ ❝♦♦r❞✐♥❛t❡ t❤❡ tr❛❞❡rs t♦ tr❛❞❡ ✐♥ ❛ ❞✐✛❡r❡♥t ♣r♦♣♦rt✐♦♥ t♦ ♠❛①✐♠✐③❡ t❤❡ ✏❞✐✈❡rs✐✜❝❛t✐♦♥✑

❜❡♥❡✜ts✳ ▼♦r❡♦✈❡r✱ ♦♥❝❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✱ ✐t ✐s ✉♥❝❧❡❛r ✐❢ t❤✐s ✏❞✐✈❡rs✐✜❝❛t✐♦♥✑

❜❡♥❡✜t ♦✉t✇❡✐❣❤s t❤❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❢r♦♠ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✳ ❲❡ t❤✉s ♣♦✐♥t ♦✉t t❤❡ ❢❛❝t

t❤❛t ✐♥tr♦❞✉❝✐♥❣ ❈❙ ♠❛② ♥♦t ❛❧✇❛②s ❜❡♥❡✜t t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✳

❈♦rr❡s♣♦♥❞✐♥❣❧②✱ ❤♦❧❞✐♥❣ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ tr❛❞✐♥❣ t❤❡ s❛♠❡ ❛s ✐♥ ▲❡♠♠❛ ✶✱ t❤❡ ❢❛❝t♦r

s♣❡❝✉❧❛t♦r✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ✇❡❛❦❧② ✐♠♣r♦✈❡❞ ❜❡❝❛✉s❡ t❤❡② ❝❛♥ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ ♣❛②♦✛ ❛s ✐♥

▲❡♠♠❛ ✶ ❜② s❡tt✐♥❣ (wS
1 , w

S
2 ) = (1, 0)✳ ❲❡ ❝❛❧❧ t❤✐s ♣r✐❝❡ ✐♠♣❛❝t ✏❞✐✈❡rs✐✜❝❛t✐♦♥✑ ❜❡♥❡✜t

t♦ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✱ ✇❤✐❝❤ ❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❈❙ ❡①♣❛♥❞s ❛❝❝❡ss✐❜❧✐t② ♦❢

✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ ❚❤❡ ❢❛❝t♦r s♣❡❝✉❛❧t♦r ❝❛♥ r❡❞✉❝❡ ❤✐s ♣r✐❝❡ ✐♠♣❛❝t ❜② s✐♠✉❧t❛♥❡♦✉s❧② tr❛❞✐♥❣

❛❧❧ ❛ss❡ts ✐♥ ♦♣t✐♠✐③❡❞ ♣r♦♣♦rt✐♦♥s✳ ❆❣❛✐♥✱ ✐❢ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs

❜♦t❤ ❡♥❞♦❣❡♥♦✉s❧② ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ tr❛❞❡ ❈❙✱ ✐t ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ t❤❛t ❜♦t❤ ❛r❡ ❜❡tt❡r ♦✛✳

❚❤❡ ♥❡①t s❡❝t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡s❡ ❜❡♥❡✜ts t♦ ❞♦♠✐♥❛t❡ ❛♥❞ ❞✐s❝✉ss❡s t❤❡♠

✐♥ ♠♦r❡ ❞❡t❛✐❧s ✇❤❡♥ ✇❡ ❡♥❞♦❣❡♥✐③❡ ❈❙ ❉❡s✐❣♥✳

❚❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ r❡❧✐❡s ♦♥ t❤❡ ❢❛❝t t❤❛t ❛❞❞✐♥❣ ❈❙ s♣❛♥s t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t s♣❛❝❡

✇❤❡♥ N = 2✳ ❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ✐s t❤❛t ❡✈❡♥ ✇✐t❤ N > 2✱ ❡♥❞♦❣❡♥♦✉s ❈❙ ❞❡s✐❣♥ ②✐❡❧❞s

t❤❡ s❛♠❡ ❢❛❝t♦r✲✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥✐q✉❡ ✇✐t❤ ❛❧❧ ❢❛❝t♦r ✐♥✲

✈❡st♦rs tr❛❞✐♥❣ ❈❙ ✇❤❡r❡❛s ❡❛r❧✐❡r st✉❞✐❡s t②♣✐❝❛❧❧② ❛❞♠✐t ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡ ♣r❡s❡♥❝❡

♦❢ ❈❙✳
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✸✳ ❈♦♠♣♦s✐t❡ ❙❡❝✉r✐t② ❉❡s✐❣♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡♥❞♦❣❡♥✐③❡ ❈❙ ❞❡s✐❣♥✱ ♣r♦✈❡ ❡①✐st❡♥❝❡ ♦❢ ❢❡❛s✐❜❧❡ ❞❡s✐❣♥s✱ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡

t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ❢❛❝t♦r

s♣❡❝✉❧❛t♦r✬s ✐♥❢♦r♠❡❞♥❡ss✱ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ tr❛❞✐♥❣ ♥❡❡❞s✱ ❛♥❞ ❈❙ s♣♦♥s♦rs✬ ❝❧✐❡♥ts✳

❇❡❝❛✉s❡ wS
1 : wS

2 = wL
1 : wL

2 ✱ ❛ ❞❡s✐❣♥ ✇✐t❤ t❤❡ s❛♠❡ ✇❡✐❣❤ts ✐♥t✉✐t✐✈❡❧② ❛ttr❛❝ts ❛❧❧ ❢❛❝t♦r

✐♥✈❡st♦rs✳ ❚❤❡ tr❛❞✐♥❣ ♣r♦✜t ❛♥❞ ❝♦sts ❢r♦♠ ❈❙ ❢♦r ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

ΠCS
γ =

(w1β1 + w2β2)
2

4 (λCS
1 w2

1 + λCS
2 w2

2)

(

σ2
γ − σ2

ξ

)

❛♥❞ CCS
F =

λCS
1 w2

1 + λCS
2 w2

2

(w1β1 + w2β2)2
σ2
τ

♦♥❝❡ ❛❣❛✐♥ ✇❡ ❤❛✈❡ ❛ ❞✉❛❧✐t② ♣r♦♣❡rt② ❜❡❝❛✉s❡ ΠCS
γ ❛♥❞ CCS

F ❛r❡ ❡①❛❝t❧② ✐♥✈❡rs❡❧② r❡❧❛t❡❞

✇❤❡♥ t❤❡ ❞❡s✐❣♥ ❝❤❛♥❣❡s✳

Pr♦♣♦s✐t✐♦♥ ✷ ✭❉❡s✐❣♥ ❉✉❛❧✐t②✮

❚❤❡ ❞❡s✐❣♥ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s ♣r♦✜t ❢r♦♠ tr❛❞✐♥❣ ❈❙ ❛❧s♦ ♠✐♥✐♠✐③❡s ❢❛❝t♦r

❧✐q✉✐❞✐t② tr❛❞❡rs✬ tr❛❞✐♥❣ ❝♦st ❢r♦♠ ❈❙✳

Pr♦♣♦s✐t✐♦♥ ✶ ❛♥❞ ✷ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❤✐❝❤ s❤♦✇s s✉❝❤ ❛ ❞❡s✐❣♥ ❡♠❡r❣❡s ✐♥

❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡s ✐t✳

❚❤❡♦r❡♠ ✶ ✭❖♣t✐♠❛❧ ❉❡s✐❣♥✮

❚❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ ❈❙ ❞❡s✐❣♥ ✇✐t❤ ✇❡✐❣❤ts (w1, w2) s❛t✐s❢②✐♥❣ wi =
βiλ

CS
j

βiλ
CS
j +βjλ

CS
i

,i 6= j✱ ✇❤❡r❡

λCS
i s ❛r❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥s ✭✽✮ ❛♥❞ ✭✾✮✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ❧❡❛❞s t♦ ❛♥ ✉♥✐q✉❡

❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛❧❧ ❢❛❝t♦r ✐♥✈❡st♦rs tr❛❞❡ ❈❙✳✶✷

❚❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥t✉✐t✐✈❡✿ ❜❡❝❛✉s❡ w1 : w2 = β1

λCS
1

: β2

λCS
2

✱ ✐t ♣✉ts ♠♦r❡

✇❡✐❣❤t ♦♥ ❧✐q✉✐❞ ✭❧♦✇ λCS✮ ❛♥❞ r❡♣r❡s❡♥t❛t✐✈❡ ✭❤✐❣❤ β✮ ❛ss❡ts✳ ❲❤❡♥ t❤❡ ♠❛r❦❡t ✐s s♣❛♥♥❡❞✱

t❤✐s ❞❡s✐❣♥ ❡♥s✉r❡s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ tr❛❞❡rs ✇♦✉❧❞ ♥♦t ❞❡✈✐❛t❡❀ ✇❤❡♥ t❤❡ ♠❛r❦❡t ✐s ❢✉❧❧②

s♣❛♥♥❡❞ ❛♥❞ ❢❛❝t♦r ✐♥✈❡st♦rs ❝❛♥ ♦♥❧② tr❛❞❡ ♦♥❡ ❛ss❡t ✭s♦ ✐♥✜♥✐t❡s✐♠❛❧ tr❛❞❡rs ✇♦✉❧❞ ♥♦t

❞❡✈✐❛t❡ t♦ tr❛❞❡ ❜♦t❤ ❛♥ ✉♥❞❡r❧②✐♥❣ ❛♥❞ ❈❙✮✱ t❤❡② ✇♦✉❧❞ ❛❧s♦ ♣r❡❢❡r t❤✐s ❞❡s✐❣♥ ❜❡❝❛✉s❡ ✐t

♦♣t✐♠✐③❡s t❤❡✐r ♦❜❥❡❝t✐✈❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r✐❡s ❞❡s❝r✐❜❡ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥✬s ✉♥✐q✉❡♥❡ss

❛♥❞ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♠♦❞❡❧ ♣r✐♠✐t✐✈❡s✳

✶✷❚❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✇♦✉❧❞ ♥♦t ❜❡ ✉♥✐q✉❡ ✐❢ ✇❡ r❡❧❛① t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t ❈❙ s♣♦♥s♦rs ✇❛♥t t♦ ❛ttr❛❝t ❛❧❧
♦r❞❡rs ❢r♦♠ ❢❛❝t♦r ✐♥✈❡st♦rs✱ ❜❡❝❛✉s❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠❜✐♥❡ ❈❙ ❛♥❞ ♦♥❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts t♦ ❛❝❤✐❡✈❡
t❤❡ s❛♠❡ ♣r♦♣♦rt✐♦♥ ♦❢ tr❛❞✐♥❣ ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳
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❈♦r♦❧❧❛r② ✶✳✶ ✭❯♥✐q✉❡♥❡ss ❛♥❞ ▼❛r❦❡t ❙♣❛♥♥✐♥❣✮

❚❤❡ ♦♣t✐♠❛❧ ❈❙ ❞❡s✐❣♥ ✐s ✉♥✐q✉❡ ✇❤❡♥ t❤❡ ♠❛r❦❡t ✐s ♥♦t s♣❛♥♥❡❞ ✭tr❛❞❡rs ❝❛♥ ♦♥❧② tr❛❞❡ ♦♥❡

❛ss❡t ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❈❙✮✳ ❲❤❡♥ t❤❡ ♠❛r❦❡t ✐s s♣❛♥♥❡❞✱ ✐❢ ❢♦r t❤❡ s❛♠❡ ♠❛①✐♠✉♠ ❝❧✐❡♥t

♣❛②♦✛✱ ❈❙ s♣♦♥s♦rs ♠❛①✐♠✐③❡ t❤❡ ♣❡r❝❡t❛❣❡ ♦❢ ❝❧✐❡♥ts✬ tr❛❞❡s t❤r♦✉❣❤ ❈❙✱ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥

✐s ❛❧s♦ ✉♥q✉❡✳✶✸

❈♦r♦❧❧❛r② ✶✳✷ ✭❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s✮

❆ss❡t i✬s ✇❡✐❣❤t wi ✐♥ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ σn̂i
✱ βi✱ σǫj ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ σǫi✱

βj✱ σn̂j
✱ ❢♦r i = 1, 2 ❛♥❞ j = 3− i✳

■♥t✉✐t✐✈❡❧②✱ ❚❤❡♦r❡♠ ✶ ❛♥❞ ❈♦r♦❧❧❛r② ✶✳✷ s✉❣❣❡st t❤❛t ❛ ❈❙ ❞❡s✐❣♥❡r ❛❧❧♦❝❛t❡s ♠♦r❡ ✇❡✐❣❤ts

♦♥ ❛ss❡ts ♠♦r❡ ❡①♣♦s❡❞ t♦ t❤❡ s②st❡♠❛t✐❝ ❢❛❝t♦r✱ ❤❛✈✐♥❣ ❧❡ss ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❛s②♠✲

♠❡tr②✱ ❛♥❞ ✇✐t❤ ♠♦r❡ ♥♦✐s❡ tr❛❞✐♥❣✳ ❋♦r ❛♥② ✐♥❞✐✈✐❞✉❛❧ ❈❙ s♣♦♥s♦r✱ t❤❡ ❛❜♦✈❡ ❞❡s✐❣♥ ✐s r♦❜✉st

t♦ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❛s s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ♥❡①t t❤❡♦r❡♠✳

Pr♦♣♦s✐t✐♦♥ ✸ ✭■rr❡❧❡✈❛♥❝❡ Pr✐♥❝✐♣❧❡s✮

❚❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ❜② ❛ ❈❙ s♣♦♥s♦r ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❤✐s ❝❧✐❡♥ts ✭❝❧✐❡♥t

✐rr❡❧❡✈❛♥❝❡✮✱ ♦r t❤❡✐r ✐♥❢♦r♠❡❞♥❡ss ♦❢ t❤❡ ❢❛❝t♦r ✭✐♥❢♦r♠❡❞♥❡ss ✐rr❡❧❡✈❛♥❝❡✮✱ ♦r t❤❡✐r ❡①♣♦s✉r❡

r❡q✉✐r❡♠❡♥ts ✭❧✐q✉✐❞✐t②✲♥❡❡❞s ✐rr❡❧❡✈❛♥❝❡✮✳

❚❤❡ ✜rst ✐rr❡❧❡✈❛♥❝❡ ♣r✐♥❝✐♣❧❡ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ t❤❡ ♦t❤❡r t✇♦ ❢♦❧❧♦✇

❢r♦♠ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ♦❢ ❈❙ s♣♦♥s♦rs✳ ❉✉❛❧✐t② ❛❧s♦ ❡♥s✉r❡s t❤❛t ❛ ❈❙ s♣♦♥s♦r ❝❛♥ ✜♥❞ ❛

s✐♥❣❧❡ ❞❡s✐❣♥ t❤❛t ❝❛t❡rs t♦ ❜♦t❤ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs✱ t❤✉s ❛ttr❛❝t✐♥❣ ❛❧❧

❢❛❝t♦r ✐♥✈❡st♦rs✬ tr❛❞❡s ✐❢ ❤❡ ♣r❡❢❡rs✳ ❇❡❝❛✉s❡ ❡❛❝❤ ❈❙ s♣♦♥s♦r ✇❛♥ts t♦ ❛ttr❛❝t t❤❡ ♠❛①✐♠✉♠

❢❛❝t♦r ✐♥✈❡st♦rs✱ t❤❡② ❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ❞❡s✐❣♥ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥❢♦r♠❡❞♥❡ss ♦❢ t❤❡ ❢❛❝t♦r

s♣❡❝✉❧❛t♦r ❛♥❞ ❛❣❣r❡❣❛t❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② ❞❡♠❛♥❞ ✭t❤r♦✉❣❤ λCS
i ) ✐♥ t❤❡ ♠❛r❦❡t✱ ❜✉t ❞♦❡s ♥♦t

❞❡♣❡♥❞ ♦♥ t❤♦s❡ ♦❢ t❤❡ ❛❝t✉❛❧ ❝❧✐❡♥ts ❤❡ ❣❡ts✳

❲❡ ♥♦✇ t✉r♥ t♦ ♦♥❡ ❝❡♥tr❛❧ q✉❡st✐♦♥ ❡❛r❧✐❡r st✉❞✐❡s ❛s❦✿ ❞♦ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s s✉❝❤ ❛s

❊❚❋s r❡❞✉❝❡ t❤❡ tr❛❞✐♥❣ ❝♦st ♦❢ ❞✐s❝r❡t✐♦♥❛r② ❧✐q✉✐❞✐t② tr❛❞❡rs❄

✶✸❋✐①✐♥❣ ❛ ❝❧✐❡♥t✬s ♣r♦✜t✱ ❛ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ tr❛❞✐♥❣ ✭♦r t♦t❛❧ ♦r❞❡r ✢♦✇ ✐♥ s❤❛r❡s ♦r ❞♦❧❧❛r ❛♠♦✉♥ts✮ t❤r♦✉❣❤
❈❙ r❡♣r❡s❡♥ts ❛ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❝❧✐❡♥ts✬ ❛ss❡t ♠❛♥❛❣❡❞ ❛t t❤❡ ❈❙ ❢✉♥❞✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❝♦rr❡s♣♦♥❞s t♦
❛ ❤✐❣❤❡r ♠❛♥❛❣❡♠❡♥t ❢❡❡ ❝♦❧❧❡❝t❡❞✳ ❆❞❞✐♥❣ t❤✐s r❡q✉✐r❡♠❡♥t ♣✐♥s ❞♦✇♥ t❤❡ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✉♥❞❡r
s♣❛♥♥❡❞ ♠❛r❦❡t✱ ♦t❤❡r✇✐s❡ ❛ tr❛❞❡r ❝❛♥ ♣♦t❡♥t✐❛❧❧② ✉s❡ ♠✉❧t✐♣❧❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ❛♥❞
❈❙ t♦ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ ♣❛②♦✛✳
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Pr♦♣♦s✐t✐♦♥ ✹ ✭❋❛❝t♦r ■♥✈❡st♦rs✬ ❲❡❧❢❛r❡✮

❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ ✐s ✇❡❧❢❛r❡✲✐♠♣r♦✈✐♥❣ ❢♦r ❜♦t❤ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t②

tr❛❞❡rs ❛s ❛ ❣r♦✉♣ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✶✵✮
β2
1

λCS
1

+
β2
2

λCS
2

>
β2
1

λN
1

+
β2
2

λN
2

,

✇❤❡r❡ t❤❡ λ✬s ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ▲❡♠♠❛ ✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛s ❧♦♥❣ ❛s t❤❡

❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ ❜❡tt❡r ♦✛✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✐s ❜❡tt❡r ♦✛✳

■♥t✉✐t✐✈❡❧②✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s ♣r♦✜t ✐♥ ♠❛r❦❡t i ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ β2
i ❛♥❞ ✐♥✈❡rs❡❧②

♣r♦♣♦rt✐♦♥❛❧ t♦ λi ✱ ❛♥❞ t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ ❝♦st ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ β2
i ❛♥❞

♣r♦♣♦rt✐♦♥❛❧ t♦ λi✳ ❋❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❤❛✈❡ ❧❡ss ♣r✐❝❡ ✐♠♣❛❝t t❤❛♥ ❢❛❝t♦r s♣❡❝✉❧❛t♦r t♦

st❛rt ✇✐t❤ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧ ❛♥❞ s❡♣❛r❛t❡ ✐♥t♦ tr❛❞✐♥❣ t✇♦ ❛ss❡ts ❡✈❡♥ ✇✐t❤♦✉t

❈❙✳ ❚❤❡r❡❢♦r❡ ✐❢ ❈❙ r❡❞✉❝❡s t❤❡✐r tr❛❞✐♥❣ ❝♦st✱ ✐t ♠✉st r❡❞✉❝❡ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s tr❛❞✐♥❣

❝♦st✳

❋♦r ❡①♦❣❡♥♦✉s❧② ❣✐✈❡♥ ❈❙ ❞❡s✐❣♥ (w1, w2)✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s
λCS
1

w2

1
+λCS

2
w2

2

(w1β1+w2β2)
2 <

λN
i fi

β2

i

.▼❛♥②

♣r✐♦r st✉❞✐❡s ❢♦❝✉s ♦♥ ❡✐t❤❡r t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ ♦r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s ♣❛②♦✛✱ ❛♥❞

✜① ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ♦t❤❡r ❣r♦✉♣ t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✳ ■♥ s✉❝❤ ❝❛s❡s t❤❡r❡

✐♥❞❡❡❞ ❡①✐sts ❛ ❈❙ t❤❛t ✐s ❜❡♥❡✜t✐❛❧ t♦ ❡✐t❤❡r ❣r♦✉♣✿

❈♦r♦❧❧❛r② ✹✳✶

❲❤❡♥ t❤❡ tr❛❞✐♥❣ str❛t❡❣✐❡s ♦❢ t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ ❡①♦❣❡♥♦✉s❧② ✜①❡❞ ❜❡❢♦r❡ ❛♥❞

❛❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✱ t❤❡r❡ ❡①✐sts ❛ ❞❡s✐❣♥ t❤❛t ❧❡❛❞s t♦ ❤✐❣❤❡r ♣r♦✜t ❢♦r t❤❡ ❢❛❝t♦r

s♣❡❝✉❧❛t♦r t❤r♦✉❣❤ tr❛❞✐♥❣ ❈❙s ❛❧♦♥❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❈♦r♦❧❧❛r② ✹✳✷

❲❤❡♥ t❤❡ tr❛❞✐♥❣ str❛t❡❣② ♦❢ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✐s ❡①♦❣❡♥♦✉s❧② ✜①❡❞ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✱ t❤❡r❡ ❡①✐sts ❛ ❞❡s✐❣♥ t❤❛t r❡s✉❧ts ✐♥ ❧♦✇❡r tr❛❞✐♥❣ ❝♦sts ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t②

tr❛❞❡rs t❤r♦✉❣❤ tr❛❞✐♥❣ ❈❙s ❛❧♦♥❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❍♦✇❡✈❡r✱ ✐♥ ❛ ❢❛❝t♦r✲✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ❜♦t❤ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t②

tr❛❞❡rs s✇✐t❝❤ t♦ ❈❙ ❛❢t❡r ✐ts ✐♥tr♦❞✉❝t✐♦♥✱ ✐t ✐s t❤✉s ♥♦ ❧♦♥❣❡r ❣✉❛r❛♥t❡❡❞ t❤❛t ❜♦t❤ ❛r❡ ❜❡tt❡r

♦✛✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐♥ t❤❡ Pr♦♣♦s✐t✐♦♥ ✹ ✐s ✉s❡❢✉❧ ✐♥ ✐♥❢♦r♠✐♥❣ ✉s ✇❤❡t❤❡r ❢❛❝t♦r

✐♥✈❡st♦rs ❛r❡ ❜❡tt❡r ♦✛ ✇✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✳ ■♥ ❢❛❝t✱ ✇❤❡♥ ✇❡ ❛❧❧♦✇ ♠✐①❡❞ str❛t❡❣✐❡s✱
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t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❞❡s✐❣♥s ✭✐♥❝❧✉❞✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥✮ t❤❛t ✐♠♣r♦✈❡ t❤❡ ♣❛②♦✛s ♦❢ ❜♦t❤

t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❧✐q✉✐❞✐t② tr❛❞❡rs✱ ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ♣♦♣✉❧❛r✐t② ♦❢ ❈❙✳

❋✐♥❛❧❧②✱ t♦ ❝❧♦s❡ t❤❡ ❧♦♦♣✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ❢❡❛s✐❜❧❡ ❞❡s✐❣♥s ❡①✐st t♦ s✉♣♣♦rt ❢❛❝t♦r✲

✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❈❙✳ ❲❤✐❧❡ t❤✐s ✐s tr✐✈✐❛❧ ✇❤❡♥ t❤❡ ♠❛r❦❡t ✐s s♣❛♥♥❡❞ ✭N = 2✮✱ ✇❡

s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ s✉♣♣♦rts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡✈❡♥ ✇❤❡♥ t❤❡ ♠❛r❦❡t ✐s ♥♦t s♣❛♥♥❡❞

✭N > 2 ♦r ♦♥❡ ❝❛♥ ♦♥❧② tr❛❞❡ ♦♥❡ ❛ss❡t ✐♥❝❧✉❞✐♥❣ ❈❙✮✳

Pr♦♣♦s✐t✐♦♥ ✺ ✭❊①✐st❡♥❝❡✮

❚❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛ ❢❡❛s✐❜❧❡ ❞❡s✐❣♥ t❤❛t ❧❡❛❞s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t ✐♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ❛r❡ ❢❡❛s✐❜❧❡ ❞❡s✐❣♥s t❤❛t ❛ttr❛❝t ❢❛❝t♦r ✐♥✲

✈❡st♦rs✳ ❚❤✐s ♣♦t❡♥t✐❛❧❧② ❤❡❧♣s t♦ ❡①♣❧❛✐♥ t❤❡ ❞r❛st✐❝ ✐♥❝r❡❛s❡ ✐♥ ❈❙ ✈❛r✐❡t✐❡s✿ ♥♦t ♦♥❧② ❛r❡

t❤❡r❡ ♠✉❧t✐♣❧❡ ❢❛❝t♦rs t♦ ❞❡s✐❣♥ ❈❙s ❛r♦✉♥❞ ✭❡①t❡♥s✐✈❡ ♠❛r❣✐♥✮✱ t❤❡r❡ ❝❛♥ ❜❡ ♠✉❧t✐♣❧❡ ❢❡❛s✐❜❧❡

❈❙ ❞❡s✐❣♥s ❢♦r t❤❡ s❛♠❡ ❢❛❝t♦r ✭✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✮✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡② s❡r✈❡ ❞✐✛❡r❡♥t ❝❧✐❡♥✲

t❡❧❡s ♦✉ts✐❞❡ t❤❡ ♠♦❞❡❧ ✭❡✳❣✳ ✇✐t❤ ❞✐✛❡r❡♥t t❛① ❡①❡♠♣t✐♦♥s✮✳ ❖✉r r❡s✉❧ts ❛r❡ ❛❧s♦ ❝♦♥s✐st❡♥t

✇✐t❤ ❙t❛♠❜❛✉❣❤ ✭✷✵✶✹✮✱ ✐♥ t❤❛t t❤❡ ❞❡❝❧✐♥❡ ✐♥ ♥♦✐s❡ tr❛❞✐♥❣ ✐♥ ✐♥❞✐✈✐❞✉❛❧ ❛ss❡ts ✐♥❞❡❡❞ ❡❝❧✐♣s❡s

✇✐t❤ ❈❙ tr❛❞✐♥❣ ❜❡❝❛✉s❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❡♥❞♦❣❡♥♦✉s❧② s✇✐t❝❤ t♦ ❈❙✳ ❙✉❝❤ ❡♥❞♦❣❡♥♦✉s

s❡❝✉r✐t② ❝❤♦✐❝❡ ❜② tr❛❞❡rs✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ❈❙ ❞❡s✐❣♥✱ ❧❡❛❞s t♦ ❛ ✇✐❞❡ ❛rr❛② ♦❢

❛ss❡t ♣r✐❝✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s t❤❡ ♥❡①t s❡❝t✐♦♥ ❞✐s❝✉ss❡s✳

✹✳ ❆ss❡t Pr✐❝✐♥❣ ■♠♣❧✐❝❛t✐♦♥s

❲❡ ♥♦✇ ❡①❛♠✐♥❡ ❤♦✇ ✐♥tr♦❞✉❝✐♥❣ ❈❙ ❛✛❡❝ts ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✐♥ ✉♥❞❡r❧②✐♥❣ ❛ss❡t

♠❛r❦❡ts✱ ♣r✐❝❡ ✈♦❧❛t✐❧✐t②✱ ❝♦✲♠♦✈❡♠❡♥ts✱ s②♥❝❤r♦♥✐❝✐t②✱ ❛♥❞ ♠❛r❦❡t ❧✐q✉✐❞✐t②✱ ❤✐❣❤❧✐❣❤t✐♥❣ t❤❡

❤❡t❡r♦❣❡♥❡♦✉s ✐♠♣❛❝t ♦♥ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✇✐t❤ ❞✐✛❡r❡♥t✐❛❧ ❧❡✈❡❧s ♦❢ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❛♥❞

❧✐q✉✐❞✐t② tr❛❞✐♥❣✳

✹✳✶ ■♥❢♦r♠❛t✐♦♥❛❧ ❊✣❝✐❡♥❝②

■t ✐s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ ✐♥tr♦❞✉❝✐♥❣ ❈❙ ❛✛❡❝ts t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♦❢

❛ss❡t ♣r✐❝❡s ❢♦r s❡✈❡r❛❧ r❡❛s♦♥s✳ ❋✐rst✱ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ss❡t ♣r✐❝❡s ❝❛♥ ❤❡❧♣ r❡❛❧ ❞❡❝✐s✐♦♥s✳

▼❛♥❛❣❡r✐❛❧ ❝♦♠♣❡♥s❛t✐♦♥s ❛r❡ ♦❢t❡♥ t✐❡❞ t♦ st♦❝❦ ♣r✐❝❡s✱ ❛♥❞ ♠❛r❦❡t ♣r✐❝❡ r❡❛❝t✐♦♥s t♦ r❡✲

❝❡♥t ❛♥♥♦✉♥❝❡♠❡♥ts ❝❛♥ ❤❡❧♣ t❤❡ ♠❛♥❛❣❡rs r❡✈✐s❡ ❡①♣❛♥s✐♦♥ ♦r ♠❡r❣❡r ♣❧❛♥s✳ ❙❡❝♦♥❞✱ ❛



✶✽

♠♦r❡ ❡✣❝✐❡♥t s❡❝♦♥❞❛r② ♠❛r❦❡t ♠✐t✐❣❛t❡s ❧❡♠♦♥✬s ♣r♦❜❧❡♠ ✐♥ t❤❡ ♣r✐♠❛r② ♠❛r❦❡t✳ ❚❤✐r❞✱

✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❛❧s♦ ❛✛❡❝ts ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥✳

❲❡ ❞❡✜♥❡ t❤r❡❡ t②♣❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✿ ✶✳ ❖✈❡r❛❧❧ ❊✣❝✐❡♥❝②✿ ❤♦✇ ♣r✐❝❡s r❡✢❡❝t

t❤❡ ✐♥tr✐♥s✐❝ ✈❛❧✉❡s ♦❢ t❤❡ ❛ss❡t❀ ✷✳ ❙②st❡♠❛t✐❝ ❊✣❝✐❡♥❝②✿ ❤♦✇ ♣r✐❝❡s ✐♥❝♦r♣♦r❛t❡ s②st❡♠❛t✐❝

✐♥❢♦r♠❛t✐♦♥❀ ✸✳ ❆ss❡t✲s♣❡❝✐✜❝ ❊✣❝✐❡♥❝②✿ ❤♦✇ ♣r✐❝❡s r❡✢❡❝t ✜r♠✲s♣❡❝✐✜❝ ♦r ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r✲

♠❛t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ♠❡❛s✉r❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❛s t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ♣r✐❝❡ ✇✐t❤ t❤❡

♦✈❡r❛❧❧✱ t❤❡ s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥t✱ ❛♥❞ t❤❡ ❛ss❡t✲s♣❡❝✐✜❝ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✐♥tr✐♥s✐❝ ✈❛❧✉❡ ♦❢

t❤❡ ❛ss❡t r❡s♣❡❝t✐✈❡❧②✳ ❲❡ r❡❢❡r t♦ ❛♥ ❛ss❡t ❛s r❡❧❛t✐✈❡❧② ❧✐q✉✐❞ ✐❢ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r tr❛❞❡s

✐t ♠♦r❡ t❤❛♥ t❤❡ ♦t❤❡r ❛ss❡t ❜❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✳ ❲❡ r❡❢❡r t♦ t❤❡ ♦t❤❡r ❛ss❡t ❛s

r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞✳

❚❤❡♦r❡♠ ✷ ✭■♥❢♦r♠❛t✐♦♥❛❧ ❊✣❝✐❡♥❝②✮

■♥tr♦❞✉❝✐♥❣ ❈❙ ✇❡❛❦❧② ❞❡❝r❡❛s❡s ❛ss❡t✲s♣❡❝✐✜❝ ❡✣❝✐❡♥❝②✱ ✐♥❝r❡❛s❡s s②st❡♠❛t✐❝ ❡✣❝✐❡♥❝②✱ ❛♥❞

✐♠♣r♦✈❡s ♦✈❡r❛❧❧ ❡✣❝✐❡♥❝②✳ ❚❤❡ ✐♠♣❛❝t ✐s ❜✐❣❣❡r ❢♦r r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ❛ss❡ts✳

❇❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ❈❙✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✇❛s tr❛❞✐♥❣ ❧❡ss ♦❢ t❤❡ r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ❛ss❡t

✭✐♥ ♦✉r ❜❛s❡❧✐♥❡ s❡t✉♣ ✇✐t❤ ♣✉r❡ str❛t❡❣✐❡s✱ ❤❡ ✐s ♥♦t tr❛❞✐♥❣ ✐t ❛t ❛❧❧✮✱ t❤❡r❡❢♦r❡ ❢❛❝t♦r ✐♥❢♦r✲

♠❛t✐♦♥ ✐s ♥♦t ❢✉❧❧② ✐♠♣♦✉♥❞❡❞ ✐♥t♦ t❤❡ ♣r✐❝❡✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❈❙ ❛❧❧♦✇s ❤✐s ✐♥❢♦r♠❛t✐♦♥❛❧

❛❞✈❛♥t❛❣❡ t♦ ❜❡ ❜❡tt❡r ❡①♣❧♦✐t❡❞✱ ❧❡❛❞✐♥❣ t♦ ♣r✐❝❡s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥

❛♥❞ ❛♥ ✐♥❝r❡❛s❡ ✐♥ s②st❡♠❛t✐❝ ❡✣❝✐❡♥❝②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ss❡t✲s♣❡❝✐✜❝ ❡✣❝✐❡♥❝② ❣♦❡s

❞♦✇♥ ❢♦r t✇♦ r❡❛s♦♥s✳ ❋✐rst✱ ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ✐s ♦✈❡rs❤❛❞♦✇❡❞ ❜② t❤❡ s②st❡♠❛t✐❝

✐♥❢♦r♠❛t✐♦♥ ✐♥❝♦r♣♦r❛t❡❞ t❤r♦✉❣❤ ❈❙ tr❛❞✐♥❣✳ ❙❡❝♦♥❞✱ ♦♥❝❡ ✇❡ ❛❧❧♦✇ ❤❡t❡r♦❣❡♥♦✉s ❝♦st ❛♥❞

❡♥❞♦❣❡♥✐③❡ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥✱ ❛ss❡t s♣❡❝✉❧❛t♦rs ✇✐t❤ ❤✐❣❤ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ❝♦sts

✜♥❞ ✐t ♥♦ ❧♦♥❣❡r ♣r♦✜t❛❜❧❡ t♦ ❛❝q✉✐r❡ ✐♥❢♦r♠❛t✐♦♥✱ ❧❡❛❞✐♥❣ t♦ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ❞r♦♣ ♦❢ ❛ss❡t✲

s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥t ✐♥ ♣r✐❝❡s ❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✳ ❙❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s t❤✐s s❡❝♦♥❞

❝❤❛♥♥❡❧ ✐♥ ♠♦r❡ ❞❡t❛✐❧s✳

❖✉r r❡s✉❧ts ❞✐✛❡r ❢r♦♠ ❙✉❜r❛❤♠❛♥②❛♠ ✭✶✾✾✶✮ ✇❤✐❝❤ ♣r❡❞✐❝ts t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❜❛s✲

❦❡t t❡♥❞s t♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ s❡❝✉r✐t② ❛♥❛❧②sts ❢♦r t❤❡ ♠♦st ❤❡❛✈✐❧② ✇❡✐❣❤t❡❞ s❡❝✉r✐t✐❡s ✐♥

t❤❡ ❜❛s❦❡t✱ ❛♥❞ ♣r✐❝❡s ♦❢ s✉❝❤ s❡❝✉r✐t✐❡s ✇✐❧❧ ❜❡❝♦♠❡ ♠♦r❡ ✐♥❢♦r♠❛t✐✈❡ ✐♥ t❤❡ s❡❝✉r✐t②✲s♣❡❝✐✜❝

❝♦♠♣♦♥❡♥t✳ ❖✉r ✜♥❞✐♥❣s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ♦♥ ❊❚❋s s✉❝❤ ❛s ■sr❛❡❧✐ ❡t ❛❧✳

✭✷✵✶✻✮ ✇❤✐❝❤ ❞♦❝✉♠❡♥ts t❤❛t ✜r♠s ❡①♣❡r✐❡♥❝✐♥❣ ❛ ✶✪ ✐♥❝r❡❛s❡ ✐♥ ❊❚❋ ♦✇♥❡rs❤✐♣ ❡①♣❡r✐❡♥❝❡

❛ ✷✶✪ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡✐r ❢✉t✉r❡ ❡❛r♥✐♥❣s r❡s♣♦♥s❡ ❝♦❡✣❝✐❡♥ts✱ ❛ ♠❡❛s✉r❡

♦❢ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ ❝✉rr❡♥t ✜r♠✲s♣❡❝✐✜❝ r❡t✉r♥s ❛♥❞ ❢✉t✉r❡ ✜r♠✲s♣❡❝✐✜❝ ❡❛r♥✐♥❣s✳ ■♥

❛♥♦t❤❡r st✉❞②✱ ●❧♦st❡♥ ❡t ❛❧✳ ✭✷✵✶✺✮ ✜♥❞ t❤❛t ❊❚❋ tr❛❞✐♥❣ ✐♥❝r❡❛s❡s ✐♥❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝② ❢♦r
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s♠❛❧❧ ✜r♠s ❛♥❞ ✜r♠s ✇✐t❤ ✐♠♣❡r❢❡❝t ❝♦♠♣❡t✐t✐✈❡ ❝❛♣✐t❛❧ ♠❛r❦❡ts ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ❛❣❣r❡❣❛t❡

❛❝❝♦✉♥t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥t♦ st♦❝❦ ♣r✐❝❡s ✐♥ ❛ t✐♠❡❧② ♠❛♥♥❡r✱ ❜✉t ✜♥❞ ♥♦ s✉❝❤ ❡✛❡❝t ❢♦r ❜✐❣

st♦❝❦s✳ ❈♦♥s✐st❡♥t ✇✐t❤ t❤❡✐r ✜♥❞✐♥❣s✱ ♦✉r ♠♦❞❡❧ r❡✈❡❛❧s t❤❛t t❤❡ r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ❛ss❡t

❡①♣❡r✐❡♥❝❡s ❛ ❧❛r❣❡r ✐♥❝r❡❛s❡ ✐♥ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✱ ❛♥❞ t❤❡② t❡♥❞ t♦ ❜❡ s♠❛❧❧

✐♥ s✐③❡ ❛♥❞ ❢❛❝❡ ✐♠♣❡r❢❡❝t ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡ts ✐♥ r❡❛❧ ❧✐❢❡✳

❘❡❣❛r❞✐♥❣ ♦✈❡r❛❧ ❡✣❝✐❡♥❝②✱ ✇❤✐❧❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ tr❛❞✐♥❣ ♠❛② ❞❡❝r❡❛s❡ ❛ss❡t✲s♣❡❝✐✜❝

✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ss❡t ♣r✐❝❡s✱ ✐t ❜❡tt❡r ✐♥❝♦r♣♦r❛t❡s s②st❡♠❛t✐❝ ✐♥❢♦r♠❛✐t♦♥✳ ❋♦r t❤❡ r❡❧❛t✐✈❡❧②

✐❧❧✐q✉✐❞ ❛ss❡t✱ t❤❡ ❧❛tt❡r str✐❝t❧② ❞♦♠✐♥❛t❡s✱ ❛♥❞ ✐♥tr♦❞✉❝✐♥❣ ❈❙ ✐♠♣r♦✈❡s ✐ts ♣r✐❝❡✬s ♦✈❡r❛❧❧

❡✣❝✐❡♥❝②✳

✹✳✷ ❱♦❧❛t✐❧✐t②✱ ❙②♥❝❤r♦♥✐❝✐t②✱ ❛♥❞ ❈♦✲♠♦✈❡♠❡♥ts

❍♦✇ ❈❙ tr❛❞✐♥❣ ❛✛❡❝ts ♣r✐❝❡ ✈♦❧❛t✐❧✐t②✱ s②♥❝❤r♦♥✐❝✐t②✱ ❛♥❞ ❝♦✲♠♦✈❡♠❡♥ts ✐s ❛❧s♦ ✐♠♣♦rt❛♥t

t♦ ✐♥✈❡st♦rs ❛♥❞ r❡❣✉❧❛t♦rs✳ ❘❡❣✉❧❛t♦rs ❛r❡ ❡s♣❡❝✐❛❧❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♣♦t❡♥t✐❛❧ s②st❡♠✐❝ r✐s❦

♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ❡①❝❡ss ✈♦❧❛t✐❧✐t② ❛♥❞ ♦✈❡r✲❝♦rr❡❧❛t❡❞ ♣r✐❝❡ ♠♦✈❡♠❡♥ts✳ ❖✉r ❢r❛♠❡✇♦r❦ ✐s

✉s❡❢✉❧ ❢♦r ❛♥❛❧②③✐♥❣ t❤❡s❡ ✐ss✉❡s✳ ❲❡ ❞❡✜♥❡ s②♥❝❤r♦♥✐❝✐t② ❛s t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡ ✈❛r✐❛✲

t✐♦♥ ✐♥ st♦❝❦ r❡t✉r♥s ✐s ❛ttr✐❜✉t❛❜❧❡ t♦ ❣❡♥❡r❛❧ ♠❛r❦❡t ❛♥❞ r❡❧❛t❡❞✲✐♥❞✉str② ♠♦✈❡♠❡♥ts ✭t❤❡

s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥t✮✳ ❲❤✐❧❡ ♦✉r ♠♦❞❡❧ ✐s st❛t✐❝✱ ✇❡ ❝❛♥ ✈✐❡✇ t❤❡ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡ ❛s t❤❡

✈❛❧✉❡ ♦❢ ❛ss❡ts ✇❤❡♥ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ❛♥❞ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❜❡❝♦♠❡s ❛✈❛✐❧❛❜❧❡ t♦ ❛❧❧

❛♥❞ t❤❡ ❛ss❡ts ✐s ❢❛✐r❧② ♣r✐❝❡❞✱ t❤❡♥ ❝♦✲♠♦✈❡♠❡♥ts ❝❛♥ ❜❡ ❝❛♣t✉r❡❞ ✐♥ ❛ st②❧✐③❡❞ ✇❛② ❜② t❤❡

❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞❡✈✐❛t✐♦♥s ♦❢ ❝✉rr❡♥t ♣r✐❝❡s ❢r♦♠ tr✉❡ ✈❛❧✉❡s ❢♦r t❤❡ t✇♦ ❛ss❡ts✳

Pr♦♣♦s✐t✐♦♥ ✻ ✭❱♦❧❛t✐❧✐t②✱ ❙②♥❝❤r♦♥✐❝✐t②✱ ❛♥❞ ❈♦✲♠♦✈❡♠❡♥ts✮

■♥tr♦❞✉❝✐♥❣ ❈❙ ✐♥❝r❡❛s❡s ♣r✐❝❡ ❝♦✲♠♦✈❡♠❡♥ts ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✱ ❛♥❞ ✐♥❝r❡❛s❡s ♣r✐❝❡

✈❛r✐❛❜✐❧✐t② ❛♥❞ s②♥❝❤r♦♥✐❝✐t② ❢♦r t❤❡ r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ❛ss❡t✳

❲❤✐❧❡ ❡❛r❧✐❡r st✉❞✐❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♥❞❡① ♣r♦❞✉❝ts ❛rr✐✈❡ ❛t s✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥s✱ ✇❡

❡♠♣❤❛s✐③❡ t❤❡ r♦❧❡ ♦❢ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥✳ ❙✉❜r❛❤♠❛♥②❛♠ ✭✶✾✾✶✮ ♣r❡❞✐❝ts t❤❛t t❤❡ ✐♥✲

tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❜❛s❦❡t ✇✐❧❧ ❤❛✈❡ ♥♦ ❡✛❡❝t ♦♥ t❤❡ ✈❛r✐❛❜✐❧✐t② ♦❢ ♣r✐❝❡ ❝❤❛♥❣❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧

s❡❝✉r✐t✐❡s✱ ❜✉t ♦✉r ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t ❈❙s ✐♥❝r❡❛s❡ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t✐❡s✳

❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❇❡♥✲❉❛✈✐❞ ❡t ❛❧✳ ✭✷✵✶✹✮ ✇❤♦ ✜♥❞ t❤❛t st♦❝❦s ♦✇♥❡❞ ❜② ❈❙s ❡①❤✐❜✐t

s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r ✐♥tr❛❞❛② ❛♥❞ ❞❛✐❧② ✈♦❧❛t✐❧✐t②✱ ❛♥❞ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ♦♥❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

✐♥ ❈❙ ♦✇♥❡rs❤✐♣ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ✶✾✪ ✐♥ ✐♥tr❛❞❛② st♦❝❦ ✈♦❧❛t✐❧✐t②✳ ❍♦✇✲

❡✈❡r✱ ♦✉r ♠♦❞❡❧ s✉❣❣❡sts ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❛✉t❤♦rs✬ ❝♦♥❝❧✉s✐♦♥ t❤❛t ❈❙s ❛ttr❛❝t ❛ ♥❡✇



✷✵

❧❛②❡r ♦❢ ❞❡♠❛♥❞ s❤♦❝❦s t♦ t❤❡ st♦❝❦ ♠❛r❦❡t ❞✉❡ t♦ t❤❡✐r ❤✐❣❤ ❧✐q✉✐❞✐t②✿ ❡✈❡♥ ✇✐❤t♦✉t ❛❞❞✐♥❣

♥♦♥✲❢✉♥❞❛♠❡♥t❛❧ s❤♦❝❦s✱ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t st♦❝❦ ♣r✐❝❡ ✈❛r✐❛♥❝❡ ✐♥❝r❡❛s❡s ✭t❤❡ ✏r❡s❤✉✤✐♥❣

❤②♣♦t❤❡s✐s✑ ✐♥ ❇❡♥✲❉❛✈✐❞ ❡t ❛❧✳ ✭✷✵✶✹✮✮ ❜❡❝❛✉s❡ ✇❤❡♥ ❛❣❡♥ts ✇✐t❤ ✈❛r✐♦✉s ❛❝❝✉r❛❝✐❡s ♦❢ ✐♥❢♦r✲

♠❛t✐♦♥ ❛❜♦✉t ❛ s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥t ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✇✐t❤ ✈❛r✐♦✉s ♥❡❡❞ t♦ ❤❡❞❣❡

❛❣❛✐♥st t❤❡ s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥t ❣❡t r❡s❤✉✤❡❞ t♦ ❈❙ tr❛❞✐♥❣✱ ♣r✐❝❡ r❡✢❡❝t t❤✐s s②st❡♠❛t✐❝

❝♦♠♣♦♥❡♥t ❜❡tt❡r✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛r✐❛♥❝❡ ✐♥ t❤❡ s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥t s❤♦✇s ✉♣ ❢✉❧❧② ✐♥

t❤❡ ♣r✐❝❡ ✈❛r✐❛♥❝❡✳ ❚❤✐s ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛♥ ✉♥✐♥t❡♥❞❡❞ ❡✛❡❝t ✐❢ ✇❡ ❝❛r❡ ❛❜♦✉t ❤♦✇ ♣r✐❝❡s

r❡✢❡❝t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ss❡t ✈❛❧✉❡s✳

❚❤✐s r❡s✉❧t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ✜♥❞✐♥❣s ✐♥ ❈r❛✇❢♦r❞ ❡t ❛❧✳ ✭✷✵✶✷✮ ❛♥❞ ●❧♦st❡♥ ❡t ❛❧✳ ✭✷✵✶✺✮

t❤❛t ❈❙ tr❛❞✐♥❣ ✐♥❝r❡❛s❡s ❝♦✲♠♦✈❡♠❡♥t ❛♥❞ s②♥❝❤r♦♥✐❝✐t② ✇❤✐❝❤ ✐s ♣❛rt❧② ❛ttr✐❜✉t❛❜❧❡ t♦

t✐♠❡❧② ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❛❣❣r❡❣❛t❡ ❡❛r♥✐♥❣s ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ ♣r♦✈✐❞❡ ❛ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥

❢♦r t❤❡✐r ❛r❣✉♠❡♥t t❤❛t ✇❤✐❧❡ ❡❛r❧✐❡r st✉❞✐❡s ❡♠♣❤❛s✐③❡ ✐♥❝r❡❛s❡s ✐♥ ❝♦✲♠♦✈❡♠❡♥t ❛♥❞ r❡t✉r♥

s②♥❝❤r♦♥✐❝✐t② ❞✉❡ t♦ ♥♦♥✲❢✉♥❞❛♠❡♥t❛❧ ❢❛❝t♦rs ✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❱✐❥❤ ✭✶✾✾✹✮✱ ❍❛rr✐s ❛♥❞ ●✉r❡❧

✭✶✾✽✻✮✱ ❛♥❞ ❇❛r❜❡r✐s ❡t ❛❧✳ ✭✷✵✵✺✮✮✱ t❤❡s❡ ✐♥❝r❡❛s❡s ❝♦✉❧❞ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ♠♦r❡ s②st❡♠❛t✐❝

✐♥❢♦r♠❛t✐♦♥ ❜❡✐♥❣ ✐♠♣♦✉♥❞❡❞ ✐♥t♦ ♣r✐❝❡s✳ ❇❛r❜❡r✐s ❡t ❛❧✳ ✭✷✵✵✺✮✱ ❉❛ ❛♥❞ ❙❤✐✈❡ ✭✷✵✶✸✮ ❛❧s♦

s❤♦✇ ❝♦✲♠♦✈❡♠❡♥ts ❣♦ ✉♣✳

❙✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ❝♦rr❡❧❛t✐♦♥ ♦❢ ♣r✐❝❡ ❛♥❞ ✜r♠✲s♣❡❝✐✜❝ ❝♦♠♣♦♥❡♥t ❣♦❡s ❞♦✇♥✱ ❛♥❞

❝♦rr❡❧❛t✐♦♥ ♦❢ ♣r✐❝❡ ❛♥❞ s②st❡♠❛t✐❝ ✜r♠ ✐♥❢♦r♠❛t✐♦♥ ❣♦❡s ✉♣ ❢♦r ✐❧❧✐q✉✐❞ st♦❝❦s✱ s②♥❝❤r♦♥✐❝✐t②

❣♦❡s ✉♣ ♠♦r❡ ❢♦r ✐❧❧✐q✉✐❞ st♦❝❦s✳ ❙♠❛❧❧ st♦❝❦s t❤❛t ❛r❡ ♠♦r❡ ✐❧❧✐q✉✐❞ t❡♥❞ t♦ ❤❛✈❡ ❣r❡❛t❡r

✐♥❝r❡❛s❡ ✐♥ s②♥❝❤r♦♥✐❝✐t② r❡❧❛t✐✈❡ t♦ ❧❛r❣❡ st♦❝❦s✳ ❚❤✐s ❝♦✉❧❞ ❜❡ t❡st❡❞ ✐♥ t❤❡ ❞❛t❛✳

✹✳✸ Pr✐❝❡ ■♠♣❛❝ts ❛♥❞ ▲✐q✉✐❞✐t②

❆ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ ♦♥ s❡❝✉r✐t② ❞❡s✐❣♥ ❤❛s s❤♦✇♥ t❤❛t ✜♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥s ❝❛♥ ❛❧t❡r ♠❛r✲

❦❡t ❧✐q✉✐❞✐t②✱ ❛♥❞ s♦♠❡ ❛r❣✉❡ t❤❛t ❈❙s ❞r❛✐♥ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✬ ❧✐q✉✐❞✐t②✱ ❜✉t ❛r❡ ♠♦r❡ ❧✐q✉✐❞

t❤❡♠s❡❧✈❡s✳ ❚❤❡ ❧✐q✉✐❞✐t② ♦❢ ❈❙s ❛♥❞ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡✐r tr❛❞✐♥❣ ♦♥ t❤❡ ❧✐q✉✐❞✐t② ♦❢ ✉♥❞❡r❧②✐♥❣

❛ss❡ts ❛r❡ ♠♦r❡ s✉❜t❧❡ t❤❛♥ ✐t ❛♣♣❡❛rs✳

Pr♦♣♦s✐t✐♦♥ ✼ ✭❚r❛❞✐♥❣ ❈♦st✮

❚❤❡ tr❛♥s❛❝t✐♦♥ ❝♦st ✐♥ t❤❡ ✐❧❧✐q✉✐❞ ♠❛r❦❡t ✐♥❝r❡❛s❡s ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❈❙✱ ✐❢ t❤❡ s②st❡♠❛t✐❝

✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr② ✐s ❧❛r❣❡ ❡♥♦✉❣❤ r❡❧❛t✐✈❡ t♦ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr②✳



✷✶

❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s

✭✶✶✮

√

σ2
ǫ2
− σ2

ν2

σn̂2

<

√

1
4
(σ2

ǫ2
− σ2

ν2
) +

β2

2

4
(σ2

γ − σ2
ξ )

√

σ2
τ

min{β1,β2}2 + σ2
n̂2

❲❤✐❧❡ ❈❙s ❛ttr❛❝t ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✱ t❤❡ ❧❛tt❡r✬s ❞❡♠❛♥❞ st✐❧❧ ♠❛♥✐❢❡sts ✐♥ ♦r❞❡rs ✐♥

t❤❡ ✉♥❞❡r❧②✐♥❣ ♠❛r❦❡t ❜❡❝❛✉s❡ t♦ ❞❡❧✐✈❡r ❈❙ ♦♥❡ ❤❛s t♦ tr❛❞❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ ❚❤✐s

♣r♦♣♦s✐t✐♦♥ s✉❣❣❡sts t❤❛t ✇❤❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛②s♠♠❡tr② ✐♥ t❤❡ s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥t ✐s

❧❛r❣❡ ❡♥♦✉❣❤✱ ✐♥tr♦❞✉❝✐♥❣ ❈❙ tr❛❞✐♥❣ ✇♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ✐♥❝r❡❛s❡ t❤❡ tr❛❞✐♥❣ ❝♦st ✐♥ t❤❡ ✐♥✐t✐❛❧❧②

✐❧❧✐q✉✐❞ ❛ss❡t ♠❛r❦❡t✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❈❙ tr❛❞✐♥❣ ♠❛❦❡s t❤❡ ♠❛r❦❡t ♠❛❦❡r ♦❢

t❤❡ ✐❧❧✐q✉✐❞ ❛ss❡t s❡t ♣r✐❝❡s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ♦r❞❡rs✱ ♦✉t ♦❢ ❝♦♥❝❡r♥ ❛❜♦✉t t❤❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥

❜② t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✇❤♦ ✐s ❛❜s❡♥t ❜❡❢♦r❡ t❤❡ ❈❙ ✐s ✐♥tr♦❞✉❝❡❞✳ ❖✉r ✜♥❞✐♥❣s ❛r❡ ❝♦♥s✐st❡♥t

✇✐t❤ ❇r❛❞❧❡② ❛♥❞ ▲✐t❛♥ ✭✷✵✶✶✮ ♦♥ t❤❛t ❈❙s ♠❛② ❞r❛✐♥ t❤❡ ❧✐q✉✐❞✐t② ♦❢ ❛❧r❡❛❞② ✐❧❧✐q✉✐❞ st♦❝❦s

❛♥❞ ❝♦♠♠♦❞✐t✐❡s✳ ❍❛♠♠ ✭✷✵✶✹✮ ❛❧s♦ ✜♥❞s t❤❛t ❊❚❋s ❛♥❞ ♣❛ss✐✈❡ ♠✉t✉❛❧ ❢✉♥❞s ❞❡♣r✐✈❡

✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t✐❡s✬ ❧✐q✉✐❞✐t② ❛♥❞ ✐♥t❡r♣r❡ts t❤❡ ✜♥❞✐♥❣s ✐♥ ❧✐❣❤t ♦❢ ❞❡♠❛♥❞ s✉❜st✐t✉t✐♦♥

✉♥❞❡r ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥✳ ❲❡ ❛r❣✉❡ t❤✐s ✐s ♠♦r❡ s✐❣♥✐✜❝❛♥t ❢♦r ❛ss❡ts t❤❛t ❛r❡ r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞

❛♥❞ ❤❛s ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr② ✐♥ t❤❡ s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥t ♦❢ ❧✐q✉✐❞❛t✐♦♥ ✈❛❧✉❡s✳

❍❛✈✐♥❣ ❛♥❛❧②③❡❞ t❤❡ tr❛❞✐♥❣ ❝♦st ✐♥ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡ts ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ✐♥tr♦✲

❞✉❝t✐♦♥ ♦❢ ❈❙ tr❛❞✐♥❣✱ ✇❡ ❛❧s♦ ❝♦♠♣❛r❡ t❤❡ tr❛❞✐♥❣ ❝♦st ❛❝r♦ss ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡t ❛♥❞

❈❙ ♠❛r❦❡t✳ ❇❡♥✲❉❛✈✐❞ ❡t ❛❧✳ ✭✷✵✶✹✮ ❛♥❞ ▼❛❞❤❛✈❛♥ ❛♥❞ ❙♦❜❝③②❦ ✭✷✵✶✹✮ ✜♥❞ ❡✈✐❞❡♥❝❡ t❤❛t

❈❙✬s ❛r❡ ♠♦r❡ ❧✐q✉✐❞ t❤❛♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❜❛s❦❡t✳ ❲❡ s❤♦✇ t❤✐s ✐s ✐♥❞❡❡❞ t❤❡ ❝❛s❡ ❢♦r ❛ss❡ts

✇✐t❤ s❡✈❡r❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❛♥❞ ❛ss❡t ❧✐q✉✐❞✐t② tr❛❞✐♥❣✳ ❆ ❝r✉❝✐❛❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ❈❙ st✉❞✐❡❞

❤❡r❡ ✐s t❤❛t t❤❡r❡ ✐s ♥♦ s❡♣❡r❛t❡ ♠❛r❦❡t ♠❛❦✐♥❣ ❢♦r ❈❙✳ ❚❤❛t ✐s✱ t❤❡ ❈❙ ♣r✐❝❡ ✐s ❞❡t❡r♠✐♥❡❞ ❛s

❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♣r✐❝❡s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✇❡ s❤♦✉❧❞ ❝♦♥s✐❞❡r

t❤❡ ❈❙ ♦r❞❡r✬s ♣r✐❝❡ ✐♠♣❛❝t ✐♥ ❜♦t❤ s❡❝✉r✐t② ♠❛r❦❡ts✳ ❚♦ ❝♦♥str✉❝t t❤❡ ♠❡❛s✉r❡ ♦❢ ❧✐q✉✐❞✐t②

✐♥ t❤❡ ❈❙ ♠❛r❦❡t✱ ♥♦t❡ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ♣❡r ✉♥✐t ♦❢ ❈❙ ✐s

PCS = w1P1 + w2P2

❚❤✉s s✉❜♠✐tt✐♥❣ ♦♥❡ ✉♥✐t ♦❢ ♦r❞❡r ✐♥ t❤❡ ❈❙ ♠❛r❦❡t ✇♦✉❧❞ ✐♥❞✉❝❡ w1 ✉♥✐t ♦❢ ♦r❞❡r ✐♥ ♠❛r❦❡t

✶ ❛♥❞ w2 ✉♥✐t ♦❢ ♦r❞❡r ✐♥ ♠❛r❦❡t ✷✳ ❍❡♥❝❡ ✇❡ ❞❡✜♥❡ t❤❡ tr❛❞✐♥❣ ❝♦st ♦❢ ❈❙ ❛s t❤❡ ♣r✐❝❡ ✐♠♣❛❝t

♦❢ t❤✐s ❛❞❞✐t✐♦♥❛❧ ♦r❞❡r✿

λCS = w1

(

w1λ
CS
1

)

+ w2

(

w2λ
CS
2

)

= λCS
1 w2

1 + λCS
2 w2

2
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❋r♦♠ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❈❙ ♠❛r❦❡t ❤❛s ❛ ♥❛t✉r❛❧ ❧✐q✉✐❞✐t② ❛❞✈❛♥t❛❣❡

♦✈❡r t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ♠❛r❦❡ts ✐♥ t❤❛t t❤❡ ♣r✐❝❡ ✐♠♣❛❝t ♦❢ ❛♥ ♦r❞❡r s✉❜♠✐tt❡❞ ✐♥ t❤❡ ❈❙

♠❛r❦❡t ✐s ✏❞✐✈❡rs✐✜❡❞✑✳

Pr♦♣♦s✐t✐♦♥ ✽ ✭❘❡❧❛t✐✈❡ ❚r❛❞✐♥❣ ❈♦st✮

❈❙ ✐s ♠♦r❡ ❧✐q✉✐❞ t❤❛♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t i ✭i = 1, 2✮ ✐♥ ❛ ❢❛❝t♦r✲✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐❢

❛♥❞ ♦♥❧② ✐❢
λCS
i

λCS
j

>
βj − 2βi

βi

i 6= j

❈♦r♦❧❧❛r② ✽✳✶ ❈❙ ✐s ♠♦r❡ ❧✐q✉✐❞ t❤❛♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ✇✐t❤ t❤❡ ❧❛r❣❡r β. ■❢ β1

β2

∈ [1
2
, 2]✱

t❤❡♥ ❈❙ ✐s ♠♦r❡ ❧✐q✉✐❞ t❤❛♥ ❜♦t❤ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳

❆s ❧♦♥❣ ❛s t❤❡ t✇♦ ❛ss❡ts ❤❛✈❡ s✐♠✐❧❛r ❛♠♦✉♥t ♦❢ ❡①♣♦s✉r❡ t♦ s②st❡♠❛t✐❝ ❢❛❝t♦r✱ t❤❡ ❡♥❞♦❣❡✲

♥♦✉s❧② ❞❡s✐❣♥❡❞ ❈❙ ✐s ❛❧✇❛②s ♠♦r❡ ❧✐q✉✐❞ t❤❛♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts r❡❣❛r❞❧❡ss ♦❢ ✐♥❢♦r♠❛t✐♦♥

❛s②♠♠❡tr② ✐♥ ❡✐t❤❡r ♠❛r❦❡t✳

✺✳ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❊①t❡♥s✐♦♥s

■♥ t❤❡ ❞✐s❝✉ss✐♦♥ t❤✉s ❢❛r ✇❡ ❤❛✈❡ ♠❛❞❡ ❛ ❢❡✇ ❛ss✉♠♣t✐♦♥s✿ ✶✳ ✐♥❢♦r♠❛t✐♦♥ ✐s ❡①♦❣❡♥♦✉s❀

✷✳ t❤❡ ♥♦✐s❡ tr❛❞✐♥❣ ❢r♦♠ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✐♥ ❡❛❝❤ ✉♥❞❡r❧②✐♥❣ ♠❛r❦❡t ✐s ❡①♦❣❡♥♦✉s❀ ✸✳

❢❛❝t♦r ✐♥✈❡st♦rs ❤❛✈❡ t♦ ♣❧❛② ♣✉r❡ str❛t❡❣②❀ ✹✳ ♠❛r❦❡t ♠❛❦❡rs ❤❛✈❡ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❈❙

♦r❞❡rs❀ ✺✳ ❈❙ tr❛❞✐♥❣ ✐♥✈♦❧✈❡s tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ ❲❡ ♥♦✇ s❤♦✇ ❤♦✇ ♦✉r ♠❛✐♥

r❡s✉❧ts ❛r❡ r♦❜✉st ♦r ❡✈❡♥ str❡♥❣t❤❡♥❡❞ ✇❤❡♥ ✇❡ r❡❧❛① t❤❡s❡ ❛ss✉♠♣t✐♦♥s✳ ■♥ ❞♦✐♥❣ s♦✱ ✇❡ ❛❧s♦

❤✐❣❤❧✐❣❤t s♦♠❡ s❛❧✐❡♥t ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ✈❛r✐♦✉s ❢♦r♠s ♦❢ ❈❙ ❛♥❞ t❤❡✐r ✐♠♣❧✐❝❛t✐♦♥s✳

✺✳✶ ❊♥❞♦❣❡♥♦✉s ■♥❢♦r♠❛t✐♦♥ ❆❝q✉✐s✐t✐♦♥

❲❡ ♥♦✇ ❡♥❞♦❣❡♥✐③❡ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ❜② ❛❧❧♦✇✐♥❣ ♠✉❧t✐♣❧❡ ❛ss❡t s♣❡❝✉❧❛t♦rs ❛♥❞ ❤❡t✲

❡r♦❣❡♥❡✐t② ✐♥ t❤❡✐r ❝♦sts ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥✳ ❚❤❡ ❝❛s❡ ❢♦r ❢❛❝t♦r s♣❡❝✉❧❛t♦rs ✐s s✐♠✐❧❛r✳

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❛ss❡t s♣❡❝✉❧❛t♦rs ❢♦r ❡❛❝❤ ✉♥❞❡r❧②✐♥❣ ❛ss❡t✿ ❛♥

✐♥s✐❞❡r s♣❡❝✉❧❛t♦r ❡♥❞♦✇❡❞ ✇✐t❤ ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❛♥ ♦✉ts✐❞❡r s♣❡❝✉❧❛t♦r

✇❤♦ ❝❛♥ ♣❛② ❛♥ ❡✛♦rt ❝♦st t♦ ♦❜s❡r✈❡ ❛ ♥♦✐s② s✐❣♥❛❧✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ♦✉ts✐❞❡r s♣❡❝✉❧❛t♦r

❛❝q✉✐r❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥ ǫi ♦♥❧② ✐❢ t❤❡ s✐❣♥❛❧ ♥♦✐s❡ ✐s ❧❡ss t❤❛♥ σ2
ǫi
✱ ♦t❤❡r✇✐s❡ ❤❡ ✐♥❝✉rs ❧♦ss❡s

tr❛❞✐♥❣ ♦♥ t❤❡ ♥♦✐s② s✐❣♥❛❧✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥

❝♦st Cǫ,i = Cǫ,i

(

σ2
ǫi

)

t❤❛t ❤❡ ♣❛②s t♦ ❜❡ ✐♥❢♦r♠❡❞✳ ❆♥ ✐♥t❡r❡st✐♥❣ ❝❤❛♥❣❡ ❝♦✉❧❞ ❛❝❝♦♠♣❛♥②
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t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ ✐❢ t❤❡r❡ ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤ ❧✐q✉✐❞✐t② tr❛❞✐♥❣ ❜❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞

t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r ✜♥❞s ✐t ♣r♦✜t❛❜❧❡ t♦ ❜❡ ✐♥❢♦r♠❡❞✱ ②❡t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❧✐q✉✐❞✐t② σn̂i
❢♦r

❛ss❡t i ✐s s♦ ❧♦✇ t❤❛t ✇❤❡♥ t❤❡ ❈❙ ❞r❛✇s t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛✇❛② ✐t ✐s ♣r❡❢❡r❛❜❧❡ t♦

st❛② ✉♥✐♥❢♦r♠❡❞✳

❲✐t❤♦✉t ❝♦♠♣♦s✐t❡ s❡❝✉r✐t②✱ ✐♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❝❤♦♦s❡s t♦ tr❛❞❡ ✐♥

♠❛r❦❡t ✶✱ t❤❡ ♠❛r❦❡t ♦r❞❡r r❡❝❡✐✈❡❞ ❜② ♠❛r❦❡t ♠❛❦❡r ♦❢ ❛ss❡t ✶ ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❛s

ω1 = α1ǫ1 + α̂1χ1 + ηγ + n1

✇❤❡r❡ X1(ǫ1) = α1ǫ1 ✐s t❤❡ ♦r❞❡r ❢r♦♠ t❤❡ ✐♥s✐❞❡r s♣❡❝✉❧❛t♦r ❛♥❞ X̂1(χ1) = α̂1χ1 ✐s t❤❡

♦r❞❡r ❢r♦♠ t❤❡ ♦✉ts✐❞❡r s♣❡❝✉❧❛t♦r ✇❤♦ ♦❜s❡r✈❡s s✐❣♥❛❧ χ1 = ǫ1 + ν1 ❛♥❞ ♣❛②s C(σ2
ν1
)✱ ✇❤❡r❡

✐♥❢♦r♠❛t✐♦♥ ❝♦st ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ♣r❡❝✐s✐♦♥ 1/σν1 ✳ ❲❤❡♥ ❜♦t❤ ❛ss❡t s♣❡❝✉❧❛t♦rs ❛r❡ ❛❝t✐✈❡❧②

tr❛❞✐♥❣✱ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ✐s ❜❡tt❡r r❡✈❡❛❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❛s❡ ✇✐t❤ ♦♥❧② ♦♥❡

❛ss❡t s♣❡❝✉❧❛t♦r✳ ■♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✇❡ s❤♦✇ t❤❛t ✇✐t❤ ♠✉❧t✐♣❧❡ ❛ss❡t s♣❡❝✉❧❛t♦rs t❤❡ ♣r✐❝❡

✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ ❧✐q✉✐❞ ♠❛r❦❡t ❜❡❝♦♠❡s

✭✶✷✮ var(P̃1) =
2

3
σ2
ǫ1
+

1

2
β2
1σ

2
γ

❛♥❞ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐s

✭✶✸✮ corr
(

P̃1, ǫ1

)

=
2
3
σǫ1

√

2
3
σ2
ǫ1
+ 1

2
β2
1σ

2
γ

❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ ✐❧❧✐q✉✐❞ ❛ss❡t✱ ✇❡ ❤❛✈❡ var(P̃2) =
2
3
σ2
ǫ2
❛♥❞ corr

(

P̃1, ǫ1

)

=
√

2
3
✳

◆♦✇ ✇✐t❤ ❈❙✱ t❤❡ ♦✉ts✐❞❡ ❛ss❡t s♣❡❝✉❧❛t♦r ✐♥ t❤❡ ✐❧❧✐q✉✐❞ ♠❛r❦❡t ✐s ❧✐❦❡❧② t♦ q✉✐t ❛❢t❡r t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ tr❛❞✐♥❣✳ ❇② ❛❧❧♦✇✐♥❣ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r t♦ ❡①♣❧♦✐t ❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥

❜♦t❤ ♠❛r❦❡ts✱ ✐♥tr♦❞✉❝✐♥❣ ❈❙ tr❛❞✐♥❣ ✐♥❝r❡❛s❡s t❤❡ tr❛❞✐♥❣ ❝♦st ❢♦r t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r ✐♥ t❤❡

r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ♠❛r❦❡t✱ ✇❤❡r❡ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✐♥✐t✐❛❧❧② ❞♦❡s ♥♦t tr❛❞❡ ✐♥✳ ❚❤✐s ♣r♦✜t

r❡❞✉❝t✐♦♥ ✐s ❡s♣❡❝✐❛❧❧② s❡✈❡r❡ ✇❤❡♥ t❤❡ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr② ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞

t♦ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❛②s♠♠❡tr②✳

❲❤❡♥ t❤❡ ♦✉ts✐❞❡ s♣❡❝✉❧❛t♦r r❛t✐♦♥❛❧❧② ♦♣ts ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✱ t❤❡ ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥

✐s ♥♦✇ ♦♥❧② r❡✢❡❝t❡❞ t❤r♦✉❣❤ t❤❡ ✐♥s✐❞❡r s♣❡❝✉❧❛t♦r✬s tr❛❞✐♥❣✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❞❡❝r❡❛s❡ ✐♥

❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ❛ss❡t✳ ■sr❛❡❧✐ ❡t ❛❧✳

✭✷✵✶✻✮ ✜♥❞ t❤✐s ✐s ✐♥❞❡❡❞ t❤❡ ❝❛s❡ ✐♥ t❡r♠s ♦❢ ❞❡❝❧✐♥✐♥❣ ♥✉♠❜❡r ♦❢ ❛♥❛❧②sts ❝♦✈❡r✐♥❣ s♣❡❝✐✜❝

st♦❝❦s✳ ❙✐♠✐❧❛r❧②✱ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ❣♦❡s ✉♣✱ ❢✉rt❤❡r str❡♥❣t❤❡♥✐♥❣ ♦✉r ❡❛r❧✐❡r

❝♦♥❝❧✉s✐♦♥ t❤❛t s②st❡♠❛t✐❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ❣❡♥❡r❛❧❧② ❣♦❡s ✉♣ ❛♥❞ ❧❡❛❞✐♥❣ t♦ t❤❡ ♣r❡❞✐❝t✐♦♥
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t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛♥❛❧②sts ❝♦✈❡r✐♥❣ s②st❡♠❛t✐❝ ♥❡✇s ❣♦❡s ✉♣✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ t❤❡ ❛ss❡t✲

s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② corr (Pi, ǫi) ❛s ✇❡❧❧ ❛s t❤❡ ♦✈❡r❛❧❧ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② corr (Pi, ǫi + βiγ)

❣♦ ❞♦✇♥ ✇✐t❤ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❞✉❡ t♦ t❤❡ ❡♥❞♦❣❡♥♦✉s ❞r♦♣ ✐♥ ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥✳

❚❤❡ ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ ❛ss❡t✲s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐s ❛♣♣❛r❛♥t✿

corrCS (Pi, ǫi + βiγ) =

√
2

2
<

2
3
σ2
ǫi
+ 1

2
β2
i σ

2
γ

√

2
3
σ2
ǫi
+ 1

2
β2
i σ

2
γ

√

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

= corrN (Pi, ǫi + βiγ)

❲❡ ❡①♣❡❝t t❤❡s❡ ♣❤❡♥♦♠❡♥❛ t♦ ❜❡ ♠♦r❡ s❛❧✐❡♥t ❞✉r✐♥❣ t✐♠❡s ✇❤❡♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❢♦r ❢❛❝✲

t♦r ❡①♣♦s✉r❡ ✐s ❤✐❣❤❧② ✉♥❝❡rt❛✐♥ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ❛r❡ ❢✉♥❞❛♠❡♥t❛❧❧② ✐❧❧✐q✉✐❞✱ ✇❤✐❝❤

❛r❡ ❧✐❦❡❧② ❞✉r✐♥❣ ✜♥❛♥❝✐❛❧ ❝r✐s❡s✳

✺✳✷ ❊♥❞♦❣❡♥♦✉s ◆♦✐s❡ ❚r❛❞✐♥❣

❙♦ ❢❛r ✇❡ ❤❛✈❡ t❛❦❡♥ t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞✐♥❣ f1 ❛♥❞ f2 ❛s ❡①♦❣❡♥♦✉s✱ t❤♦✉❣❤ ✇❡ ❛❧❧♦✇

t❤❡♠ t♦ ❡♥❞♦❣❡♥♦✉s❧② ❝❤♦♦s❡ t♦ tr❛❞❡ ❈❙✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s r❡❛❧✐st✐❝ ✐❢ ♦♥❡ ❜❡❧✐❡✈❡s t❤❛t

❧✐q✉✐❞✐t② tr❛❞❡rs ❤❛✈❡ s❡❛r❝❤ ❝♦sts ✐♥ ✜♥❞✐♥❣ r❡❧❡✈❛♥t ❛ss❡ts ♦r ❛r❡ ♥♦t s✉♣❡rr❛t✐♦♥❛❧✳ ◆❡✈❡r✲

t❤❡❧❡ss✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐♠♣❛❝t ♦❢ ❢✉❧❧② ❡♥❞♦❣❡♥♦✉s ♥♦✐s❡ tr❛❞✐♥❣✳ ❇❡❢♦r❡

✐♥tr♦❞✉❝✐♥❣ ❈❙✱ ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs t♦ ♥♦t ❞❡✈✐❛t❡✱ t❤❡✐r tr❛❞✐♥❣ ❝♦sts ♠✉st ❡q✉❛❧✐③❡

❛❝r♦ss t❤❡ t✇♦ ❛ss❡ts✿

✭✶✹✮ CF =
λN
1 f1στ2

β2
1

=
λN
2 f2στ2

β2
2

■♥t✉✐t✐✈❡❧②✱ ❛ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r ❢❛❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❞❡♦✛ ✇❤❡♥ ♠❛❦✐♥❣ t❤❡ ❝❤♦✐❝❡ ♦❢

❛ss❡t tr❛❞✐♥❣✿ t❤❡ tr❛❞✐♥❣ ❝♦st λN
i ❛♥❞ t❤❡ ✈♦❧✉♠❡ ♦❢ ❝♦rr❡❧❛t❡❞ tr❛❞✐♥❣

fiστ2

β2

i

✐♥ ❛ss❡t ♠❛r❦❡t i✳

❋❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ♣r❡❢❡r t❤❡ ❛ss❡t ✇✐t❤ ❧♦✇❡r tr❛❞✐♥❣ ❝♦st t♦ ♠❡❡t✳ ❍♦✇❡✈❡r✱ ❛s ♠♦r❡ ❛♥❞

♠♦r❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✢♦✇✐♥❣ ✐♥t♦ t❤❡ ♠❛r❦❡t ✇✐t❤ ❧♦✇❡r tr❛❞✐♥❣ ❝♦st✱ t❤❡ ❡①♣❡❝t❡❞ ❝♦st

♦❢ tr❛❞✐♥❣ t❤❡r❡ ✇♦✉❧❞ ✐♥❝r❡❛s❡ ❛s t❤❡ ❝♦rr❡❧❛t❡❞ ♦r❞❡r s✉❜♠✐tt❡❞ ✐♥ t❤❛t ♠❛r❦❡t ✐♥❝r❡❛s❡s

❢♦r ❛♥② ✐♥❞✐✈✐❞✉❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r✳✶✹ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥s

♦❢ ❧✐q✉✐❞✐t② tr❛❞❡rs fi✬s ✇♦✉❧❞ ❜❡ s✉❝❤ t❤❛t ✐t ♠❛❦❡s ❛♥② ✐♥❞✐✈✐❞✉❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r

✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ tr❛❞✐♥❣ ✐♥ ❡✐t❤❡r ♠❛r❦❡t✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ❡♥❞♦❣❡♥♦✉s ❝♦rr❡❧❛t✐♦♥

❜❡t✇❡❡♥ ♥♦✐s❡ tr❛❞✐♥❣ ✐♥ t❤❡ t✇♦ ❛ss❡ts ✐s f1f2σ
2
τ

σn̂1
σn̂2

✳

❚♦ ❝♦♠♣❛r❡ t❤❡ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❈❙ tr❛❞✐♥❣ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ♠❛② t❤✐♥❦ ♦❢

t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤♦✉t ❈❙ tr❛❞✐♥❣ ❛s ❛❧❧ s✉❜♠✐tt✐♥❣ ❛♥ ♦r❞❡r

✶✹❚❤✐s ❡✛❡❝t ❞♦❡s ♥♦t r❡❧② ♦♥ t❤❡ ♣❡r❢❡❝t ❝♦rr❡❧❛t❡❞ ❤❡❞❣✐♥❣ ♥❡❡❞s ❛ss✉♠♣t✐♦♥✱ ❛s ❧♦♥❣ ❛s t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡
❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ ❤❡❞❣✐♥❣ ♥❡❡❞s✱ t❤✐s ❡✛❡❝t ✇♦✉❧❞ ❡①✐st✳



✷✺

♣❛✐r
(

f1
β1

, f2
β2

)

✳ ❚❤❡♥ ❜② t❤❡ ❛❜♦✈❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✭✶✹✮✱ ✇❡ s❡❡ t❤❛t t❤✐s ♦r❞❡r ♣❛✐r

s❛t✐s✜❡s

✭✶✺✮
f1
β1

/
f2
β2

=
β1

λN
1

/
β2

λN
2

◆♦t❡ t❤❛t t❤❡ ❡♥❞♦❣❡♥♦✉s❧② ❞❡s✐❣♥❡❞ ❈❙ ❛❧s♦ s❛t✐s✜❡s w1/w2 =
β1

λCS
1

/ β2

λCS
2

✳ ❍❡♥❝❡ ✐♥ ❛♥ ❡q✉✐❧✐❜✲

r✐✉♠ ✇✐t❤♦✉t ❈❙ tr❛❞✐♥❣ ❜✉t ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ ❛❧❧♦✇❡❞ t♦ ❢r❡❡❧② ❝❤♦♦s❡ t❤❡ ♠❛r❦❡t

t♦ tr❛❞❡ ✐♥✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❧❧♦❝❛t✐♦♥s ♦❢ ❧✐q✉✐❞✐t② tr❛❞❡ ✇♦✉❧❞ ❜❡❤❛✈❡ ❛s ✐❢ t❤❡ ❢❛❝t♦r ❧✐q✲

✉✐❞✐t② tr❛❞❡rs ❛r❡ tr❛❞✐♥❣ ❈❙s✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ✜① t❤❡ ❛❝t✐♦♥s ♦❢ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✱ ❛♥

♦♣t✐♠❛❧❧② ❞❡s✐❣♥❡❞ ❈❙ ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❧❡❛❞s t♦ t❤❡ s❛♠❡ tr❛❞✐♥❣ ❝♦sts✳ ❋r♦♠ t❤✐s✱

✇❡ s❡❡ t❤❛t ✐♥tr♦❞✉❝✐♥❣ ❈❙ ❢❛❝t♦r ✐♥✈❡st♦rs ✇✐t❤♦✉t ♣r✐❝❡ ✐♠♣❛❝t ❛♥❞ ❛r❡ ❢✉❧❧② r❛t✐♦♥❛❧ ❛♥❞

♦♣t✐♠✐③✐♥❣ ✇♦✉❧❞ ♥♦t ❛✛❡❝t t❤❡✐r ✇❡❧❢❛r❡✳ ❚❤❛t s❛✐❞✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❢❛❝t♦r ✐♥✈❡st♦rs ✇✐t❤

♣r✐❝❡ ✐♠♣❛❝ts ✭t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✐♥ ♦✉r ❝❛s❡✮✱ ✐♥tr♦❞✉❝✐♥❣ ❈❙ ❝♦✉❧❞ ✐♥❝r❡❛s❡ t❤❡✐r ✇❡❧❢❛r❡

✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✶✵✮ ✐s ♠❡t✳

✺✳✸ ▼✐①❡❞ ❙tr❛t❡❣✐❡s

❲❡ ♥♦✇ ❛❧❧♦✇ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r t♦ ❛❞♦♣t ❛ ♠✐①❡❞ str❛t❡❣② ❛♥❞ s❤♦✇ ♦✉r r❡s✉❧ts ❛r❡

r♦❜✉st ❛♥❞ ❛r❡ ❡✈❡♥ str❡♥❣t❤❡♥❡❞✳✶✺ ■♥ t❤❡ ❛♣♣❡♥❞✐① ✇❡ ❞❡✜♥❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ s❤♦✇ t❤❛t

❜❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ❈❙✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r r❛♥❞♦♠✐③❡s t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ❤❡ tr❛❞❡s✱ ✇✐t❤

♣r♦❜❛❜✐❧✐t② θi t♦ tr❛❞❡ ❛ss❡t i✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦❜❛❜✐❧✐t②

♦❢ ♠❛r❦❡t ♣❛rt✐❝✐♣❛t✐♦♥ (θ1, θ2) ❛r❡ ❛✛❡❝t❡❞ ❜② ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳

❋✐❣✉r❡ ✶✳ θ1 t♦ β1 ❛♥❞ β2

❋✐❣✉r❡ ✷✳ θ1 t♦ σǫ1 ❛♥❞ σǫ2

✶✺❲❡ ❝♦♥s✐❞❡r t❤❡ ♠✐①❡❞ str❛t❡❣② ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❜❡❢♦r❡ ❈❙ ✐s ✐♥tr♦❞✉❝❡✳ ❋♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❈❙
tr❛❞✐♥❣ ❛✈❛✐❧❛❜❧❡✱ ✐t✬s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❛❞♦♣t ❛ ♠✐①❡❞ str❛t❡❣②✳



✷✻

❋✐❣✉r❡ ✸✳ θ1 t♦ σn̂1
❛♥❞ σn̂2

❚❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✐s ♠♦r❡ ❧✐❦❡❧② t♦ tr❛❞❡ t❤❡ ❛ss❡t ✇✐t❤ ❧♦✇ ❛ss❡t✲s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥

❛s②♠♠❡tr② ✭❧♦✇ σ2
ǫ ✮✱ ❤✐❣❤ ♥♦✐s❡ tr❛❞✐♥❣ ✭❤✐❣❤ σ2

n✮✱ ❛♥❞ ❤✐❣❤ ❧♦❛❞✐♥❣ ♦♥ t❤❡ ❢❛❝t♦r ✭❤✐❣❤ β✮✳

❆❧❧♦✇✐♥❣ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r t♦ ❛❞♦♣t ❛ ♠✐①❡❞ tr❛❞✐♥❣ str❛t❡❣② ❡ss❡♥t✐❛❧❧② ❡♥❧❛r❣❡s t❤❡ ❢❡❛✲

s✐❜✐❧✐t② s❡t ♦❢ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s ❝❤♦✐❝❡ s♣❛❝❡ ❛♥❞ ❤❡♥❝❡ ✐♠♣r♦✈❡s ❤✐s ♣r♦✜t ❢r♦♠ tr❛❞✐♥❣✳

❉❡s♣✐t❡ t❤✐s✱ ✐♥tr♦❞✉❝✐♥❣ ❈❙ ❢✉rt❤❡r ✏❞✐✈❡rs✐✜❡s✑ ❤✐s ♣r✐❝❡ ✐♠♣❛❝t✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❛ss❡t ♣r✐❝✐♥❣

✐♠♣❧✐❝❛t✐♦♥s ❞❡s❝r✐❜❡❞ ❡❛r❧✐❡r✿

Pr♦♣♦s✐t✐♦♥ ✾ ✭▼✐①❡❞ ❙tr❛t❡❣✐❡s✮

❲✐t❤ ♠✐①❡❞ tr❛❞✐♥❣ str❛t❡❣✐❡s✱ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❈❙ ❛❧✇❛②s ❡①s✐t✳ ■♥tr♦❞✉❝✐♥❣ ❈❙

✭✶✮ ❞❡❝r❡❛s❡s ❛ss❡t✲s♣❡❝✐✜❝ ❡✣❝✐❡♥❝②✱ ✐♥❝r❡❛s❡s s②st❡♠❛t✐❝ ❡✣❝✐❡♥❝②✱ ❛♥❞ ✐♠♣r♦✈❡s ♦✈❡r❛❧❧

❡✣❝✐❡♥❝② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✱

(

σ2
ǫi
+ θiβ

2
i σ

2
γ

)2 [
2σ2

ǫi
+ θi(3− 2θ)β2

i σ
2
γ

]

> θ2i
(

σ2
ǫi
+ β2

i σ
2
γ

)3

❀ ✭✷✮ ✐♥❝r❡❛s❡s ♣r✐❝❡ ✈❛r✐❛❜✐❧✐t②✱ ❝♦✲♠♦✈❡♠❡♥t✱ ❛♥❞ s②♥❝❤r♦♥✐❝✐t② ✐♥ ❜♦t❤ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts❀

✭✸✮ ❤❛s ❛♠❜✐❣✉♦✉s ✐♠♣❛❝t ♦♥ t❤❡ tr❛❞✐♥❣ ❝♦st ♦❢ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳

▼✐①❡❞ str❛t❡❣✐❡s ❢✉rt❤❡r str❡♥❣t❤❡♥ t❤❡ r❡s✉❧ts ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝✐❡s ✐♥ t❤❛t ♥♦✇

t❤❡ r❡❧❛t✐✈❡❧② ❧✐q✉✐❞ ❛ss❡t✬s ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝✐❡s ❛❧s♦ ❝❤❛♥❣❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♦✈❡r❛❧❧

❡✣❝✐❡♥❝② tr✐✈✐❛❧❧② ❤♦❧❞s ❢♦r t❤❡ r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ❛ss❡t ✐♥ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✭θi = 0)✱

✇❤❛t ✐s ✐♥t❡r❡st✐♥❣ ✐s t❤❛t ✐t ❛❧s♦ ❤♦❧❞s ❢♦r ❛❧❧ t❤❡ r❡❧❛t✐✈❡❧② ❧✐q✉✐❞ ❛ss❡ts ✭θi >
1
2
)✳ ▼♦r❡♦✈❡r✱

❢♦r t❤❡ r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ❛ss❡t ✐♥ t❤❡ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ ✐t ❜❛s✐❝❛❧❧② r❡q✉✐r❡s σ2
ǫi
✐s

♥♦t t♦♦ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ β2
i σ

2
γ✳ ■♥ ❢❛❝t✱ σ2

ǫi
≥ β2

i σ
2
γ ✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳

❚❤❡ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❤❛s ❛ ♣❛rt✐❝✉❧❛r ✐♠♣❧✐❝❛t✐♦♥ t❤❛t ♦✈❡r❛❧❧ ❡✣❝✐❡♥❝② ❝❛♥ ❛❝✲

t✉❛❧❧② ❞❡❝r❡❛s❡ ✇❤❡♥✱ ❢♦r ❡①❛♠♣❧❡✱ σ2
ǫi
❁✗❁β2

i σ
2
γ✳ ❚♦ ✉♥❞❡rst❛♥❞✐♥❣ t❤✐s r❡s✉❧t✱ ❝♦♥s✐❞❡r t❤❡

❝❛s❡ ✇❤❡r❡ t❤❡ ♠❛r❦❡t ♠❛❦❡r i ❜❡❧✐❡✈❡s t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② θi t❤❛t t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r

tr❛❞❡s ✐♥ ♠❛r❦❡t i ✐s ❝❧♦s❡ t♦ ✵✱ s❤❡ ♣❡r❝❡✐✈❡s t❤❡ ♦r❞❡r ωi ❛s ❝♦♠✐♥❣ ♦♥❧② ❢r♦♠ t❤❡ ❢❛❝t♦r

s♣❡❝✉❧❛t♦r ♦r ♥♦✐s❡ tr❛❞❡rs✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✇♦✉❧❞ ❜✐❞ ✈❡r② ❛❣❣r❡ss✐✈❡❧② t♦

❢✉❧❧② ❡①♣❧♦✐t ❤✐s ✐♥❢♦r♠❛t✐♦♥ ♦♥ γ✱ ♣❛rt✐❛❧❧② ❝♦✉♥t❡r❛❝t✐♥❣ t❤❡ ❢❛❝t t❤❛t ✐♥❢♦r♠❛t✐♦♥ ♦♥ γ ✐s

♦♥❧② ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ♠❛r❦❡t ♣r✐❝❡ Pi ✇✐t❤ s♠❛❧❧ ♣r♦❜❛❜✐❧✐t②✳ ■♥ ❝♦♠♣❛r✐s♦♥✱ ✐❢ σ2
ǫi
❃✗❃0✱
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❡✈❡♥ ✇❤❡♥ t❤❡ ♠❛r❦❡t ♠❛❦❡r ❛ss✐❣♥s ❛ ♣r♦❜❛❜✐❧✐t② ❝❧♦s❡ t♦ ✵ t♦ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s tr❛❞✲

✐♥❣✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✇♦✉❧❞ ♥♦t tr❛❞❡ ❛s ❛❣❣r❡ss✐✈❡❧②✱ ❜❡❝❛✉s❡ ♥♦✇ ❤❡ ✇♦rr✐❡s ❛❜♦✉t t❤❡

♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ ♠❛r❦❡t ♠❛❦❡r ♠❛② ✐♥t❡r♣r❡t ❤✐s ❛❞❞✐t✐♦♥❛❧ ♦r❞❡r ❛s r❡✢❡❝t✐♥❣ ✐♥❢♦r♠❛t✐♦♥

♦♥ ǫi✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ❝♦✉❧❞ ❜❡ r❡❛❧❧② ❧♦✇ ❢♦r ✐❧❧✐q✉✐❞ ♠❛r❦❡t s✐♥❝❡

✈❡r② ❧✐tt❧❡ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♦♥ γ ✐s r❡✈❡❛❧❡❞ ✐♥ Pi✳

✺✳✹ ❙❤❛❞❡s ♦❢ ❈❙✿ ❚r❛❞✐♥❣ ❚r❛♥s♣❛r❡♥❝②

❲❤✐❧❡ ♣❛ss✐✈❡ ♠✉t✉❛❧ ❢✉♥❞s ♦♥❧② r❡✈❡❛❧ t❤❡ ♣♦rt♦✢✐♦✱ ♦r❞❡r ✢♦✇✱ ❡t❝ ❛t ♠♦♥t❤❧② ❢r❡q✉❡♥❝②

❛t ❜❡st✱ t❤❡ s❤❛r❡s ♦✉tst❛♥❞✐♥❣ ❛♥❞ t❤❡ ✇❡✐❣❤ts ♦❢ ❊❚❋s ❛r❡ ❛❧❧ ❛✈❛✐❧❛❜❧❡ ❛t ❞❛✐❧② ❢r❡q✉❡♥❝②✱

✐❢ ♥♦t ❤✐❣❤❡r✳ ▼♦r❡♦✈❡r✱ t❤❡ ❊❚❋ ❛r❜✐tr❛❣❡ ♣r♦❝❡ss ❛❧s♦ ♠❛❦❡s ❛✉t❤♦r✐③❡❞ ♣❛rt✐❝✐♣❛♥ts ❛♥❞

❢✉♥❞ s♣♦♥s♦rs ✈✐s✐❜❧❡ t♦ t❤❡ ♠❛r❦❡t ♠❛❦❡rs✳ ❲❡ ♠♦❞❡❧ t❤✐s ❞✐st✐♥❣✉✐s❤✐♥❣ ❢❡❛t✉r❡ ♦❢ ❊❚❋s ❜②

❛❧❧♦✇✐♥❣ ♠❛r❦❡t ♠❛❦❡rs t♦ ♦❜s❡r✈❡ ♦r❞❡r ✢♦✇ ❢r♦♠ ❈❙ s♣♦♥s♦rs✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❢♦❝✉s ♦♥

❧✐♥❡❛r ❡q✉✐❧✐❜r✐❛ ✉♥❞❡r ✉♥s♣❛♥♥❡❞ ♠❛r❦❡t ✐♥ ✇❤✐❝❤ ✐♥✈❡st♦rs ❡✐t❤❡r tr❛❞❡ ❈❙ ♦r ♦♥❡ ✉♥❞❡r❧②✐♥❣

❛ss❡t✳

■♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ♠❛r❦❡t ♠❛❦❡r ♦❢ ❛ss❡t i t❤✉s ❝♦♥❥❡❝t✉r❡

✭✶✻✮ ωi = Xi(χi) + wim+ n̂i + gi
τ

βi

✇❤❡r❡ m = Y (ζ) + nH,CS ✐s t❤❡ ♦❜s❡r✈❡❞ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ♦r❞❡r✳ Y (ζ) ❞❡♥♦t❡s t❤❡ ❢❛❝t♦r

s♣❡❝✉❧❛t♦r✬s ♦r❞❡r ❜❛s❡❞ ♦♥ s✐❣♥❛❧ ζ✱ ❛♥❞ nH,CS = g3τ

β1w1+β2w2

❞❡♥♦t❡s ❈❙ ♦r❞❡r ❢r♦♠ ❢❛❝t♦r

❧✐q✉✐❞✐t② tr❛❞❡rs✳ ❍❡r❡ ✇❡ ❞❡♥♦t❡ ❜② gi (i = 1, 2) t❤❡ ❡♥❞♦❣❡♥♦✉s ❢r❛❝t✐♦♥ ♦❢ ❢❛❝t♦r ❧✐q✉✐❞✲

✐t② tr❛❞❡rs t❤❛t r❡♠❛✐♥ ✐♥ ✉♥❞❡r❧②✐♥❣ ♠❛r❦❡t i ❛♥❞ g3 t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❧✐q✉✐❞✐t② tr❛❞❡rs t❤❛t

s✇✐t❝❤ t♦ ❈❙ ♠❛r❦❡t✳ ❆s s❤♦✇♥ ❧❛t❡r✱ t❤❡ ♣❡r❢❡❝t ♦❜s❡r✈❛❜✐❧✐t② ♦❢ ❈❙ tr❛❞✐♥❣ ❛❧❧♦✇s ♠❛r❦❡t

♠❛❦❡rs t♦ s❡♣❡r❛t❡ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❛♥❞ t❤❡ s②st❡♠❛t✐❝ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥✳

❈♦♥s❡q✉❡♥t❧②✱ ❈❙s ❞♦ ♥♦t ❛ttr❛❝t ❛❧❧ ✐♥✜♥✐t❡s✐♠❛❧ ❢❛❝t♦r ✐♥✈❡st♦rs✳ ❖t❤❡r✇✐s❡✱ s✉♣♣♦s❡ ❛❧❧

❢❛❝t♦r ✐♥✈❡st♦rs tr❛❞❡ ❈❙s✱ t❤❡♥ ❛♥② ✐♥❞✐✈✐❞✉❛❧ ✐♥✜♥✐t❡s✐♠❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r ✜♥❞s ✐t

♣r♦✜t❛❜❧❡ t♦ r❡♠❛✐♥ tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ❞✐r❡❝t❧②✱ ❜❡❝❛✉s❡ ❤❡ ❢❛❝❡s ♥♦ s②st❡♠❛t✐❝

❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ♠❛r❦❡t✳

■♥ t❤❡ ❛♣♣❡♥❞✐① ✇❡ s❤♦✇ t❤❛t ♠❛r❦❡t ♠❛❦❡rs ✉t✐❧✐③❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❈❙ tr❛❞✐♥❣ ❛♥❞ s❡t

♣r✐❝❡s Pi(ωi,m) = λCS
1,i ωi+λCS

2,i m✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❢❡❛s✐❜❧❡ ❈❙ ❞❡s✐❣♥s

❛ttr❛❝t t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❛ ❢r❛❝t✐♦♥ ♦❢ ❧✐q✉✐❞✐t② tr❛❞❡rs✳ ■♥ t❤❡ r❡s✉❧t✐♥❣ ❡q✉✐❧✐❜r✐✉♠✱

t❤❡ ❡①♣❡❝t❡❞ tr❛❞✐♥❣ ❝♦st ❢♦r ❡❛❝❤ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r ✐s

✭✶✼✮ E [CCS(τ)] =
στg3
2

√

σ2
γ − σ2

ξ



✷✽

✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ s❡❝✉r✐t② ❞❡s✐❣♥ (w1, w2)✳ ❈♦♠♣❛r✐♥❣ ✐t t♦ t❤❡ ❡①♣❡❝t❡❞ ❧♦ss ❛❜s❡♥t

❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s✱

✭✶✽✮ E [C1(τ)] =
στ

2

√

[(

σ2
γ − σ2

ξ

)

+
(

σ2
ǫ1
− σ2

ν1

)

β−2
1

] f 2
1σ

2
τβ

−2
1

f 2
1σ

2
τβ

−2
1 + σ2

n̂1

,

✇❡ s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ❝♦❧❧❡❝t✐✈❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ s✉❜st✐t✉t✐♦♥✿ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❝♦♠♣♦s✐t❡

s❡❝✉r✐t✐❡s ❡❧✐♠✐♥❛t❡ t❤❡ s❡❝♦♥❞ t❡r♠ ✉♥❞❡r t❤❡ sq✉❛r❡ r♦♦t ❜❡❝❛✉s❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❜② ❛ss❡t

s♣❡❝✉❧❛t♦rs ✐s r❡♠♦✈❡❞ ✇❤❡♥ ♠❛r❦❡t ♠❛❦❡rs ✉t✐❧✐③❡ t❤❡ ♦r❞❡r ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❈❙ ♠❛r❦❡t❀ ♦♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❞✉❡ t♦ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✐s str❡♥❣t❤❡♥❡❞ ❛s
(

σ2
γ − σ2

ξ

)

t❡r♠ ✐s ♥♦ ❧♦♥❣❡r s❝❛❧❡❞ ❞♦✇♥ ✇✐t❤ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❢❛❝t♦r ❧✐q✉✐❞✐t②

tr❛❞❡rs ❝❛♥ ♥♦ ❧♦♥❣❡r ❤✐❞❡ ✐♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠❛r❦❡t ✭✇❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r ❛s ❛

❢r❛❝t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ♥♦✐s❡✮✳ ❚❤✐s s❡❡♠s t♦ ✐♥❞✐❝❛t❡ t❤❛t ✇❤❡t❤❡r t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs

tr❛❞❡ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s r❡❛❧❧② ❞❡♣❡♥❞s ♦♥ f ✬s✱ g✬s ❛♥❞ ♥♦✐s❡ r❛t✐♦s✱ ♥♦t ♦♥ t❤❡ ❞❡s✐❣♥ ❛t ❛❧❧✳

❙✐♠✐❧❛r❧②✱ t❤❡r❡ ✐s ❛ ❧✐q✉✐❞✐t② s✉❜st✐t✉t✐♦♥ ❡✛❡❝t ❢♦r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✇❤♦s❡ ♣r♦✜t ✇✐t❤

❈❙ ✐s

✭✶✾✮ ΠCS
γ

(

σ2
ξ

)

=
g3στ

2

√

σ2
γ − σ2

ξ

✱ ❛s ❝♦♠♣❛r❡❞ t♦ t❤❛t ✇✐t❤♦✉t ❈❙

✭✷✵✮ ΠN
γ

(

σ2
ξ

)

=

√

β2
1σ

2
n̂1

+ f 2
1σ

2
τ

2

σ2
γ − σ2

ξ
√

β−2
1

(

σ2
ǫ1
− σ2

ν1

)

+
(

σ2
γ − σ2

ξ

)

✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❧✐q✉✐❞✐t② ♠❛② ❣♦ ❞♦✇♥ ❛s ❢❛❝t♦r s♣❡❝✉❧❛t♦r ♥♦ ❧♦♥❣❡r t❛♣s ✐♥t♦ t❤❡ ❛ss❡t✲

s♣❡❝✐✜❝ ❧✐q✉✐❞✐t② tr❛❞✐♥❣ ✭✇❤❡♥ g3στ <
√

β2
1σ

2
n̂1

+ f 2
1σ

2
τ ✮✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧✐q✉✐❞✐t② ♠❛② ✐♠✲

♣r♦✈❡ ❛s ❤❡ ❢❛❝❡s ❧❡ss ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❜② ❛ss❡t s♣❡❝✉❧❛t♦rs ✭
√

σ2
γ − σ2

ξ >
σ2
γ−σ2

ξ
√

β−2

1 (σ2
ǫ1
−σ2

ν1
)+(σ2

γ−σ2

ξ)
✮✳

❉❡s♣✐t❡ t❤❡s❡ ♥❡✇ ❝❤❛♥♥❡❧s✱ t❤❡ ❡①t❡♥t ✐♥tr♦❞✉❝✐♥❣ ❈❙ ❛❧t❡rs t❤❡ ✐♥❢♦r♠❛t✐♦♥❧ ❡✣❝✐❡♥❝② ✐s

❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✿

Pr♦♣♦s✐t✐♦♥ ✶✵ ✭❚r❛♥s♣❛r❡♥t ❈❙✮

■♥tr♦❞✉❝✐♥❣ ❈❙ ✇✐t❤ tr❛♥s♣❛r❡♥t tr❛❞✐♥❣ ✭✶✮ r❡❞✉❝❡s t❤❡ ❛ss❡t✲s♣❡❝✐✜❝ ❡✣❝✐❡♥❝②✱ ✐♠♣r♦✈❡s t❤❡

s②st❡♠❛t✐❝ ❡✣❝✐❡♥❝②✱ ❛♥❞ ✐♠♣r♦✈❡s t❤❡ ♦✈❡r❛❧❧ ❡✣❝✐❡♥❝② ❢♦r t❤❡ r❡❧❛t✐✈❡❧② ✐❧❧✐q✉✐❞ ❛ss❡t❀ ✭✷✮

✐♥❝r❡❛s❡s ❛ss❡t ♣r✐❝❡s ❝♦✲♠♦✈❡♠❡♥t✱ ❛♥❞ ✐♥❝r❡❛s❡s ♣r✐❝❡ ✈❛r✐❛❜✐❧✐t② ❛♥❞ s②♥❝❤r♦♥✐❝✐t② ♦❢ t❤❡

✐❧❧✐q✉✐❞ ❛ss❡t ❀ ✭✸✮ ✐♥❝r❡❛s❡s t❤❡ tr❛❞✐♥❣ ❝♦st ✐♥ t❤❡ ✐❧❧✐q✉✐❞ ♠❛r❦❡t ✐❢ g2 ≤ f2 ❛♥❞ ♠❛② ❧♦✇❡r



✷✾

t❤❡ tr❛❞✐♥❣ ❝♦st ✐♥ t❤❡ ❧✐q✉✐❞ ♠❛r❦❡t ✐❢ σ2
γ − σ2

ξ ✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ σ2
ǫ1
− σ2

ν1
✳

■♥t✉✐t✐✈❡❧②✱ ✐♥tr♦❞✉❝✐♥❣ ❈❙ tr❛❞✐♥❣ ✇♦✉❧❞ ❛ttr❛❝t ❛✇❛② ❜♦t❤ t❤❡ s②st❡♠❛t✐❝ s♣❡❝✉❧❛t♦r ❛♥❞

t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❢r♦♠ ✉♥❞❡r❧②✐♥❣ ♠❛r❦❡t i✱ ❤❡♥❝❡ t❤❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ✐♥ ♠❛r❦❡t

i ✇♦✉❧❞ ❞❡t❡r✐♦r❛t❡ ✐❢ t❤❡ r❡♠❛✐♥✐♥❣ ♥♦✐s❡ tr❛❞✐♥❣ ✐s ❧♦✇✱ ♦r ✐❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ γ ✐s ❧❡ss

r❡❧❡✈❛♥t t♦ t❤❡ s❡❝✉r✐t② ✈❛❧✉❛t✐♦♥✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ ✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr② ✐♥ t❤❡ s②st❡♠❛t✐❝

❝♦♠♣♦♥❡♥t γ ✐s ❧❛r❣❡ ❝♦♠♣❛r❡ t♦ t❤❛t ✐♥ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ ♣❛rt✱ t❤❡♥ ❜② ❛ttr❛❝t✐♥❣ ❛✇❛② t❤❡

s②st❡♠❛t✐❝ s♣❡❝✉❧❛t♦rs t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ ♠❛② ❛❝t✉❛❧❧② ❛❧❧❡✈✐❛t❡ t❤❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ✐♥

♦r✐❣✐♥❛❧❧② ❧✐q✉✐❞ ♠❛r❦❡t ❛♥❞ ❤❡♥❝❡ ❧♦✇❡r t❤❡ tr❛❞✐♥❣ ❝♦st ✐♥ ✐t✳

❚❤❡ r❡s✉❧ts ♦♥ ❡♥❞♦❣❡♥♦✉s ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ st✐❧❧ ❛♣♣❧②✿ ♦✉ts✐❞❡r ❛ss❡t s♣❡❝✉❧❛t♦rs

♠❛② ♥♦ ❧♦♥❣❡r ✜♥❞ ✐t ✇♦rt❤✇❤✐❧❡ t♦ ❛❝q✉✐r❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✇✐t❤ ♣❡r❢❡❝t ♠❛r❦❡t

s❡♣❡r❛t✐♦♥✱ ♠❛r❦❡t ♠❛❦❡rs ♦❢ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ❛r❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② t❤❡ ♦r❞❡rs ❝♦♠✐♥❣ ❢r♦♠

❛ss❡t s♣❡❝✉❧❛t♦rs ❛♥❞ ❛ss❡t ❧✐q✉✐❞✐t② tr❛❞❡rs✱ ❢r♦♠ t❤♦s❡ ♠❛❞❡ ❜② ❢❛❝t♦r ✐♥✈❡st♦rs✳ ■❢ t❤❡

♥♦✐s✐♥❡ss ♦❢ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ ❤❡❞❣✐♥❣ ♥❡❡❞ ✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ t❤❛t ♦❢ ❛ss❡t ❧✐q✉✐❞✐t②

tr❛❞❡rs✱ t❤❡ ♦✉ts✐❞❡ ❛ss❡t s♣❡❝✉❧❛t♦r ♠❛② q✉✐t ❛❝q✉✐r✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐❢ t❤❡ ♣r♦✜t ❤❡ ❝❛♥

❣❛✐♥ ❢r♦♠ t❤❡ r❡♠❛✐♥✐♥❣ ❧✐q✉✐❞✐t② tr❛❞❡rs ✐s ♥♦t s✉✣❝✐❡♥t t♦ r❡❝♦✉♣ ❤✐s ✐♥❝✉rr❡❞ ✐♥❢♦r♠❛t✐♦♥

❛❝q✉✐s✐t✐♦♥ ❝♦st✳

❉✐✛❡r❡♥t ❢r♦♠ ♦✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ❡q✉✐❧✐❜r✐✉♠ gis ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (w1, w2)✱ ✐♠♣❧②✐♥❣

t❤❛t ❛s ❧♦♥❣ ❛s t❤❡ ❞❡s✐❣♥ s✉♣♣♦rts t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ✐t ❞♦❡s ♥♦t ❛✛❡❝t ❢❛❝t♦r ✐♥✈❡st♦rs✬ ♣❛②✲

♦✛s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ❝♦✉❧❞ ❜❡ ❞❡❣❡♥❡r❛t❡✳ ❚❤✐s ❤❡❧♣s t♦ r❡❝♦♥❝✐❧❡ t❤❡ ❧❛r❣❡r

✈❛r✐❛t② ♦❢ ❈❙s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❢❛❝t♦r✱ s✉❝❤ ❛s ❊❚❋s✱ ✇❤❡♥ t❤❡ ❈❙ tr❛❞✐♥❣ ✐s ♠♦r❡

tr❛♥s♣❛r❡♥t✳

✺✳✺ ❙❤❛❞❡s ♦❢ ❈❙✿ ❇✉♥❞❧❡s ✈s ❉❡r✐✈❛t✐✈❡s

■♥ t❤❡ ❝❛s❡ ♦❢ ❊❚❋s✱ t❤❡ ❝r❡❛t✐♦♥ ❛♥❞ r❡❞❡♠♣t✐♦♥ ♣r♦❝❡ss ❞✐❝t❛t❡s t❤❛t ♦♥❡ ❤❛s t♦ ❜✉② t❤❡

✉♥❞❡r❧②✐♥❣ ❛ss❡ts t♦ ❝r❡❛t❡ ❛♥ ❊❚❋✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ♠❛② ♥♦t ❤♦❧❞ ❢♦r s②♥t❤❡t✐❝

❊❚❋s ❛♥❞ ✐♥❞❡① ❢✉t✉r❡s✱ ❡t❝ ❜❡❝❛✉s❡ t❤❡② tr❛❞❡ ♠♦r❡ ❧✐❦❡ ❛ ❞❡r✐✈❛t✐✈❡ t❤❛♥ ❛ ❜✉♥❞❧❡ ♦❢ t❤❡

✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ ❚♦ t❤❡ ❡①t❡♥t t❤❡ tr❛❞❡rs ❞♦ ♥♦t ❛❧✇❛②s ♠❡❝❤❛♥✐❝❛❧❧② ❤❡❞❣❡ ❜② tr❛❞✐♥❣

t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✱ ♦r❞❡rs ♦♥ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ♠❛② ♥♦t s✐❣♥✐✜❝❛♥t❧② ❛❧t❡r t❤❡ ❞❡♠❛♥❞

❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ ❚♦ ❡①❛♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ ✐♥tr♦❞✉❝✐♥❣ ❝♦♠♣♦s✐t❡ ❞❡r✐✈❛t✐✈❡s r❛t❤❡r

t❤❛♥ ❝♦♠♣♦s✐t❡ ❜✉♥❞❧❡s✱ ✇❡ ❧❡t t❤❡ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② t♦ ❜❡ ✐♥ ♣❡r❢❡❝t❧② ❡❧❛st✐❝ s✉♣♣❧② ❛♥❞

✐♥tr♦❞✉❝❡ ❛ s❡♣❛r❛t❡ ♠❛r❦❡t ♠❛❦❡r ✇❤♦ ❛❜s♦r❜s r❡s✐❞✉❛❧ ❞❡♠❛♥❞s ❛♥❞ s❡ts ♣r✐❝❡s t♦ ❜r❡❛❦

❡✈❡♥ ♦♥ ❛✈❡r❛❣❡✳ ❲❡ st✐❧❧ ❞♦ ♥♦t r❡s♦rt t♦ ✐♥tr♦❞✉❝✐♥❣ ❛❞❞✐t✐♦♥❛❧ ♥♦✐s❡ tr❛❞✐♥❣ ♦r s♣❡❝✉❧❛t✐♦♥✱
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❜✉t ❡♥❞♦❣❡♥✐③❡ t❤❡♠ ❛s ✇❡ ❞♦ ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✳ ■♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✇❡ s❤♦✇ ❤♦✇ ♦✉r ♠❛✐♥

r❡s✉❧ts ❛r❡ ♠♦❞✐✜❡❞ ❛♥❞ ❤♦✇ ❦❡② ♠❡❝❤❛♥✐s♠ ❛♥❞ ✐♥t✉✐t✐♦♥ ❣♦ t❤r♦✉❣❤✳

■♥ t❤❡ ❛♣♣❡♥❞✐① ✇❡ ♣r♦✈✐❞❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ♣r♦♣❡r❧② ❞❡s✐❣♥❡❞ ❝♦♠♣♦s✐t❡ ❞❡r✐✈❛t✐✈❡s

❛ttr❛❝t ❜♦t❤ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✳ ■♥ s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱

✇✐t❤ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❜❡✐♥❣ ❛ttr❛❝t❡❞ ❛✇❛② ❢r♦♠ ✉♥❞❡r❧②✐♥❣ ♠❛r❦❡ts✱ t❤❡ s②st❡♠❛t✐❝

✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r r❡✢❡❝t❡❞ ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡ts ❛❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥

♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♣r♦❞✉❝ts✳ ❚❤❡r❡❢♦r❡✱ ✉♥❧✐❦❡ t❤❡ ❊❚❋✲❧✐❦❡ ♣r♦❞✉❝ts ❛s ✇❡ ❛♥❛❧②③❡❞ ❛❜♦✈❡✱

✇❤✐❝❤ t❡♥❞ t♦ ❤❡❧♣ ✐♠♣r♦✈❡ t❤❡ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐♥ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡t t❤r♦✉❣❤ ❜❡tt❡r

✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥✱ ✐♥tr♦❞✉❝✐♥❣ ❞❡r✐✈❛t✐✈❡ ♣r♦❞✉❝ts ✐s ❧✐❦❡❧② t♦ ✐♠♣❛✐r

t❤❡ ♣r✐❝❡ ❞✐s❝♦✈❡r② ✐♥ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡ts ❛s t❤❡ s②st❡♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r

r❡✢❡❝t❡❞ ✐♥ t❤❡ ♠❛r❦❡t ♦r❞❡r r❡❝❡✐✈❡❞ ❜② ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡t ♠❛❦❡rs✳ ❋♦r♠❛❧❧②✱ ✇❡

s✉♠♠❛r✐③❡ t❤❡ r❡s✉❧ts ♦❢ ♦✉r ❛♥❛❧②s✐s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✶ ✭❈♦♠♣♦s✐t❡ ❉❡r✐✈❛t✐✈❡s✮

❆❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❞❡r✐✈❛t✐✈❡ ♣r♦❞✉❝ts s✉❝❤ ❛s s②♥t❤❡t✐❝ ❊❚❋ ❛♥❞ ✐♥❞❡① ❢✉t✉r❡s✱ ✶✮ ■♥

t❤❡ ♦r✐❣✐♥❛❧❧② ❧✐q✉✐❞ ♠❛r❦❡t✱ t❤❡ s②st❡♠❛t✐❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ❛♥❞ ♦✈❡r❛❧❧ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝②

❞❡❝r❡❛s❡✱ ✇❤✐❧❡ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✇❡❛❦❧② ✐♥❝r❡❛s❡s❀ ✷✮ ❈♦♠♦✈❡♠❡♥t ✐♥ s❡❝✉✲

r✐t② r❡t✉r♥s ❛❝r♦ss ♠❛r❦❡ts ❛♥❞ t❤❡ s②♥❝❤r♦♥✐❝✐t② ✐♥ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡ts ✇❡❛❦❧② ❣♦❡s

❞♦✇♥❀ ✸✮ ❚❤❡ tr❛❞✐♥❣ ❝♦st ✐♥ t❤❡ ✐❧❧✐q✉✐❞ ♠❛r❦❡t ✇❡❛❦❧② ❣♦❡s ✉♣✳

❚❤❡s❡ r❡s✉❧ts ✐♥ t✉r♥ ✐♠♣❧② t❤❛t t❤❡ ♣❤②s✐❝❛❧ r❡♣❧✐❝❛t✐♦♥ r❡q✉✐r❡❞ ✐♥ ❝♦♠♣♦s✐t❡ ❜✉♥❞❧❡s

✇♦✉❧❞ ❤❛✈❡ ❞✐✛❡r❡♥t ✐♠♣❛❝t ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣s t❤❛♥ ❝♦♠♣♦s✐t❡ ❞❡r✐✈❛t✐✈❡s✳ ❚♦ t❤❡ ❡①t❡♥t

t❤❛t ✐♥❞❡① ❢✉t✉r❡s ❛r❡ ❧❡ss ♦❢ ❝♦♠♣♦s✐t❡ ❜✉♥❞❧❡s t❤❛♥ ♣❤②s✐❝❛❧ ❊❚❋s✱ t❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤

t❤❡ ❡✈✐❞❡♥❝❡ ❢♦✉♥❞ ✐♥ ▲❡✐♣♣♦❧❞ ❡t ❛❧✳ ✭✷✵✶✺✮ t❤❛t ❞❡♠❛♥❞ s❤♦❝❦s t♦ ❊❚❋s ❤❛✈❡ ❛ str♦♥❣❡r

✐♠♣❛❝t ❞✉❡ t♦ ♣❤②s✐❝❛❧ r❡♣❧✐❝❛t✐♦♥✳

✻✳ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡✈❡❧♦♣ ❛ t❤❡♦r② ♦❢ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✲ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✉♥❞❡r❧②✐♥❣

❛ss❡ts t❤❛t ❢❛❝✐❧✐t❛t❡ tr❛❞✐♥❣ ❧❛r❣❡r ❜❛s❦❡ts ♦❢ ❛ss❡ts ✇❤✐❝❤ ❛r❡ ♣r❡✈✐♦✉s❧② t♦♦ ❝♦st❧② t♦ ❢✉❧❧②

❛❝❝❡ss✳ ❈♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ❝❛♥ ❝♦♦r❞✐♥❛t❡ ❧✐q✉✐❞✐t② tr❛❞❡rs t♦ ❛❝❤✐❡✈❡ ❜❡tt❡r ❛❞✈❡rs❡ s❡❧❡❝✲

t✐♦♥ ✏❞✐✈❡rs✐✜❝❛t✐♦♥✑✱ ❛♥❞ ♣r♦✈✐❞❡ ♣r✐❝❡ ✐♠♣❛❝t ✏❞✐✈❡rs✐✜❝❛t✐♦♥✑ ❛♥❞ ❛ttr❛❝t tr❛❞❡rs ✐♥❢♦r♠❡❞

♦❢ s②st❡♠❛t✐❝ ❢❛❝t♦r ♦❢ ❛ss❡t ✈❛❧✉❡s✳ ❚❤❡ ♠♦❞❡❧ t❤✉s ✐❧❧✉str❛t❡s t❤❛t ✜♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥s s✉❝❤

❛s ❊①❝❤❛♥❣❡✲❚r❛❞❡❞ ❋✉♥❞s ✭❊❚❋s✮✱ s♠❛rt ❜❡t❛ ♣r♦❞✉❝ts✱ ❛♥❞ ✐♥❞❡①✲❜❛s❡❞ ✈❡❤✐❝❧❡s ❡♥❝♦✉r❛❣❡
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❢❛❝t♦r ✐♥✈❡st✐♥❣✳ ❘❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ✐♥❢♦r♠❡❞♥❡ss ❛♥❞ ❧✐q✉✐❞✐t② ♥❡❡❞s✱ ❢❛❝t♦r ✐♥✈❡st♦rs ♣r❡❢❡r

t❤❡ s❛♠❡ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② ❞❡s✐❣♥✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ ❞❡s✐❣♥ s♣❛❝❡ ❛s ✇❡❧❧ ❛s

t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥s ❤❡❧♣ ✉s ✉♥❞❡rst❛♥❞ ✇❤② s✉❝❤ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s t②♣✐❝❛❧❧② ✐♥✈♦❧✈❡ ❧✐q✉✐❞

❛ss❡ts r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ s②st❡♠❛t✐❝ ❢❛❝t♦rs ❛♥❞ ✇❤② ❊❚❋s ❛♥❞ s♠❛rt ❜❡t❛ ♣r♦❞✉❝ts ❤❛✈❡ s✉❝❤

♣♦♣✉❧❛r✐t②✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠♦❞❡❧ ❣❡♥❡r❛t❡s ✐♠♣❧✐❝❛t✐♦♥s ♦♥ ❛ss❡t ♣r✐❝❡s ❛♥❞ t❤❡ ✐♥❢♦r♠❛✲

t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❛r❦❡ts t❤❛t ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ r❡❝❡♥t ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s✳ ❋✐♥❛❧❧②✱

tr❛♥s♣❛r❡♥❝② ✐♥ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② tr❛❞✐♥❣ ❞✐st✐♥❣✉✐s❤❡s ❊❚❋s ❢r♦♠ ♦t❤❡r ❝♦♠♣♦s✐t❡ s❡❝✉r✐✲

t✐❡s✱ ❛♥❞ ✐♥tr♦❞✉❝✐♥❣ ❝♦♠♣♦s✐t❡ ❞❡r✐✈❛t✐✈❡s t❡♥❞ t♦ ❤❛✈❡ ♦♣♣♦s✐t❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❛ss❡t ♣r✐❝❡s

t♦ ✐♥tr♦❞✉❝✐♥❣ ❝♦♠♣♦s✐t❡ ❜✉♥❞❧❡s✳

❖✉r ♠♦❞❡❧ ✐s st②❧✐③❡❞ ❛♥❞ st❛t✐❝✱ ❛♥❞ st✉❞②✐♥❣ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t② tr❛❞✐♥❣ ✐♥ ❞②♥❛♠✐❝ s❡t✲

t✐♥❣s ✇♦✉❧❞ ❧✐❦❡❧② ♣r♦✈✐❞❡r r✐❝❤❡r r❡s✉❧ts✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤✐❧❡ ✇❡ ❢♦❝✉s ♦♥ ❤♦✇ ❝✉rr❡♥t ♣r✐❝❡s

r❡✢❡❝t ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✱ ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ✇♦✉❧❞ ❛❧❧♦✇ ✉s t♦ ❞✐s❝✉ss t❤❡ t✐♠✐♥❣ ♦❢ ✐♥❢♦r♠❛✲

t✐♦♥ ✐♥❝♦r♣♦r❛t❡ ✐♥t♦ ❛ss❡t ♣r✐❝❡s✳ ❉②♥❛♠✐❝ r❡❜❛❧❛♥❝✐♥❣ ❝♦♥s✐❞❡r❛t✐♦♥s ❛❧s♦ ❢❛✈♦r ♠❛r❦❡t✲❝❛♣

✇❡✐❣❤✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❛✐♥ ✐♥t✉✐t✐♦♥s s❤♦✉❧❞ ❝♦♥t✐♥✉❡ ❤♦❧❞✐♥❣✳ ❚❤❡ ♠♦❞❡❧ ❛❧s♦ ♣r♦❞✉❝❡s ❛

♥✉♠❜❡r ♦❢ ♥♦✈❡❧ ❛♥❞ t❡st❛❜❧❡ ✐♠♣❧✐❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛❧❧ t❤❡ ♣r❡❞✐❝t✐♦♥s ♦♥ ❛ss❡t ♣r✐❝❡s

✇♦✉❧❞ ❜❡ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ❢♦r ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❊❚❋s ❝♦✈❡r✐♥❣ ❛♥ ✐♥❞❡① ❛❧r❡❛❞② ❝♦✈❡r❡❞ ❜②

♣❛ss✐✈❡ ✐♥❞❡① ♠✉t✉❛❧ ❢✉♥❞s ♦r ❛♥♦t❤❡r ❊❚❋✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛♥❛❧②sts

❝♦✈❡r✐♥❣ s♣❡❝✐✜❝ ✜r♠s ❣♦❡s ❞♦✇♥ ♠♦r❡ ❢♦r ✐❧❧✐q✉✐❞ st♦❝❦s✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛♥❛❧②sts ❝♦✈❡r✐♥❣

s②st❡♠❛t✐❝ ♥❡✇s ❣♦❡s ✉♣ ✇❤❡♥ ❛♥ ❊❚❋ ❝♦✈❡r✐♥❣ t❤❛t ❢❛❝t♦r ✐s ✐♥tr♦❞✉❝❡❞✳

❘❡❢❡r❡♥❝❡s

❆❞♠❛t✐✱ ❆✳ ❛♥❞ P✳ P✢❡✐❞❡r❡r ✭✶✾✽✽✮✳ ❙❡❧❧✐♥❣ ❛♥❞ tr❛❞✐♥❣ ♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✼✽✱ ✾✻✕✶✵✸✳

❆❧❧❡♥✱ ❋✳ ❛♥❞ ❉✳ ●❛❧❡ ✭✶✾✾✹✮✳ ❋✐♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ r✐s❦ s❤❛r✐♥❣✳ ▼■❚ ♣r❡ss✳

❇❛♥❡r❥❡❡✱ ❙✳ ❛♥❞ ❏✳ ❏✳ ●r❛✈❡❧✐♥❡ ✭✷✵✶✹✮✳ ❚r❛❞✐♥❣ ✐♥ ❞❡r✐✈❛t✐✈❡s ✇❤❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐s s❝❛r❝❡✳

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s ✶✶✶ ✭✸✮✱ ✺✽✾✕✻✵✽✳

❇❛r❜❡r✐s✱ ◆✳✱ ❆✳ ❙❤❧❡✐❢❡r✱ ❛♥❞ ❏✳ ❲✉r❣❧❡r ✭✷✵✵✺✮✳ ❈♦♠♦✈❡♠❡♥t✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦✲

♥♦♠✐❝s ✼✺ ✭✷✮✱ ✷✽✸✕✸✶✼✳

❇❡♥✲❉❛✈✐❞✱ ■✳✱ ❋✳ ❋r❛♥③♦♥✐✱ ❛♥❞ ❘✳ ▼♦✉ss❛✇✐ ✭✷✵✶✹✮✳ ❉♦ ❡t❢s ✐♥❝r❡❛s❡ ✈♦❧❛t✐❧✐t②❄ ❚❡❝❤♥✐❝❛❧

r❡♣♦rt✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳
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❇❤❛tt❛❝❤❛r②❛✱ ❆✳ ❛♥❞ ▼✳ ❖✬❍❛r❛ ✭✷✵✶✺✮✳ ❈❛♥ ❡t❢s ✐♥❝r❡❛s❡ ♠❛r❦❡t ❢r❛❣✐❧✐t②❄ ❡✛❡❝t ♦❢ ✐♥❢♦r✲

♠❛t✐♦♥ ❧✐♥❦❛❣❡s ✐♥ ❡t❢ ♠❛r❦❡ts✳ ❊✛❡❝t ❖❢ ■♥❢♦r♠❛t✐♦♥ ▲✐♥❦❛❣❡s ✐♥ ❊❚❋ ▼❛r❦❡ts ✭❖❝t♦❜❡r

✶✵✱ ✷✵✶✺✮✳

❇♦r♦✉❥❡r❞✐✱ ❘✳ ❛♥❞ ❑✳ ❋♦❣❡rt❡② ✭✷✵✶✺✮✳ ❊t❢s✿ ❚❤❡ r✐s❡ ♦❢ t❤❡ ♠❛❝❤✐♥❡s✳ ●♦❧❞♠❛♥ ❙❛❝❤s ❊q✉✐t②

❘❡s❡❛r❝❤ ❆♣r✐❧✳

❇r❛❞❧❡②✱ ❍✳ ❛♥❞ ❘✳ ❊✳ ▲✐t❛♥ ✭✷✵✶✶✮✳ ❊t❢s ❛♥❞ t❤❡ ♣r❡s❡♥t ❞❛♥❣❡r t♦ ❝❛♣✐t❛❧ ❢♦r♠❛t✐♦♥✳ ❊✇✐♥❣

▼❛r✐♦♥ ❑❛✉✛♠❛♥ ❋♦✉♥❞❛t✐♦♥ ❘❡s❡❛r❝❤ P❛♣❡r ✳

❈r❛✇❢♦r❞✱ ❙✳ ❙✳✱ ❉✳ ❚✳ ❘♦✉❧st♦♥❡✱ ❛♥❞ ❊✳ ❈✳ ❙♦ ✭✷✵✶✷✮✳ ❆♥❛❧②st ✐♥✐t✐❛t✐♦♥s ♦❢ ❝♦✈❡r❛❣❡ ❛♥❞

st♦❝❦ r❡t✉r♥ s②♥❝❤r♦♥✐❝✐t②✳ ❚❤❡ ❆❝❝♦✉♥t✐♥❣ ❘❡✈✐❡✇ ✽✼ ✭✺✮✱ ✶✺✷✼✕✶✺✺✸✳

❉❛✱ ❩✳ ❛♥❞ ❙✳ ❙❤✐✈❡ ✭✷✵✶✸✮✳ ❲❤❡♥ t❤❡ ❜❡❧❧✇❡t❤❡r ❞❛♥❝❡s t♦ ♥♦✐s❡✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❡①❝❤❛♥❣❡✲

tr❛❞❡❞ ❢✉♥❞s✳ ❆✈❛✐❧❛❜❧❡ ❛t ❙❙❘◆ ✷✶✺✽✸✻✶ ✳

❉✉✣❡✱ ❉✳ ❛♥❞ ❘✳ ❘❛❤✐ ✭✶✾✾✺✮✳ ❋✐♥❛♥❝✐❛❧ ♠❛r❦❡t ✐♥♥♦✈❛t✐♦♥ ❛♥❞ s❡❝✉r✐t② ❞❡s✐❣♥✿ ❆♥ ✐♥tr♦✲

❞✉❝t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✻✺ ✭✶✮✱ ✶✕✹✷✳

●❧♦st❡♥✱ ▲✳✱ ❙✳ ◆❛❧❧❛r❡❞❞②✱ ❛♥❞ ❨✳ ❩♦✉ ✭✷✵✶✺✮✳ ❊t❢ tr❛❞✐♥❣ ❛♥❞ ✐♥❢♦r♠❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♦❢

✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t✐❡s✳

●♦❧❞st❡✐♥✱ ■✳✱ ❨✳ ▲✐✱ ❛♥❞ ▲✳ ❨❛♥❣ ✭✷✵✶✹✮✳ ❙♣❡❝✉❧❛t✐♦♥ ❛♥❞ ❤❡❞❣✐♥❣ ✐♥ s❡❣♠❡♥t❡❞ ♠❛r❦❡ts✳

❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s ✷✼ ✭✸✮✱ ✽✽✶✕✾✷✷✳

●♦rt♦♥✱ ●✳ ❛♥❞ ●✳ P❡♥♥❛❝❝❤✐ ✭✶✾✾✵✮✳ ❋✐♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛r✐❡s ❛♥❞ ❧✐q✉✐❞✐t② ❝r❡❛t✐♦♥✳ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✹✺ ✭✶✮✱ ✹✾✕✼✶✳

●♦rt♦♥✱ ●✳ ❇✳ ❛♥❞ ●✳ ●✳ P❡♥♥❛❝❝❤✐ ✭✶✾✾✸✮✳ ❙❡❝✉r✐t② ❜❛s❦❡ts ❛♥❞ ✐♥❞❡①✲❧✐♥❦❡❞ s❡❝✉r✐t✐❡s✳

❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss✱ ✶✕✷✼✳

❍❛♠♠✱ ❙✳ ❏✳ ✭✷✵✶✹✮✳ ❚❤❡ ❡✛❡❝t ♦❢ ❡t❢s ♦♥ st♦❝❦ ❧✐q✉✐❞✐t②✳ ❆✈❛✐❧❛❜❧❡ ❛t ❙❙❘◆ ✶✻✽✼✾✶✹ ✳

❍❛rr✐s✱ ▲✳ ❛♥❞ ❊✳ ●✉r❡❧ ✭✶✾✽✻✮✳ Pr✐❝❡ ❛♥❞ ✈♦❧✉♠❡ ❡✛❡❝ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❤❛♥❣❡s ✐♥ t❤❡ s✫♣

✺✵✵ ❧✐st✿ ◆❡✇ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣r✐❝❡ ♣r❡ss✉r❡s✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✹✶ ✭✹✮✱

✽✶✺✕✽✷✾✳

❍❛ss❛♥✱ ❚✳ ❆✳ ❛♥❞ ❚✳ ▼✳ ▼❡rt❡♥s ✭✷✵✶✶✮✳ ❚❤❡ s♦❝✐❛❧ ❝♦st ♦❢ ♥❡❛r✲r❛t✐♦♥❛❧ ✐♥✈❡st♠❡♥t✳ ❚❡❝❤♥✐❝❛❧

r❡♣♦rt✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳

■sr❛❡❧✐✱ ❉✳✱ ❈✳ ▲❡❡✱ ❛♥❞ ❙✳ ❆✳ ❙r✐❞❤❛r❛♥ ✭✷✵✶✻✮✳ ■s t❤❡r❡ ❛ ❞❛r❦ s✐❞❡ t♦ ❡①❝❤❛♥❣❡ tr❛❞❡❞ ❢✉♥❞s

✭❡t❢s✮❄ ❛♥ ✐♥❢♦r♠❛t✐♦♥ ♣❡rs♣❡❝t✐✈❡✳ ❲♦r❦✐♥❣ P❛♣❡r ✳

❑r❛✉s❡✱ ❚✳✱ ❙✳ ❊❤s❛♥✐✱ ❛♥❞ ❉✳ ▲✐❡♥ ✭✷✵✶✹✮✳ ❊①❝❤❛♥❣❡✲tr❛❞❡❞ ❢✉♥❞s✱ ❧✐q✉✐❞✐t② ❛♥❞ ✈♦❧❛t✐❧✐t②✳

❆♣♣❧✐❡❞ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s ✷✹ ✭✷✹✮✱ ✶✻✶✼✕✶✻✸✵✳

❑✉❜❧❡r✱ ❋✳ ❛♥❞ ❑✳ ❙❝❤♠❡❞❞❡rs ✭✷✵✶✷✮✳ ❋✐♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ❛ss❡t ♣r✐❝❡ ✈♦❧❛t✐❧✐t②✳ ❚❤❡

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✷ ✭✸✮✱ ✶✹✼✕✶✺✶✳
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❑②❧❡✱ ❆✳ ❙✳ ✭✶✾✽✺✮✳ ❈♦♥t✐♥✉♦✉s ❛✉❝t✐♦♥s ❛♥❞ ✐♥s✐❞❡r tr❛❞✐♥❣✳ ❊❝♦♥♦♠❡tr✐❝❛✿ ❏♦✉r♥❛❧ ♦❢ t❤❡

❊❝♦♥♦♠❡tr✐❝ ❙♦❝✐❡t② ✱ ✶✸✶✺✕✶✸✸✺✳

▲❡✐♣♣♦❧❞✱ ▼✳✱ ▲✳ ❙✉✱ ❛♥❞ ❆✳ ❩✐❡❣❧❡r ✭✷✵✶✺✮✳ ❉♦ ✐♥❞❡① ❢✉t✉r❡s ❛♥❞ ❡t❢s ❛✛❡❝t st♦❝❦ r❡t✉r♥

❝♦rr❡❧❛t✐♦♥s❄ ❆✈❛✐❧❛❜❧❡ ❛t ❙❙❘◆ ✷✻✷✵✾✺✺ ✳

▼❛❞❤❛✈❛♥✱ ❆✳ ❛♥❞ ❆✳ ❙♦❜❝③②❦ ✭✷✵✶✹✮✳ Pr✐❝❡ ❞②♥❛♠✐❝s ❛♥❞ ❧✐q✉✐❞✐t② ♦❢ ❡①❝❤❛♥❣❡✲tr❛❞❡❞ ❢✉♥❞s✳

❆✈❛✐❧❛❜❧❡ ❛t ❙❙❘◆ ✷✹✷✾✺✵✾ ✳

▼❛❞❤❛✈❛♥✱ ❆✳ ◆✳ ❡t ❛❧✳ ✭✷✵✶✻✮✳ ❊①❝❤❛♥❣❡✲❚r❛❞❡❞ ❋✉♥❞s ❛♥❞ t❤❡ ◆❡✇ ❉②♥❛♠✐❝s ♦❢ ■♥✈❡st✐♥❣✳

❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

▼❛❧❛♠✉❞✱ ❙✳ ✭✷✵✶✺✮✳ ❆ ❞②♥❛♠✐❝ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧ ♦❢ ❡t❢s✳ ❙✇✐ss ❋✐♥❛♥❝❡ ■♥st✐t✉t❡ ❘❡s❡❛r❝❤

P❛♣❡r ✭✶✺✲✸✼✮✳

P❛♥✱ ❑✳ ❛♥❞ ❨✳ ❩❡♥❣ ✭✷✵✶✻✮✳ ❆r❜✐tr❛❣❡ ✉♥❞❡r ❧✐q✉✐❞✐t② ♠✐s♠❛t❝❤✿ ❚❤❡♦r② ❛♥❞ ❡✈✐❞❡♥❝❡ ❢r♦♠

t❤❡ ❛✉t❤♦r✐③❡❞ ♣❛rt✐❝✐♣❛♥ts ♦❢ ❜♦♥❞ ❡t❢s✳ ❲♦r❦✐♥❣ P❛♣❡r ✳

❙❤♦r❡s✱ ❙✳ ✭✷✵✶✺✮✳ ❙♠❛rt ❜❡t❛✿ ❉❡✜♥✐♥❣ t❤❡ ♦♣♣♦rt✉♥✐t② ❛♥❞ s♦❧✉t✐♦♥s✳ ❇❧❛❝❦❘♦❝❦✱ ❋❡❜✳

❙✐♠s❡❦✱ ❆✳ ✭✷✵✶✸✮✳ ❙♣❡❝✉❧❛t✐♦♥ ❛♥❞ r✐s❦ s❤❛r✐♥❣ ✇✐t❤ ♥❡✇ ✜♥❛♥❝✐❛❧ ❛ss❡ts✯✳ ❚❤❡ ◗✉❛rt❡r❧②

❥♦✉r♥❛❧ ♦❢ ❡❝♦♥♦♠✐❝s ✶✷✽ ✭✸✮✱ ✶✸✻✺✕✶✸✾✻✳

❙♣✐❡❣❡❧✱ ▼✳ ❛♥❞ ❆✳ ❙✉❜r❛❤♠❛♥②❛♠ ✭✶✾✾✷✮✳ ■♥❢♦r♠❡❞ s♣❡❝✉❧❛t✐♦♥ ❛♥❞ ❤❡❞❣✐♥❣ ✐♥ ❛ ♥♦♥❝♦♠✲

♣❡t✐t✐✈❡ s❡❝✉r✐t✐❡s ♠❛r❦❡t✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s ✺ ✭✷✮✱ ✸✵✼✕✸✷✾✳

❙t❛♠❜❛✉❣❤✱ ❘✳ ❋✳ ✭✷✵✶✹✮✳ Pr❡s✐❞❡♥t✐❛❧ ❛❞❞r❡ss✿ ■♥✈❡st♠❡♥t ♥♦✐s❡ ❛♥❞ tr❡♥❞s✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢

❋✐♥❛♥❝❡ ✻✾ ✭✹✮✱ ✶✹✶✺✕✶✹✺✸✳

❙✉❜r❛❤♠❛♥②❛♠✱ ❆✳ ✭✶✾✾✶✮✳ ❆ t❤❡♦r② ♦❢ tr❛❞✐♥❣ ✐♥ st♦❝❦ ✐♥❞❡① ❢✉t✉r❡s✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧

❙t✉❞✐❡s ✹ ✭✶✮✱ ✶✼✕✺✶✳

❚✉❢❛♥♦✱ P✳ ✭✷✵✵✸✮✳ ❋✐♥❛♥❝✐❛❧ ✐♥♥♦✈❛t✐♦♥✳ ❍❛♥❞❜♦♦❦ ♦❢ t❤❡ ❊❝♦♥♦♠✐❝s ♦❢ ❋✐♥❛♥❝❡ ✶✱ ✸✵✼✕✸✸✺✳

❱✐❥❤✱ ❆✳ ▼✳ ✭✶✾✾✹✮✳ ❙✫♣ ✺✵✵ tr❛❞✐♥❣ str❛t❡❣✐❡s ❛♥❞ st♦❝❦ ❜❡t❛s✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✲

✐❡s ✼ ✭✶✮✱ ✷✶✺✕✷✺✶✳

❩✐♥❣❛❧❡s✱ ▲✳ ✭✷✵✵✾✮✳ ❚❤❡ ❢✉t✉r❡ ♦❢ s❡❝✉r✐t✐❡s r❡❣✉❧❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❆❝❝♦✉♥t✐♥❣ ❘❡s❡❛r❝❤ ✹✼ ✭✷✮✱

✸✾✶✕✹✷✺✳
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❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶

▼❛r❦❡t ♠❛❦❡r ✶ r❡❝❡✐✈❡s ♥❡t ♦r❞❡r ω1 = α1χ1 + η1ζ + n1✱ ❛♥❞ s❡ts t❤❡ ♣r✐❝❡ ❛❝❝♦r❞✐♥❣ t♦ PN
1 (ω1) =

¯λN
1 ω1 t♦ ❜r❡❛❦ ❡✈❡♥✱ ✇❤❡r❡

✭✷✶✮ λN
1 =

E [β1γ + ǫ1|α1(ǫ1 + ν1) + η1(γ + ξ) + n1 = ω1]

ω1
=

α1σ
2
ǫ1
+ β1η1σ

2
γ

α2
1

(

σ2
ǫ1
+ σ2

ν1

)

+ η21

(

σ2
γ + σ2

ξ

)

+ σ2
n1

❙✐♠✐❧❛r❧②✱ ω2 = α2χ2 + n2, ❛♥❞ PN
2 (ω2) = λN

2 ω2 =
α2σ

2
ǫ2

α2

2(σ2
ǫ2
+σ2

ν2
)+σ2

n2

ω2✳ ●✐✈❡♥ t❤❡ ♣r✐❝✐♥❣ r✉❧❡s✱ ❛ss❡t

s♣❡❝✉❧❛t♦r ✶ s♦❧✈❡s

maxx1
E
[

x1
(

β1γ + ǫ1 − PN
1 (ω1)

)

|χ1

]

❙✐♥❝❡ ❤❡ ❤❛s ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t γ✱ η1γ ✐♥ ❡①♣❡❝t❛t✐♦♥ ✐s ③❡r♦✳ ❚❤❡ ♦♣t✐♠❛❧ xi ✐s Xi(χi) =
χi

2λN
1

= α1χ1✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♦♣t✐♠❛❧ ♦♣t✐♠❛❧ y1 ✐s Y1(ζ) = β1

2λN
1

ζ = η1ζ✳ ❋r♦♠ t❤❡s❡✱ ✇❡ ❣❡t λN
1 =

√

(σ2
ǫ1
−σ2

ν1
)+β2

1(σ2
γ−σ2

ξ)
2σn1

❛♥❞ λN
2 =

√
σ2
ǫ2
−σ2

ν2

2σn2

✳

◆♦t❡ t❤❛t ♠❛r❦❡t ♠❛❦❡rs ❛r❡ ❧❡ss s❡♥s✐t✐✈❡ t♦ ♦r❞❡r ✢♦✇s ✐❢ s❤❡ ❡①♣❡❝ts s♣❡❝✉❧❛t✐♦♥s ♦♥ ♥♦✐s✐❡r

✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ ❡①♣❡❝t❡❞ ♣r♦✜ts ❢♦r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢♦r t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦rs ❛r❡

✭✷✷✮ ΠN
γ

(

σ2
ξ

)

=
β2
1

4λN
1

(

σ2
γ − σ2

ξ

)

❛♥❞ ΠN
ǫ,i

(

σ2
νi

)

=
1

4λN
i

(

σ2
ǫi
− σ2

νi

)

❋♦r (θ1, θ2) = (1, 0) t♦ ❜❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ♥❡❡❞
β2

1

4λN
1

(

σ2
γ − σ2

ξ

)

>
β2

2

4λN
2

(

σ2
γ − σ2

ξ

)

✳ ❋✐♥❛❧❧②✱ t❤❡

❡①♣❡❝t❡❞ ❧♦ss ❢♦r ❡❛❝❤ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r ✐s s✐♠♣❧② Ci(τ) = λN
i fi

(

τ
βi

)2
✳�

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷

❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r ΠCS
γ ❛♥❞ CCS

F ✭❡q✉❛t✐♦♥ ✭✻✮ ❛♥❞ ✭✼✮✮✱ ✐t✬s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♦♣t✐♠✐③❡rs ♦❢
(

wS
1 , w

S
2

)

❛♥❞
(

wL
1 , w

L
2

)

❛r❡ t❤❡ s❛♠❡✱ t❛❦✐♥❣ λ ❛s ❣✐✈❡♥✳ ❇❡❝❛✉s❡ t❤❡ ♠❛r❦❡t ♠❛❦❡rs s❡t t❤❡ ♣r✐❝✐♥❣

r✉❧❡s✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡s♣♦♥s❡ ❜② ❢❛❝t♦r ✐♥✈❡st♦rs ✐s t♦ t❛❦❡ λ ❛s ❣✐✈❡♥✱ ❛♥❞ t❤r♦✉❣❤ tr❛❞✐♥❣ ❈❙ ❛♥❞

♣♦t❡♥t✐❛❧❧② ♦♥❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t✱ ❛❞❥✉st t❤❡ r❛t✐♦s ♦❢ tr❛❞✐♥❣✳ ❆s ❛ ❣r♦✉♣✱ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs

✇♦✉❧❞ ♣r❡❢❡r t❤❡ s❛♠❡ tr❛❞✐♥❣ ✇❡✐❣❤ts ❛s ❢❛❝t♦r s♣❡❝✉❧❛t♦r ♣r❡❢❡rs ❜❡❝❛✉s❡ ❝♦❧❧❡❝t✐✈❡❧② t❤❡② ❤❛✈❡

♣r✐❝❡ ✐♠♣❛❝t✳ N = 2 ❝❛s❡ ✐♥✈♦❧✈❡s ❛ s♣❛♥♥❡❞ ♠❛r❦❡t✱ s♦ t❤❡r❡ ✐s ♥♦ ❝♦♥str❛✐♥t ♦♥ ❤♦✇ t♦ ❛❞❥✉st

t❤❡ r❛t✐♦✳ ■♥ ❣❡♥❡r❛❧ ✇✐t❤ ✉♥s♣❛♥♥❡❞ ♠❛r❦❡t✱ t❤❡r❡ ❝♦✉❧❞ ❜❡ ❝♦♥str❛✐♥ts✱ ❜✉t t❤❡ ♦♣t✐♠✐③❡rs ❛r❡ t❤❡

s❛♠❡ ❛s ❧♦♥❣ ❛s t❤❡ ❝♦♥str❛✐♥ts ❛r❡ t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✳ �
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❙✐♥❝❡ N = 2✱ ♠❛r❦❡t ✐s s♣❛♥♥❡❞✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❝❛♥ tr❛❞❡ ❈❙ ❛♥❞ ♣♦t❡♥t✐❛❧❧② ♦♥❡ ♦❢ t❤❡ ✉♥✲

❞❡r❧②✐♥❣ ❛ss❡ts✱ ❛♥❞ ♦♣t✐♠✐③❡ t❤❡✐r ♣r♦♣♦rt✐♦♥s ♦❢ tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts t♦ ❜❡ wi =

βi

λCS
i

β1

λCS
1

+
β2

λCS
2

✳

❲❡ ❝❛♥ ❛❧s♦ s❤♦✇ t❤❛t ❛♥② ♦t❤❡r ✇❡✐❣❤ts ✇♦✉❧❞ r❡s✉❧t ✐♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r t♦

❞❡✈✐❛t❡✳ ❆♥ ❡q✉✐❧✐❜r✐✉♠ ❞❡s✐❣♥ ❤❛s t♦ ❜❡ ♦❢ t❤✐s ❢♦r♠✱ ❛♥❞ ✐t ❛ttr❛❝ts ❛❧❧ ❢❛❝t♦r ✐♥✈❡st♦rs ❜❡❝❛✉s❡ ✐t

❛❧s♦ ♠❛①✐♠✐③❡s ❝❧✐❡♥ts✬ ♣❛②♦✛s✳ ❋♦r t❤✐s ♣❛✐r✱ ✇❡ ❤❛✈❡

η =
w1β1 + w2β2

2
(

w2
1λ

CS
1 + w2

2λ
CS
2

) =
1

2

βi

wiλCS
i

✭✷✸✮

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✮ ✇❡ ❣❡t

✭✷✹✮

w2
i (w1β1 + w2β2)

2 (σ2
γ + σ2

ξ )

4
(

w2
1λ

CS
1 + w2

2λ
CS
2

)2 +

[

σ2
τ

(w1β1 + w2β2)2
+ σ2

n̂i

]

λCS
i =

1

2λCS
i

(σ2
ǫi
−σ2

νi
)+

βiwiσ
2
γ (w1β1 + w2β2)

2
(

w2
1λ

CS
1 + w2

2λ
CS
2

)

❚❤✐s ✐s ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐♥
(

λCS
1 , λCS

2

)

♦❢ ♣♦✇❡r ✹✳ P❧✉❣❣✐♥❣ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r η✱ ✇❡ ❣❡t

1

4λCS
i

(σ2
ǫi
− σ2

νi
) +

β2
i

4λCS
i

(σ2
γ − σ2

ξ ) =

β2

i

λCS
i

σ2
τ

(

β2

1

λCS
1

+
β2

2

λCS
2

)2 + λCS
i σ2

n̂i

✇❤✐❝❤ ❝♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ ❛s

✭✷✺✮ a+ bi − ci(λ
CS
i )2 =

1
(

β2

1

λCS
1

+
β2

2

λCS
2

)2

✇❤❡r❡ 1
4β2

i σ
2
τ
(σ2

ǫi
−σ2

νi
) ≡ bi✱

1
4σ2

τ
(σ2

γ −σ2
ξ ) ≡ a ❛♥❞ 1

β2

i σ
2
τ
σ2
n̂i

≡ ci✳ ❈♦♠❜✐♥❡ t❤❡ t✇♦ ❡q✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡

λCS
2 =

√

b2−b1+c1(λCS
1 )

2

c2
≡ g

(

λCS
1

)

✇❤❡r❡ ❢✉♥❝t✐♦♥ g(·) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r λCS
1 ∈ [0,∞)✳

P❧✉❣ t❤✐s ❜❛❝❦ ✐♥t♦ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✱ ✇❡ ❤❛✈❡

✭✷✻✮ a+ b1 − c1(λ
CS
1 )2 =

1
(

β2

1

λCS
1

+
β2

2

g(λCS
1 )

)2

❚❤❡ ▲❍❙ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ λCS
1 ♦♥ [0,∞) ❛♥❞ t❤❡ ❘❍❙ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ λCS

1 ♦♥ [0,∞)✳ ❆❧s♦✱ ✇❤❡♥

λCS
1 → 0✱ t❤❡ LHS → a + b1 ❛♥❞ t❤❡ RHS → 0❀ ✇❤❡♥ λCS

1 → ∞✱ t❤❡ LHS → −∞ ❛♥❞ t❤❡

RHS → ∞✳ ❍❡♥❝❡ t❤❡r❡ ♠✉st ❡①✐st ❛ ✉♥✐q✉❡ r❡❛❧ r♦♦t ❢♦r λCS
1 ✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ✭❖♣t✐♠❛❧ ❉❡s✐❣♥✮ ❛♥❞ ❈♦r♦❧❧❛r② ✶✳✶ ✭❯♥✐q✉❡♥❡ss ❛♥❞ ▼❛r❦❡t

❙♣❛♥♥✐♥❣✮

❚❤❡♦r❡♠ ✶ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶ ❛♥❞ ✷✳ ❲❤❡♥ t❤❡ ♠❛r❦❡t ✐s ✉♥s♣❛♥♥❡❞✱ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥

❣✐✈❡♥ ✐♥ t❤❡ t❤❡♦r❡♠ ♠❛①✐♠✐③❡s ❜♦t❤ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ♣❛②♦✛s ❜❡❝❛✉s❡

❢♦r ❛♥② ♦t❤❡r ❞❡s✐❣♥✱ ❛ ❈❙ s♣♦♥s♦r ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ t♦ t❤✐s ❞❡s✐❣♥ ❛♥❞ ❛ttr❛❝t ❛❧❧ ❢❛❝t♦r
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✐♥✈❡st♦rs✳ ❲❤❡♥ t❤❡ ♠❛r❦❡t ✐s s♣❛♥♥❡❞✱ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ❛ ❈❙ ❞❡s✐❣♥❡r ❤❛s ♥♦ ❞❡✈✐❛t✐♦♥ t❤❛t ❝❛♥

✐♠♣r♦✈❡ ❛ ❝❧✐❡♥ts✬ ♣❛②♦✛✳ ❇✉t t♦ ❛ttr❛❝t ❛❧❧ t❤❡ tr❛❞❡s ❢r♦♠ ❢❛❝t♦r ✐♥✈❡st♦rs✱ ❛ ❈❙ ❞❡s✐❣♥❡r ❝❛♥

❞❡✈✐❛t❡ t♦ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ❣✐✈❡♥ ✐♥ t❤❡ t❤❡♦r❡♠✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❤✉rt ❤✐s ❝❧✐❡♥ts✬ ♣❛②♦✛✱ ❛♥❞ r❡s✉❧t

✐♥ ✶✵✵✪ tr❛❞✐♥❣ ✐♥ ❈❙✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✷ ✭❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s✮

λCS
1 ❛♥❞ λCS

2 ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❡q✉❛t✐♦♥s

✭✷✼✮ a+ b1 − c1(λ
CS
1 )2 =

1
(

β2

1

λCS
1

+
β2

2

λCS
2

)2

✭✷✽✮ a+ b2 − c2(λ
CS
2 )2 =

1
(

β2

1

λCS
1

+
β2

2

λCS
2

)2

❚❤❡ t✇♦ λ✬s ❛r❡ r❡❧❛t❡❞ t❤r♦✉❣❤

✭✷✾✮ λCS
2 =

√

b2 − b1 + c1
(

λCS
1

)2

c2

✶✳ ❈♦♥s✐❞❡r ❛♥ ✐♥❝r❡❛s❡ ✐♥ σ2
ǫ1
✳ ❚❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡q✉❛t✐♦♥ s②st❡♠ ✇♦✉❧❞ ❜❡ ✐♥❝r❡❛s✐♥❣ b1✳ ❚❤❡♥

λCS
1 ♠✉st ❣♦ ✉♣✳ ❖t❤❡r✇✐s❡ ✐❢ λCS

1 st❛②s t❤❡ s❛♠❡ ♦r ❣♦❡s ❞♦✇♥✱ t❤❡ ❜② ✭✷✾✮ ✇❡ ❦♥♦✇ t❤❛t λCS
2 ♠✉st

❛❧s♦ st❛② t❤❡ s❛♠❡ ♦r ❣♦ ❞♦✇♥✳ ❚❤✐s ✇♦✉❧❞ ✈✐♦❧❛t❡ ❡q✉❛t✐♦♥ ✭✷✼✮✳ ●✐✈❡♥ t❤❛t λCS
1 ❛♥❞ ❡q✉❛t✐♦♥ ✭✷✽✮✱

✇❡ ❦♥♦✇ t❤❛t λCS
2 ♠✉st ❣♦ ❞♦✇♥✳ ❚❤❡r❡❢♦r❡✱

∂λCS
1

∂σ2
ǫ1

> 0 ❛♥❞
∂λCS

2

∂σ2
ǫ1

< 0✳ ❙✐♠✐❧❛r❧②✱
∂λCS

1

∂σ2
ǫ2

< 0 ❛♥❞

∂λCS
2

∂σ2
ǫ2

> 0✳ ●✐✈❡♥ t❤❛t wi =
βi
λi

βi
λi

+
β3−i
λ3−i

✱ i = 1, 2✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ∂wi

∂σǫi
< 0 ❛♥❞ ∂wi

∂σ2
ǫ3−i

> 0✳

✷✳ ❈♦♥s✐❞❡r ❛♥ ✐♥❝r❡❛s❡ ✐♥ σ2
γ ✳ ❚❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡q✉❛t✐♦♥ s②st❡♠ ✇♦✉❧❞ ❜❡ ✐♥❝r❡❛s✐♥❣ a✳ ❚❤✉s

❡q✉❛t✐♦♥ ✭✷✾✮ ✐s ♥♦t ❛✛❡❝t❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝❤❛♥❣❡s ✐♥ λCS
1 ❛♥❞ λCS

2 ♠✉st ♦❢ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥s✳

❚❤❡♥ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✼✮ ❛♥❞ ✭✷✽✮ ✐t✬s ❡❛s② t♦ s❡❡ t❤❛t ❜♦t❤ λCS
1 ❛♥❞ λCS

2 ♠✉st ❜❡ ✐♥❝r❡❛s✐♥❣ ✐♥ σγ ✳

✸✳ ❈♦♥s✐❞❡r ❛♥ ✐♥❝r❡❛s❡ ✐♥ σ2
n̂1
✳ ❚❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡q✉❛t✐♦♥ s②st❡♠ ✇♦✉❧❞ ✐♥❝r❡❛s✐♥❣ c1✳ ❚❤❡♥

λCS
1 ♠✉st ❣♦ ❞♦✇♥✳ ❖t❤❡r✇✐s❡✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✾✮ ✇❡ ❦♥♦✇ t❤❛t λCS

2 ♠✉st ❣♦ ✉♣✱ ✇❤✐❝❤ ✇✐❧❧ ♠❛❦❡

❡q✉❛t✐♦♥ ✭✷✼✮ ♥♦t ❤♦❧❞✐♥❣✳ ❙✐♥❝❡ λCS
1 ❣♦❡s ❞♦✇♥✱ ❜② t❤❡ s❛♠❡ ❧♦❣✐❝ ❛s ❛❜♦✈❡✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✽✮

✇❡ ❦♥♦✇ t❤❛t λCS
2 ♠✉st ❣♦ ✉♣✳ ❚❤❡r❡❢♦r❡✱

∂λCS
1

∂σ2

n̂1

< 0 ❛♥❞
∂λCS

2

∂σ2

n̂1

> 0✳ ❙✐♠✐❧❛r❧② ✇❡ ❤❛✈❡
∂λCS

1

∂σ2

n̂2

> 0✱

∂λCS
2

∂σ2

n̂2

< 0✱ ∂wi

∂σn̂i

> 0✱ ❛♥❞ ∂wi

∂σn̂3−i

< 0✳

✹✳ ◆♦✇ ❝♦♥s✐❞❡r ❛♥ ✐♥❝r❡❛s❡ ❢r♦♠ β1 t♦ β̂1 ✇✐t❤ β̂1 = θβ1 ✇❤❡r❡ θ > 1✳ ❉❡♥♦t❡ t❤❡ ❝♦♥s❡q✉❡♥t λ✬s

❜② λ̂CS
i ✳ ❚❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡q✉❛t✐♦♥ s②st❡♠ ✇♦✉❧❞ ❜❡ ❞❡❝r❡❛s✐♥❣ b1 ❛♥❞ c1 ❜② t❤❡ s❛♠❡ ❢r❛❝t✐♦♥✳

❈♦♠❜✐♥❡ t❤❡ t✇♦ ❡q✉❛t✐♦♥s ✇❡ ❣❡t

✭✸✵✮

(

λ̂CS
1

)2

β̂2
1σ

2
τ

σ2
n̂1

−

(

λ̂CS
2

)2

β̂2
2σ

2
τ

σ2
n̂2

= b̂1 − b2
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✇❤✐❝❤ ✐s ♥♦✇ str✐❝t❧② s♠❛❧❧❡r ❛❢t❡r t❤❡ ✐♥❝r❡❛s❡ ✐♥ β1✳ ❋✐rst s✉♣♣♦s❡ λCS
2 ✐♥❝r❡❛s❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱

λ̂CS
2 = γλCS

2 ✇❤❡r❡ γ > 1✳ ❚❤❡♥ ✇❡ ♠✉st ❤❛✈❡
λ̂CS
1

β̂1

< γ
λCS
1

β1
✱ ♦t❤❡r✇✐s❡

(λ̂CS
1 )

2

β̂2

1
σ2
τ

σ2
n̂1

− (λ̂CS
2 )

2

β̂2

2
σ2
τ

σ2
n̂2

✇♦✉❧❞

❜❡ ❧❛r❣❡r t❤❛♥ ❜❡❢♦r❡✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❛s❡ β2

λCS
2

❞❡❝r❡❛s❡s ❜② r❛t✐♦ γ ✇❤✐❧❡ β1

λCS
1

❞❡❝r❡❛s❡s ❜② ❧❡ss

t❤❛♥ r❛t✐♦ γ✳ ❚❤✐s ✐♠♣❧✐❡s w1 ✐♥❝r❡❛s❡s✳ ◆♦✇ s✉♣♣♦s❡ λCS
2 ❞❡❝r❡❛s❡s✱ ✐♥ t❤✐s ❝❛s❡ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✽✮

✇❡ ❦♥♦✇ t❤❛t
β2

1

λCS
1

♠✉st ❞❡❝r❡❛s❡✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ β̂1 = θβ1✱ t❤✐s ✐♠♣❧✐❡s t❤❛t λ̂CS
1 > θ2λCS

1 ✳ ❍❡♥❝❡

(λ̂CS
1 )

2

β̂2

1

>
(λCS

1 )
2

β2

1

✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ λ̂CS
2 < λCS

2 ✱ ✇❡ ❦♥♦✇ t❤❛t
(λ̂CS

1 )
2

β̂2

1
σ2
τ

σ2
n̂1

− (λ̂CS
2 )

2

β̂2

2
σ2
τ

σ2
n̂2

♠✉st ❜❡ ❧❛r❣❡r

t❤❛♥ ❜❡❢♦r❡✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t b̂1 − b2 ✐s s♠❛❧❧❡r t❤❛♥ b1 − b2✳ ❍❡♥❝❡ λCS
2 ✐s ✐♠♣♦ss✐❜❧❡ t♦

❞❡❝r❡❛s❡✳

❚❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s ❧❡❛❞s t♦ t❤❛t t❤❡ ❡♥❞♦❣❡♥♦✉s w1 ✐♥❝r❡❛s❡s ✇✐t❤ β1✳ �

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ❛♥❞ ❈♦r♦❧❧❛r✐❡s ✸✳✶ ❛♥❞ ✸✳✷

❋r♦♠ ♦✉r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤♦✉t ❈❙ tr❛❞✐♥❣✱ t❤❡ ❤❡❞❣✐♥❣ ❝♦st ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t②

tr❛❞❡rs ❛r❡

✭✸✶✮ CN
F =

λN
1 f1σ

2
τ

β2
1

=
λN
2 f2σ

2
τ

β2
2

■♥ t❤❡ ❢❛❝t♦r ✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❧✐q✉✐❞✐t② tr❛❞❡rs✬ ❤❡❞❣✐♥❣ ❝♦st ✐s

✭✸✷✮ CCS
F =

λCS
1 w2

1 + λCS
2 w2

2

(w1β1 + w2β2)2
σ2
τ

❍❡♥❝❡ ❈❙ tr❛❞✐♥❣ ✐s ✇❡❧❢❛r❡ ✐♠♣r♦✈✐♥❣ ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✐❢ ❛♥❞ ♦♥❧② ✐❢
λCS
1

w2

1
+λCS

2
w2

2

(w1β1+w2β2)2
<

λN
i fi

β2

i

i = 1, 2✳ ❙✉❜st✐t✉t✐♥❣ ✐♥ t❤❡ ♦♣t✐♠❛❧ ✇❡✐❣❤ts✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s

β2
1

λCS
1

+
β2
2

λCS
2

>
β2
1

f1λN
1

=
β2
2

f2λN
2

= f1
β2
1

f1λN
1

+ f2
β2
2

f2λN
2

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ✉s❡s f1 + f2 = 1✳ ◆♦✇ ✐❢ ✐♥❡q✉❛❧✐t② ✭✶✵✮ ❤♦❧❞s✱ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ❢❛❝t♦r

s♣❡❝✉❧❛t♦r✬s ✇❡❧❢❛r❡ ✐s ❛❧s♦ ✐♠♣r♦✈❡❞ ❜② t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ tr❛❞✐♥❣✳ ■♥ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉✐❧✐❜r✐✉♠✱

t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ΠN
γ =

β2

1

4λN
1

(

σ2
γ − σ2

ξ

)

✳ ■♥ t❤❡ ❋■❊ ❛❢t❡r ❈❙ ✐s ✐♥tr♦❞✉❝❡❞✱ ✇❡

❤❛✈❡ ΠCS
γ = (w1β1+w2β2)2

4(λCS
1

w2

1
+λCS

2
w2

2)

(

σ2
γ − σ2

ξ

)

✳ ❇② ✐♥❡q✉❛❧✐t② ✭✶✵✮✱ ✇❡ ❤❛✈❡ (w1β1+w2β2)2

4(λCS
1

w2

1
+λCS

2
w2

2)
>

β2

1

4λN
1
f1

≥ β2

1

4λN
1

s✐♥❝❡ f1 ≤ 1✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ΠCS
γ > ΠN

γ ✳

■❢ t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ ❜❡tt❡r ♦✛ ✐♥ t❤❡ ❢❛❝t♦r✲✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠✱ ✐✳❡✳
(

λCS
1

w2

1
+λCS

2
w2

2

(w1β1+w2β2)
2

)

σ2
τ ≤

λN
1
f1σ

2
τ

β2

1

✱ t❤❡♥ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t ❢♦r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✐♥ t❤❡ ❢❛❝t♦r✲✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠

(w1β1 + w2β2)
2

4
(

λCS
1 w2

1 + λCS
2 w2

2

)

(

σ2
γ − σ2

ξ

)

≥ β2
1

4λN
1

(

σ2
γ − σ2

ξ

)



✸✽

❚❤❡r❡❢♦r❡✱ t❤❡ s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❜♦t❤ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs

t♦ ❜❡ ❜❡tt❡r ♦✛ ✐♥ t❤❡ ❢❛❝t♦r✲✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐s s✐♠♣❧② t❤❡ ♦♥❡ st❛t❡❞ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✸✳ ◆♦✇✱

♥♦t❡ t❤❛t ✇✐t❤ t❤❡ ❈❙ ✇❡✐❣❤ts ❜❡✐♥❣ (w1, w2) t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r✬s ❡①♣❡❝t❡❞ ❝♦st ✐❢ ❤❡ ❝❤♦♦s❡s

t♦ tr❛❞❡ ❈❙ ✐s

CCS(τ) =

(

λ1w
2
1 + λ2w

2
2

(w1β1 + w2β2)
2

)

τ2 = τ2





σǫ1t
2
1

2
√

t21σ
2
τ + σ2

n1

+
σǫ2t

2
2

2
√

t22σ
2
τ + σ2

n2



✭✸✸✮

✇❤❡r❡ t1 = w1

w1β1+w2β2
❛♥❞ t2 = w2

w1β1+w2β2
✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ♦❢ t❤❡

❝♦st✲♠✐♥✐♠✐③✐♥❣ ❊❚❋ ❛s

min
t1,t2

τ2





σǫ1t
2
1

2
√

t21σ
2
τ + σ2

n1

+
σǫ2t

2
2

2
√

t22σ
2
τ + σ2

n2





s✉❜❥❡❝t t♦ β1t1+β2t2 = 1✳ ❋♦r ❢✉t✉r❡ r❡❢❡r❡♥❝❡✱ ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ (t1, t2) ❜② (t∗1, t
∗
2)✳ ■❢ t❤❡

❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r ❝❤♦♦s❡s t♦ tr❛❞❡ ✐♥ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡t i✱ ❤✐s ❡①♣❡❝t❡❞ ❝♦st ✐s Ci(τ)✱

❛♥❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s C1(τ) = C2(τ)✳ ❇❛s❡❞ ♦♥ t❤✐s ❢❛❝t✱ ✇❡ ❝❛♥ ✇r✐t❡

t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r✬s ❡①♣❡❝t❡❞ ❝♦st ♦❢ tr❛❞✐♥❣ ✐♥ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡t ❛s

Ci(τ) = f1C1(τ) + f2C2(τ)

✇❤❡r❡ ✇❡ ❤❛✈❡✈❡ ❛❧s♦ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t f1 + f2 = 1✳ P❧✉❣ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r Ci(τ) ✇❡ ♦❜t❛✐♥❡❞

❛❜♦✈❡✱ ✇❡ ❤❛✈❡

✭✸✹✮ Ci(τ) =









(

f2

1

β2

1

)

σǫ1

2

√

f2

1

β2

1

σ2
τ + σ2

n1

+

(

f2

2

β2

2

)

σǫ2

2

√

f2

2

β2

2

σ2
τ + σ2

n2









τ2

◆♦✇ ♥♦t❡ t❤❛t
(

f1
β1
, f2
β2

)

✐s ❛ ❢❡❛s✐❜❧❡ ♣❛✐r s❛t✐s❢②✐♥❣ ❝♦♥str❛✐♥t β1t1+β2t2 = 1✱ ❤❡♥❝❡ ❜② t❤❡ ❝♦♥str✉❝✲

t✐♦♥ ♦❢ (t∗1, t
∗
2)✱ ✇❡ ❤❛✈❡

✭✸✺✮









(

f2

1

β2

1

)

σǫ1

2

√

f2

1

β2

1

σ2
τ + σ2

n1

+

(

f2

2

β2

2

)

σǫ2

2

√

f2

2

β2

2

σ2
τ + σ2

n2









τ2 ≥ τ2





σǫ1 (t
∗
1)

2

2
√

(t∗1)
2 σ2

τ + σ2
n1

+
σǫ2 (t

∗
2)

2

2
√

(t∗2)
2 σ2

τ + σ2
n2





✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Ci(τ) ≥ CCS(τ) ❢♦r ❜♦t❤ i = 1, 2✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛♥ ♣r♦♣❡r❧②

❞❡s✐❣♥❡❞ ❈❙ ♠❛❦❡s t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❜❡tt❡r ♦✛✳ �

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹

■♥ ❛♥ ✉♥s♣❛♥♥❡❞ ♠❛r❦❡t✱ ❢❛❝t♦r ✐♥✈❡st♦rs st✐❧❧ tr❛❞❡ ♦♥❧② ♦♥❡ ❛ss❡t ✭❈❙ ✐♥❝❧✉❞❡❞✮✳ ❲❡ ❦♥♦✇ ✇✐t❤ t❤❡

♦♣t✐♠❛❧ ❞❡s✐❣♥✱ ❢❛❝t♦r ✐♥✈❡st♦rs ❝❛♥♥♦t ❜❡ tr❛❞✐♥❣ ♦♥❧② ♦♥❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✐♥ ❡q✉✐❧✐❜r✐✉♠✱

❢♦r t❤❡② ❝❛♥ ❞❡✈✐❛t❡ t♦ tr❛❞✐♥❣ t❤❡ ❈❙✳ ■♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ t❤❡② tr❛❞❡ ❈❙s✱ t❤❡② ✇♦✉❧❞ ♥♦t



✸✾

❞❡✈✐❛t❡ t♦ tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✐♥st❡❛❞ ❜❡❝❛✉s❡ t❤❡✐r ♣❛②♦✛s ❛r❡ ♠❛①✐♠✐③❡❞✱ ♥❡✐t❤❡r ✇♦✉❧❞

❛ss❡t✲s♣❡❝✐✜❝ ✐♥✈❡st♦rs✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ♥♦t❡ t❤❛t ❢♦r ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r✱ ✐❢ ❤❡

❞❡✈✐❛t❡s t♦ tr❛❞❡ ✐♥ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ♠❛r❦❡t i✱ ❤❡ ✇♦✉❧❞ ❤❛✈❡ t♦ s✉❜♠✐t ♦r❞❡r τ
βi

✉♥✐ts ♦❢ ❛ss❡t i✳ ❍✐s

❡①♣❡❝t❡❞ ❝♦st ✐♥ tr❛❞✐♥❣ ❛❢t❡r ♠❛❦✐♥❣ s✉❝❤ ❛ ❞❡✈✐❛t✐♦♥ ✐s t❤✉s

E [Ci(τ)] = E

[

τ

βi
Pi(ωi)

]

=

(

λCS
i w2

i

βi (w1β1 + w2β2)

)

σ2
τ✭✸✻✮

❲❤❡♥ ✇❡ t❛❦❡ wi =
λCS
j βi

λCS
i βj+λCS

j βi
✱ i 6= j ✱ ✇❡ ❤❛✈❡

✭✸✼✮
λCS
1 w2

1 + λCS
2 w2

2

(w1β1 + w2β2)
2 =

λCS
1 w2

i

β1 (w1β1 + w2β2)
=

λCS
2 w2

i

β2 (w1β1 + w2β2)

❚❤✉s ✉♥❞❡r t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥✱ ❡❛❝❤ ✐♥✜♥✐t❡s✐♠❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✳

❋♦r t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r i✱ ❛❢t❡r ❞❡✈✐❛t✐♥❣ t♦ tr❛❞✐♥❣ ❈❙✱ ❤❡ s♦❧✈❡s

max
x

x
[

wiχi −
(

λCS
1 w2

1 + λCS
2 w2

2

)

x
]

❍✐s ♦♣t✐♠❛❧ ❡①♣❡❝t❡❞ ♣r♦✜t ❛❢t❡r ♠❛❦✐♥❣ s✉❝❤ ❞❡✈✐❛t✐♦♥ ✐s Π̃CS
ǫ,i

(

σ2
νi

)

=
w2

i

4(λCS
1

w2

1
+λCS

2
w2

2)

(

σ2
ǫi
− σ2

νi

)

✳

❚❤❡ ♥♦ ❞❡✈✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s

1

4λCS
i

(

σ2
ǫi
− σ2

νi

)

≥ w2
i

4
(

λCS
1 w2

1 + λCS
2 w2

2

)

(

σ2
ǫi
− σ2

νi

)

✇❤✐❝❤ ♦❜✈✐♦✉s❧② ❤♦❧❞s✳ ❚❤✐s ✐s q✉✐t❡ ✐♥t✉✐t✐✈❡ ❜❡❝❛✉s❡ s✇✐t❝❤✐♥❣ t♦ tr❛❞✐♥❣ ❈❙ ♠❡❛♥s t❤❛t t❤❡ ❛ss❡t

s♣❡❝✉❧❛t♦r ✇♦✉❧❞ s✉✛❡r ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ✐♥ tr❛❞✐♥❣ t❤❡ ♦t❤❡r ❛ss❡t✱ ✇❤✐❝❤ ❤❡ ❞♦❡s ♥♦t ❤❛✈❡ ♣r✐✈❛t❡

✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t✳ ❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✱ ✐❢ ❤❡ ❞❡✈✐❛t❡s t♦ tr❛❞✐♥❣ ✐♥ ✉♥❞❡r❧②✐♥❣ ♠❛r❦❡t

i✱ ❤✐s ♦♣t✐♠❛❧ ❡①♣❡❝t❡❞ ♣r♦✜t ✐s E
[

Π̃CS
γ,i

(

σ2
ξ

)]

=
β2

i

4λCS
i

(

σ2
γ − σ2

ξ

)

✳ ❚❤❡ ♥♦ ❞❡✈✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❢♦r

t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r t❤✉s r❡q✉✐r❡

✭✸✽✮
(w1β1 + w2β2)

2

4
(

λCS
1 w2

1 + λCS
2 w2

2

) ≥ β2
i

4λCS
i

❢♦r i = 1, 2✳ ❲❤❡♥ ✇❡ t❛❦❡ wi =
λCS
j βi

λCS
i βj+λCS

j βi
✱ i 6= j ✱ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✇❡❛❦❧②✮ ❤♦❧❞✱ t❤✉s t❤❡r❡ ❡①✐sts

❛ ❢❡❛s✐❜❧❡ s❡t ♦❢ ❞❡s✐❣♥s✳�

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺

■♥ ❛♥ ✉♥s♣❛♥♥❡❞ ♠❛r❦❡t✱ ❢❛❝t♦r ✐♥✈❡st♦rs st✐❧❧ tr❛❞❡ ♦♥❧② ♦♥❡ ❛ss❡t ✭❈❙ ✐♥❝❧✉❞❡❞✮✳ ❲❡ ❦♥♦✇ ✇✐t❤ t❤❡

♦♣t✐♠❛❧ ❞❡s✐❣♥✱ ❢❛❝t♦r ✐♥✈❡st♦rs ❝❛♥♥♦t ❜❡ tr❛❞✐♥❣ ♦♥❧② ♦♥❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✐♥ ❡q✉✐❧✐❜r✐✉♠✱

❢♦r t❤❡② ❝❛♥ ❞❡✈✐❛t❡ t♦ tr❛❞✐♥❣ t❤❡ ❈❙✳ ■♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ t❤❡② tr❛❞❡ ❈❙s✱ t❤❡② ✇♦✉❧❞ ♥♦t

❞❡✈✐❛t❡ t♦ tr❛❞✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts ✐♥st❡❛❞ ❜❡❝❛✉s❡ t❤❡✐r ♣❛②♦✛s ❛r❡ ♠❛①✐♠✐③❡❞✱ ♥❡✐t❤❡r ✇♦✉❧❞

❛ss❡t✲s♣❡❝✐✜❝ ✐♥✈❡st♦rs✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ♥♦t❡ t❤❛t ❢♦r ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r✱ ✐❢ ❤❡

❞❡✈✐❛t❡s t♦ tr❛❞❡ ✐♥ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ♠❛r❦❡t i✱ ❤❡ ✇♦✉❧❞ ❤❛✈❡ t♦ s✉❜♠✐t ♦r❞❡r τ
βi

✉♥✐ts ♦❢ ❛ss❡t i✳ ❍✐s



✹✵

❡①♣❡❝t❡❞ ❝♦st ✐♥ tr❛❞✐♥❣ ❛❢t❡r ♠❛❦✐♥❣ s✉❝❤ ❛ ❞❡✈✐❛t✐♦♥ ✐s t❤✉s

E [Ci(τ)] = E

[

τ

βi
Pi(ωi)

]

=

(

λCS
i w2

i

βi (w1β1 + w2β2)

)

σ2
τ✭✸✾✮

❲❤❡♥ ✇❡ t❛❦❡ wi =
λCS
j βi

λCS
i βj+λCS

j βi
✱ i 6= j ✱ ✇❡ ❤❛✈❡

✭✹✵✮
λCS
1 w2

1 + λCS
2 w2

2

(w1β1 + w2β2)
2 =

λCS
1 w2

i

β1 (w1β1 + w2β2)
=

λCS
2 w2

i

β2 (w1β1 + w2β2)

❚❤✉s ✉♥❞❡r t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥✱ ❡❛❝❤ ✐♥✜♥✐t❡s✐♠❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✳

❋♦r t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r i✱ ❛❢t❡r ❞❡✈✐❛t✐♥❣ t♦ tr❛❞✐♥❣ ❈❙✱ ❤❡ s♦❧✈❡s

max
x

x
[

wiχi −
(

λCS
1 w2

1 + λCS
2 w2

2

)

x
]

❍✐s ♦♣t✐♠❛❧ ❡①♣❡❝t❡❞ ♣r♦✜t ❛❢t❡r ♠❛❦✐♥❣ s✉❝❤ ❞❡✈✐❛t✐♦♥ ✐s Π̃CS
ǫ,i

(

σ2
νi

)

=
w2

i

4(λCS
1

w2

1
+λCS

2
w2

2)

(

σ2
ǫi
− σ2

νi

)

✳

❚❤❡ ♥♦ ❞❡✈✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s

1

4λCS
i

(

σ2
ǫi
− σ2

νi

)

≥ w2
i

4
(

λCS
1 w2

1 + λCS
2 w2

2

)

(

σ2
ǫi
− σ2

νi

)

✇❤✐❝❤ ♦❜✈✐♦✉s❧② ❤♦❧❞s✳ ❚❤✐s ✐s q✉✐t❡ ✐♥t✉✐t✐✈❡ ❜❡❝❛✉s❡ s✇✐t❝❤✐♥❣ t♦ tr❛❞✐♥❣ ❈❙ ♠❡❛♥s t❤❛t t❤❡ ❛ss❡t

s♣❡❝✉❧❛t♦r ✇♦✉❧❞ s✉✛❡r ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ✐♥ tr❛❞✐♥❣ t❤❡ ♦t❤❡r ❛ss❡t✱ ✇❤✐❝❤ ❤❡ ❞♦❡s ♥♦t ❤❛✈❡ ♣r✐✈❛t❡

✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t✳ ❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✱ ✐❢ ❤❡ ❞❡✈✐❛t❡s t♦ tr❛❞✐♥❣ ✐♥ ✉♥❞❡r❧②✐♥❣ ♠❛r❦❡t

i✱ ❤✐s ♦♣t✐♠❛❧ ❡①♣❡❝t❡❞ ♣r♦✜t ✐s E
[

Π̃CS
γ,i

(

σ2
ξ

)]

=
β2

i

4λCS
i

(

σ2
γ − σ2

ξ

)

✳ ❚❤❡ ♥♦ ❞❡✈✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❢♦r

t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r t❤✉s r❡q✉✐r❡

✭✹✶✮
(w1β1 + w2β2)

2

4
(

λCS
1 w2

1 + λCS
2 w2

2

) ≥ β2
i

4λCS
i

❢♦r i = 1, 2✳ ❲❤❡♥ ✇❡ t❛❦❡ wi =
λCS
j βi

λCS
i βj+λCS

j βi
✱ i 6= j ✱ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✇❡❛❦❧②✮ ❤♦❧❞✱ t❤✉s t❤❡r❡ ❡①✐sts

❛ ❢❡❛s✐❜❧❡ s❡t ♦❢ ❞❡s✐❣♥s✳�

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❋♦r t❤❡ ❡♥❞♦❣❡♥♦✉s ❈❙ ❞❡s✐❣♥ (w1, w2) ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❜② ❝♦♥str✉❝t✐♦♥ ✇❡ ❝❛♥ ❡❛s✐❧② s❤♦✇
w2

1
λCS
1

w1β1
=

w2

2
λCS
2

w2β2
✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s tr❛❞✐♥❣ ❛❣❣r❡ss✐✈❡♥❡ss η ✐s

η =
w1β1 + w2β2

2
(

w2
1λ

CS
1 + w2

2λ
CS
2

) =
βi

2wiλCS
i

❢♦r i = 1, 2✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢❛❝t♦r ✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠

❛s

✭✹✷✮
1

4
(σ2

ǫi
+ σ2

νi
) +

β2
i

4
(σ2

γ + σ2
ξ ) + σ2

ni

(

λCS
i

)2
=

1

2
σ2
ǫi
+

β2
i

2
σ2
γ



✹✶

❢♦r i = 1, 2✱ ✇❤❡r❡ σni
=
√

σ2
τ

(w1β1+w2β2)2
+ σ2

n̂i
✳ ❇❛s❡❞ ♦♥ ❡q✉❛t✐♦♥ ✭✹✷✮✱ ✇❡ ❝❛♥ ♥♦✇ st✉❞② ❤♦✇ t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ tr❛❞✐♥❣ ❛✛❡❝ts t❤❡ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐♥ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ♠❛r❦❡ts✳ ❆s ✐♥ s❡❝t✐♦♥ ✸✱

✉♥❧❡ss ♦t❤❡r✇✐s❡ ♥♦t❡❞✱ ■ ✇✐❧❧ r❡❢❡r t♦ ♠❛r❦❡t ✶ ❛s t❤❡ ♦r✐❣✐♥❛❧❧② ❧✐q✉✐❞ ♠❛r❦❡t ❛♥❞ ♠❛r❦❡t ✷ ❛s t❤❡

♦r✐❣✐♥❛❧❧② ✐❧❧✐q✉✐❞ ♠❛r❦❡t✳ ❇❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❈❙✱ t❤❡ s②st❡♠❛t✐❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐♥ t❤❡

✐❧❧✐q✉✐❞ ♠❛r❦❡t ✐s corrN (P2, γ) = 0✳ ❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❈❙✱

covCS(P2, γ) = cov
(

λCS
2 ηζw2, γ

)

=
λCS
2 w2 (w1β1 + w2β2)

2
(

w2
1λ

CS
1 + w2

2λ
CS
2

) σ2
γ > 0

❍❡♥❝❡ t❤❡ s②st❡♠❛t✐❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐s str✐❝t❧② ✐♠♣r♦✈❡❞ ✐♥ t❤❡ ✐❧❧✐q✉✐❞ ♠❛r❦❡t✳ ❙✐♠✐❧❛r❧②✱ ❜❡❢♦r❡ t❤❡

❈❙ tr❛❞✐♥❣ ✐s ✐♥tr♦❞✉❝❡❞✱ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥② ✐♥ t❤❡ ✐❧❧✐q✉✐❞ ♠❛r❦❡t ✐s corrN (P2, ǫ2) =√
2
2 ✳ ◆♦✇ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐♥ ♠❛r❦❡t ✷ ✐s

corrCS(P2, ǫ2) =
cov(P2, ǫ2)
√

var(P2)σǫ2
=

σǫ2

2
√

var(P2)

◆♦t❡ t❤❛t

varCS(P2) =
(

λCS
2

)2

[

(

1

2λCS
2

)2

(σ2
ǫ2
+ σ2

ν2
) + w2

2η
2(σ2

γ + σ2
ξ ) +

w2
2σ

2
τ

(w1β1 + w2β2)2
+ σ2

n̂,2

]

=
1

2
σ2
ǫ2
+ λCS

2 β2w2ησ
2
γ >

1

2
σ2
ǫ2

❍❡♥❝❡ ✇❡ ❤❛✈❡

corrCS(P2, ǫ2) <
σǫ2

2
√

1
2σ

2
ǫ2

=

√
2

2

❚❤❡ ♦✈❡r❛❧❧ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ✐❧❧✐q✉✐❞ ❛ss❡t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉✐❧✐❜r✐✉♠ ✐s

corrN (P2, ǫ2 + β2γ) =
1
2σǫ2

√

1
2

(

σ2
ǫ2
+ β2

2σ
2
γ

)

❆❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧❧② ❞❡s✐❣♥❡❞ ❈❙✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ♦✈❡r❛❧❧ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝②

♦❢ t❤❡ ✐❧❧✐q✉✐❞ ❛ss❡t ✐s

corrCS(P2, ǫ2 + β2γ) =

√
2

2
✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ❧❛r❣❡r t❤❛♥ t❤❛t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉✐❧✐❜r✐✉♠✳ ❋♦r t❤❡ r❡❧❛t✐✈❡❧② ❧✐q✉✐❞ ❛ss❡t✱ ❜❡❢♦r❡

t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✱ ✇❡ ❤❛✈❡

corrN (P1, γ) =
1
2β1σγ

√

1
2σ

2
ǫ1
+ 1

2β
2
1σ

2
γ

corrN (P1, ǫ1) =
1
2σǫ1

√

1
2σ

2
ǫ1
+ 1

2β
2
1σ

2
γ

corrN (P1, ǫ1 + β1γ) =

√
2

2



✹✷

❆❢t❡r t❤❡ ❈❙ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ♣r✐❝❡ ✈♦❧❛t✐❧✐t② ✐♥ t❤❡ ❧✐q✉✐❞ ♠❛r❦❡t ❜❡❝♦♠❡s

varCS(P1) = var

(

λCS
1

(

χ1

2λCS
1

+ ηw1ζ +
τw1

β1w1 + β2w2
+ n̂1

))

=
1

4
(σ2

ǫ1
+ σ2

ν1
) +

β2
1

4
(σ2

γ + σ2
ξ ) + σ2

n1

(

λCS
1

)2

=
1

2
σ2
ǫ1
+

β2
1

2
σ2
γ

❚❤❡r❡❢♦r❡✱

corrCS(P1, ǫ1) =
cov

(

λCS
1

χ1

2λCS
1

, ǫ1

)

√

var(P1)σǫ1
=

1
2σǫ1

√

1
2σ

2
ǫ1
+ 1

2β
2
1σ

2
γ

corrCS(P1, γ) = cov
(

λCS
1 ηζw1, γ

)

=
1
2β1σγ

√

1
2σ

2
ǫ1
+ 1

2β
2
1σ

2
γ

corrCS(P1, ǫ1 + β1γ) =
cov

(

λCS
1

χ1

2λCS
1

+ λCS
1 ηζw1, ǫ1

)

√

1
2σ

2
ǫ1
+ 1

2β
2
1σ

2
γ

√

σ2
ǫ1
+ β2

1σ
2
γ

=

√
2

2

✇❤✐❝❤ ❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤♦s❡ ❜❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✳ �

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻ ✭❱♦❧❛t✐❧✐t②✱ ❙②♥❝❤r♦♥✐❝✐t②✱ ❛♥❞ ❈♦✲♠♦✈❡♠❡♥ts✮

❋♦r ♣r✐❝❡ ✈❛r✐❛❜✐❧✐t②✱ t❤❡ ❧✐q✉✐❞ ❛ss❡t ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✿

✭✹✸✮ varN (P1) = varCS(P1) =
1

2

(

σ2
ǫ,1 + β2

1σ
2
γ

)

❚❤❡ ✐❧❧✐q✉✐❞ ❛ss❡t✬s ♣r✐❝❡ ✈♦❧❛t✐❧✐t② ✐s ❧❛r❣❡r ❛❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙✿

varCS(P2) =
1

2
σ2
ǫ2
+

β2
2

2
σ2
γ > varN (P2)

❚❤❡ s②♥❝❤r♦♥✐❝✐t② ✐♥ t❤❡ ♦r✐❣✐♥❛❧❧② ✐❧❧✐q✉✐❞ ♠❛r❦❡t ✐s ♦❜✈✐♦✉s❧② ❡♥❤❛♥❝❡❞ s✐♥❝❡ ❜❡❢♦r❡ t❤❡ ❈❙ ✐s

✐♥tr♦❞✉❝❡❞✱ ♥♦ ♣r✐❝❡ ✈❛r✐❛t✐♦♥ ✐♥ ♠❛r❦❡t ✷ ✐s ❛ttr✐❜✉t❛❜❧❡ t♦ s②st❡♠❛t✐❝ ❢❛❝t♦r ✈❛r✐❛t✐♦♥✳ ■♥ t❤❡

♦r✐❣✐♥❛❧ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❛ss❡t ♣r✐❝❡ ❝♦♠♦✈❡♠❡♥t ✐s

cov (P1, P2) = cov

(

λN
1

f1τ

β1
, λN

2

f2τ

β2

)

=
λN
1 λN

2 f1f2
β1β2

σ2
τ✭✹✹✮

✇❤❡r❡ t❤❡ ❢r❛❝t✐♦♥s f1 ❛♥❞ f2 s❛t✐s✜❡s
λN
1
f1

β2

1

=
λN
2
f2

β2

2

✳ ■♥ t❤✐s ❡q✉✐❧✐❜r✐✉♠✱ s✐♥❝❡ t❤❡ s②st❡♠❛t✐❝

✐♥❢♦r♠❛t✐♦♥ ✐s ♦♥❧② r❡✢❡❝t❡❞ ✐♥ t❤❡ ♣r✐❝❡ ♦❢ ❧✐q✉✐❞ ❛ss❡t✱ t❤❡ ♣r✐❝❡ ❝♦♠♦✈❡♠❡♥t ♦♥❧② ❝♦♠❡s ❢r♦♠ t❤❡

❝♦♠♠♦♥ ❤❡❞❣✐♥❣ ♥❡❡❞s ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✳ ■♥ t❤❡ ❢❛❝t♦r ✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❝♦♠♣♦s✐t❡



✹✸

s❡❝✉r✐t②✱ t❤❡ ♣r✐❝❡ ❝♦♠♦✈❡♠❡♥t ✐s

covCS (P1, P2) = cov

(

λCS
1

(

ηw1ζ +
τw1

β1w1 + β2w2

)

, λCS
2

(

ηw2ζ +
τw2

β1w1 + β2w2

))

= λCS
1 λCS

2 w1w2η
2
(

σ2
γ + σ2

ξ

)

+
λCS
1 λCS

2 w1w2

(β1w1 + β2w2)
2σ

2
τ✭✹✺✮

❋♦r t❤❡ ❡♥❞♦❣❡♥♦✉s❧② ❞❡s✐❣♥❡❞ ❈❙ ✇❡✐❣❤ts (w1, w2) s✉❝❤ t❤❛t w1/w2 = β1

λCS
1

/ β2

λCS
2

✳ ❚❤❡♥ ✇❡ ❤❛✈❡

λCS
1

λCS
2

w1w2

(β1w1+β2w2)
2 =

λCS
1

λCS
2

f̂1f̂2
β1β2

✱ ✇❤❡r❡ f̂i ≡ βiwi

β1w1+β2w2
✱ i = 1, 2✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡

λCS
1 f̂1
β2
1

=
λCS
1

β1 (β1w1 + β2w2)
=

λCS
2

β2 (β1w1 + β2w2)
=

λCS
2 f̂2
β2
2

❋r♦♠ ❡q✉❛t✐♦♥ ✭✹✷✮ ✇❡ ❦♥♦✇ t❤❛t ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r ♣❛✐r (w1, w2)✱

✭✹✻✮ λCS
i =

1

2σni

√

1

4
(σ2

ǫi
− σ2

νi
) +

β2
i

4
(σ2

γ − σ2
ξ )

✇❤❡r❡

σni
=

√

w2
i σ

2
τ

(ŵ1β1 + ŵ2β2)2
+ σ2

n̂i
=

√

β2
i σ

2
τ

f̂2
i

+ σ2
n̂i

❢♦r i = 1, 2✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❢♦r t❤✐s ♣❛✐r ♦❢ (ŵ1, ŵ2) ✇❡ ❤❛✈❡

✭✹✼✮
λCS
1 λCS

2 f̂1f̂2
β1β2

>
λN
1 λN

2 f1f2
β1β2

�

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼ ✭❚r❛❞✐♥❣ ❈♦st✮

■♥ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ tr❛❞✐♥❣ ❝♦st ✐♥ t❤❡ ✐❧❧✐q✉✐❞ ♠❛r❦❡t ✐s

✭✹✽✮ λN
2 =

1

2σn2

√

σ2
ǫ2
− σ2

ν2

✇❤❡r❡ σ2
n2

= σ2
n̂2

+ f2
2σ

2
τ/β

2
2 ✳ ■♥ t❤❡ ❢❛❝t♦r ✐♥✈❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s❧② ❞❡s✐❣♥❡❞ ❈❙

✇❡✐❣❤ts (w1, w2) s❛t✐s❢②✐♥❣
w1

w2
= β1

λCS
1

/ β2

λCS
2

✱ t❤❡ tr❛❞✐♥❣ ❝♦st ✐♥ ♠❛r❦❡t ✷ ✐s

✭✹✾✮ λCS
2 =

1

2σn2

√

1

4
(σ2

ǫ2
− σ2

ν2
) +

β2
2

4
(σ2

γ − σ2
ξ )

✇❤❡r❡ σn2
=
√

σ2
τ

(ŵ1β1+ŵ2β2)2
+ σ2

n̂,2✳ ❚❤✉s ✐❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr② ✐♥ s②st❡♠❛t✐❝ ❝♦♠♣♦♥❡♥t

σ2
γ −σ2

ξ ✐s ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♠♣❛r❡ t♦ t❤❛t ✐♥ ❛ss❡t s♣❡❝✐✜❝ ❝♦♠♣♦♥❡♥t σ2
ǫ2
−σ2

ν2
✱ ✇❡ ❝❛♥ ❣❡t λCS

2 > λN
2 ✳



✹✹

❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s

✭✺✵✮

√

σ2
ǫ2
− σ2

ν2

σn̂,2
<

√

1
4(σ

2
ǫ2
− σ2

ν2
) +

β2

2

4 (σ2
γ − σ2

ξ )
√

σ2
τ

min{β1,β2}2 + σ2
n̂,2

�

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽ ❛♥❞ ❈♦r♦❧❧❛r② ✽✳✶

P❧✉❣ ✐♥ wi =
βi
λi

βi
λi

+
βj
λj

✱ t❤❡♥ λCS < λCS
1 ✐s ❡q✉✐✈❛❧❡♥t t♦

✭✺✶✮

(

β1

λCS
1

+
β2

λCS
2

)2

>
β2
i

(

λCS
i

)2 +
β2
3−i

λCS
1 λCS

2

✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❢✉rt❤❡r r❡❞✉❝❡❞ t♦
λCS
i

λCS
j

>
βj−2βi

βi
✳ ❋✐rst✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤✐s ❞❡✜♥✐t❡❧② ❤♦❧❞s ✐❢ βj < βi✳

❊✈❡♥ ✐❢ βj > βi✱ ❛s ❧♦♥❣ ❛s βj ≤ 2βi✱ ❈❙ ✐s ♠♦r❡ ❧✐q✉✐❞✳�

❙❡❝t✐♦♥ ✺✳✶ ❉✐s❝✉ss✐♦♥ ♦♥ ❊♥❞♦❣❡♥♦✉s ■♥❢♦r♠❛t✐♦♥ ❆❝q✉✐s✐t✐♦♥

❲✐t❤ ♠✉❧t✐♣❧❡ ❛ss❡t s♣❡❝✉❧❛t♦rs✱ ♠❛r❦❡t ♠❛❦❡r ✶ ✇♦✉❧❞ t❤❡♥ s❡t t❤❡ ❛ss❡t ♣r✐❝❡ ❛❝❝♦r❞✐♥❣ t♦ P1(ω1) =

λN
1 ω1✱ ✇❤❡r❡

✭✺✷✮ λN
1 ≡

(α1 + α̂1)σ
2
ǫ1
+ ηβ1σ

2
γ

(α1 + α̂1)2σ2
ǫ1
+ α̂2

1σ
2
ν1

+ η2σ2
γ + σ2

n1

●✐✈❡♥ t❤✐s ♣r✐❝✐♥❣ r✉❧❡✱ t❤❡ ✐♥s✐❞❡r ❛ss❡t s♣❡❝✉❧❛t♦r s♦❧✈❡s maxx1
x1
(

ǫ1 − λN
1 (x1 + α̂1ǫ1)

)

✱ ✇❤✐❝❤

✐♠♣❧✐❡s x∗1 =
(1−λN

1
α̂1)ǫ1

2λN
1

✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

✭✺✸✮ α1 =
1− λN

1 α̂1

2λN
1

❙✐♠✐❧❛r❧②✱ t❤❡ ♦✉ts✐❞❡r ❛ss❡t s♣❡❝✉❧❛t♦r s♦❧✈❡s maxx̂1
x̂1
(

χ1 − λN
1 (x̂1 + α1χ1)

)

, ✇❤✐❝❤ ✐♠♣❧✐❡s x̂∗1 =
(1−λN

1
α1)χ1

2λN
1

✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

✭✺✹✮ α̂1 =
1− λN

1 α1

2λN
1

❚❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r s♦❧✈❡s maxy y
(

β1γ − λN
1 y
)

✱ ✇❤✐❝❤ ✐♠♣❧✐❡s y∗ = β1γ

2λN
1

✳ ❍❡♥❝❡

✭✺✺✮ η =
β1

2λN
1



✹✺

❋r♦♠ t❤❡ ❛❜♦✈❡ r❡s✉❧ts ✇❡ ❤❛✈❡ λN
1 (α1 + α̂1) =

2
3 ❛♥❞

(

λN
1

)2 [
(α1 + α̂1)

2σ2
ǫ1
+ α̂2

1σ
2
ν1

+ η2σ2
γ + σ2

n1

]

= λN
1

[

(α1 + α̂1)σ
2
ǫ1
+ ηβ1σ

2
γ

]

=
2

3
σ2
ǫ1
+

1

2
β2
1σ

2
γ

❍❡♥❝❡

cov (P1, ǫ1) = cov
(

λN
1 (α1ǫ1 + α̂1χ1 + ηγ + n1) , ǫ1

)

=
2

3
σ2
ǫ1

❛♥❞

var (P1) =
(

λN
1

)2 [
(α1 + α̂1)

2σ2
ǫ1
+ α̂2

1σ
2
ν1

+ η2σ2
γ + σ2

n1

]

=
2

3
σ2
ǫ1
+

1

2
β2
1σ

2
γ

❚❤✉s t❤❡ ❛ss❡t s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐♥ ♠❛r❦❡t ✶ ✐s

corrN (P1, ǫ1) =
cov (P1, ǫ1)

√

var (P1) var (ǫ1)
=

2
3σǫ1

√

2
3σ

2
ǫ1
+ 1

2β
2
1σ

2
γ

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❛ss❡t s♣❡❝✐✜❝ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐♥ ♠❛r❦❡t ✷ ❛s ❢♦❧❧♦✇s

corrN (P2, ǫ2) =

√

2

3

❙❡❝t✐♦♥ ✺✳✸ ❉✐s❝✉ss✐♦♥ ♦♥ ▼✐①❡❞ ❙tr❛t❡❣② ❊q✉✐❧✐❜r✐✉♠

❲❡ ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤♦✉t ❈❙ tr❛❞✐♥❣ ❝♦♠♣r✐s❡❞ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❚❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r s✉❜♠✐ts ❛♥ ♦r❞❡r xi = Xi(χi) ✐♥ s❡❝✉r✐t② i ♦♥❧② t♦ ♠❛①✐♠✐③❡ ❤✐s ♣r♦✜t❀

• ❚❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r s✉❜♠✐ts ♦r❞❡r yi = Yi(ζ) ✭✐❂✶✱✷✮ ✐♥ ❡✐t❤❡r s❡❝✉r✐t② ♠❛r❦❡t ✶ ❛♥❞ ✷ ✇✐t❤

♣r♦❜❛❜✐❧✐t② θ1❛♥❞ θ2✱ ✇❤❡r❡ θ1 + θ2 = 1✱ t♦ ♠❛①✐♠✐③❡ ❤✐s ♣r♦✜t✳

• ▼❛r❦❡t ♠❛❦❡r i ❢♦r♠s ❝♦♥s✐st❡♥t ❡q✉✐❧✐❜r✐✉♠ ❜❡❧✐❡❢ ❛❜♦✉t θi ❛♥❞ ❝♦♠♠✐ts t♦ ❧✐♥❡❛r ♣r✐❝✐♥❣

Pi(ωi)✱ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ③❡r♦ ❡①♣❡❝t❡❞ ♣r♦✜t✳

❲❡ ♥❡❡❞ t♦ r❡q✉✐r❡ t❤❡ ♠❛r❦❡t ♠❛❦❡rs t♦ ♣r❡✲❝♦♠♠✐t t♦ ❧✐♥❡❛r ♣r✐❝✐♥❣ s❝❤❡♠❡s ❛♥❞ ❜r❡❛❦ ❡✈❡♥ ❡①

❛♥t❡✱ ✇❤✐❝❤ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ t②♣✐❝❛❧ s❡t✉♣ r❡q✉✐r✐♥❣ ♠❛r❦❡t ♠❛❦❡rs ❜r❡❛❦ ❡✈❡♥ ❡① ♣♦st✳ ❚❤❡ ❧❛tt❡r

❞♦❡s ♥♦t ❛❞♠✐t ❛♥② ❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠✳ ❆❣❛✐♥✱ ✇❡ ✇✐❧❧ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛ ❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠

✐♥ ✇❤✐❝❤

Xi(χi) = αiχi

Yi(ζ) = ηiζ

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ t❤❡ ❢❛❝t♦r ✐♥✈❡st♦rs ❛r❡ ❛❧❧♦✇❡❞ t♦ ❛❞♦♣t ❛ ♠✐①❡❞ str❛t❡❣② ✐s t❤❡♥ ❝❤❛r❛❝✲

t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

▼✐①❡❞ ❙tr❛t❡❣② ❊q✉✐❧✐❜r✐✉♠



✹✻

■♥ ❛ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✇♦✉❧❞ ❛❞♦♣t ❛ r❛♥❞♦♠✐③✐♥❣ str❛t❡❣② ✐♥ ✇❤✐❝❤

❤❡ tr❛❞❡s ✐♥ ♠❛r❦❡t i ✇✐t❤ ♣r♦❜❛❜✐❧✐t② θi✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐sts ♦❢ t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r i✬s ♦r❞❡r

s✉❜♠✐ss✐♦♥ Xi(χi) = αiχi✱ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s ♦r❞❡r s✉❜♠✐tt❡❞ ✐♥ ♠❛r❦❡t i✱ Yi(ζ) = ηiζ ❛♥❞ t❤❡

♠❛r❦❡t ♠❛❦❡r i s❡t t❤❡ ♣r✐❝❡ ❛❝❝♦r❞✐♥❣ t♦

✭✺✻✮ P̄i(ωi) = S̄i +
(

θiλ̃i + (1− θi)λ̂i

)

ωi

✇❤❡r❡ αi✱ ηi✱ λ̃i✱ λ̂i ❛♥❞ θi ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s s②st❡♠✿

✭✺✼✮ λ̃i =
αiσ

2
ǫi
+ βiηiσ

2
γ

α2
i

(

σ2
ǫi
+ σ2

νi

)

+ η2i

(

σ2
γ + σ2

ξ

)

+ σ2
ni

✭✺✽✮ λ̂i =
αiσ

2
ǫi

α2
i

(

σ2
ǫi
+ σ2

νi

)

+ σ2
ni

✭✺✾✮
1

2
(

θiλ̃i + (1− θi)λ̂i

) = αi

✭✻✵✮
βi

2
(

θiλ̃i + (1− θi)λ̂i

) = ηi

✭✻✶✮
β2
1

4
(

θ1λ̃1 + θ2λ̂1

)

(

σ2
γ − σ2

ξ

)

=
β2
2

4
(

θ2λ̃2 + θ1λ̂2

)

(

σ2
γ − σ2

ξ

)

✭✻✷✮ θ1 + θ2 = 1

✇❤❡r❡ i = 1, 2✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾

❲❡ ✜rst ♥♦t❡ ❡❛❝❤ tr❛❞❡r✬s ♣❛②♦✛ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❚❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t ❢r♦♠ tr❛❞✐♥❣ ❢♦r t❤❡ ❛ss❡t

s♣❡❝✉❧❛t♦r ❛♥❞ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛r❡

✭✻✸✮ ΠM
ǫ,i

(

σ2
νi

)

=
1

4
(

θiλ̃i + (1− θi)λ̂i

)

(

σ2
ǫi
− σ2

νi

)

❛♥❞

✭✻✹✮ ΠM
γ,i

(

σ2
ξ

)

=
β2
i

4
(

θiλ̃i + (1− θi)λ̂i

)

(

σ2
γ − σ2

ξ

)

r❡s♣❡❝t✐✈❡❧②✳ ❆♥❞ t❤❡ tr❛❞✐♥❣ ❝♦st ❢♦r t❤❡ ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡
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✭✻✺✮ CM
H =

(

θiλ̃i + (1− θi)λ̂i

)

fiσ
2
τ

β2
i

❛♥❞

✭✻✻✮ CM
i =

(

θiλ̃i + (1− θi)λ̂i

)

σ2
n̂i

■t✬s ❡❛s② t♦ s❡❡ t❤❛t ✐♥ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❛✈❡r❛❣❡ ❑②❧❡✬s ❧❛♠❜❞❛ λ̄i ≡ θiλ̃i + (1− θi)λ̂i

✐♥ ♠❛r❦❡t i ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ ♠❛r❦❡t i✬s ❧✐q✉✐❞✐t② ❛♥❞ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝②✳ ❲❤✐❧❡

✐t✬s ❤❛r❞ t♦ ❛♥❛❧②t✐❝❛❧❧② s♦❧✈❡ ❢♦r λ̄i✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣r♦✈✐❞❡s ❜♦✉♥❞s ❢♦r t❤❡ tr❛❞✐♥❣ ❝♦st λ̄i ✐♥

♠❛r❦❡t i✳

▲❡♠♠❛

❲❡ ❝❛♥ ❜♦✉♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ tr❛❞✐♥❣ ❝♦st λ̄i ≡ θiλ̃i + (1− θi)λ̂i ✐♥ ♠❛r❦❡t i ❜②

✭✻✼✮
1

4

(

σ2
ǫi
− σ2

νi

)

< λ̄2
iσ

2
n,i <

1

4

(

σ2
ǫi
− σ2

νi

)

+
β2
i

4

(

σ2
γ − σ2

ξ

)

Pr♦♦❢

◆♦t❡ t❤❛t

λ̄i = θiλ̃i + (1− θi)λ̂i

=
θi
(

αiσ
2
ǫi
+ βiηiσ

2
γ

)

α2
i

(

σ2
ǫi
+ σ2

νi

)

+ η2i

(

σ2
γ + σ2

ξ

)

+ σ2
ni

+
(1− θi)αiσ

2
ǫi

α2
i

(

σ2
ǫi
+ σ2

νi

)

+ σ2
ni

P❧✉❣ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ❜✐❞❞✐♥❣ ❛❣r❡ss✐✈❡♥❡ss αi ❛♥❞ ηi ❛s ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✻✮ ❛♥❞ ✭✼✮✱ t❤❡ ❛❜♦✈❡

❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ ❛s

✭✻✽✮ 1 =
θi
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

1
4

(

σ2
ǫi
+ σ2

νi

)

+
β2

i

4

(

σ2
γ + σ2

ξ

)

+ λ̄2
iσ

2
ni

+
1−θi
2 σ2

ǫi
1
4

(

σ2
ǫi
+ σ2

νi

)

+ λ̄2
iσ

2
ni

❍❡♥❝❡ ✐❢ ✇❡ ♣❧✉❣ ✐♥ λ̄2
iσ

2
n,i =

1
4

(

σ2
ǫ,i − σ2

ν,i

)

+
β2

i

4

(

σ2
γ − σ2

ξ

)

✱ t❤❡ ❘❍❙ ♦❢ ❡q✉❛t✐♦♥ ✭✻✽✮❜❡❝♦♠❡s

RHS = θi +
1−θi
2 σ2

ǫi

1
4

(

σ2
ǫi
+ σ2

νi

)

+ 1
4

(

σ2
ǫi
− σ2

νi

)

+
β2

i

4

(

σ2
γ − σ2

ξ

)

< θi +
1−θi
2 σ2

ǫ,i

1
4

(

σ2
ǫi
+ σ2

νi

)

+ 1
4

(

σ2
ǫi
− σ2

νi

)

= θi + (1− θi) = 1

❙✐♥❝❡ t❤❡ ❘❍❙ ♦❢ ❡q✉❛t✐♦♥ ✭✼✹✮ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ λ̄2
iσ

2
ni
✱ t❤✐s ♣r♦✈❡s t❤❛t ✇❡ ♠✉st ❤❛✈❡

λ̄2
iσ

2
ni

<
1

4

(

σ2
ǫi
− σ2

νi

)

+
β2
i

4

(

σ2
γ − σ2

ξ

)
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❇② t❤❡ s❛♠❡ ♠❡t❤♦❞✱ ✇❡ ❝❛♥ ❛❧s♦ s❤♦✇ t❤❛t

λ̄2
iσ

2
ni

>
1

4

(

σ2
ǫi
− σ2

νi

)

✇❤✐❝❤ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳ �

❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ t❤❡ ✜rst ❝❧❛✐♠ ✐s tr✐✈✐❛❧✳ ❆❢t❡r ❈❙ tr❛❞✐♥❣ ✐s ✐♥tr♦❞✉❝❡❞✱ t❤❡

♣r✐❝❡ ✈♦❧❛t✐❧✐t② ✐♥❝r❡❛s❡s ❛♥❞ t❤✉s t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Pi ❛♥❞ ǫi ❞❡❝r❡❛s❡s✱ s✐♥❝❡ t❤❡ ❝♦✈❛r✐❛♥❝❡

cov (Pi, ǫi) r❡♠❛✐♥s t❤❡ s❛♠❡✳ ❚❤❡ ♠♦✈❡♠❡♥t ✐♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Pi ❛♥❞ γ ✐s ❧❡ss ♦❜✈✐♦✉s✱

s✐♥❝❡ ❛❧t❤♦✉❣❤ t❤❡ ♣r✐❝❡ ✈♦❧❛t✐❧✐t② ✐♥❝r❡❛s❡s✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ s❡❝✉r✐t② ♣r✐❝❡ ❛♥❞ s②st❡♠❛t✐❝

✐♥❢♦r♠❛t✐♦♥ ❛❧s♦ ✐♥❝r❡❛s❡s✳ ❚♦ s❤♦✇ t❤❛t ❈❙ tr❛❞✐♥❣ ✐♥❝r❡❛s❡s corr (Pi, γ)✱ ✇❡ ❥✉st ♥❡❡❞ t♦ s❤♦✇

θiβi

2 σγ
√

1
4

(

σ2
ǫi
+ σ2

νi

)

+
θiβ

2

i

4

(

σ2
γ + σ2

ξ

)

+ λ̄2
iσ

2
n,i

<
βi

2 σγ
√

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

♦r

λ̄2
iσ

2
ni

>
θ2i
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

− 1

4

(

σ2
ǫi
+ σ2

νi

)

− θiβ
2
i

4

(

σ2
γ + σ2

ξ

)

❚♦ s❤♦✇ t❤✐s ✐♥❡q✉❛❧✐t②✱ s✐♠♣❧② r❡♣❧❛❝❡ λ̄2
iσ

2
ni
✇✐t❤ t❤❡

θ2i
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

− 1
4

(

σ2
ǫi
+ σ2

νi

)

− θiβ
2

i

4

(

σ2
γ + σ2

ξ

)

✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ✭✻✽✮✳ ❚❤❡♥ t❤❡ ❘❍❙ ♦❢ ❡q✉❛t✐♦♥ ✭✻✽✮ ❜❡❝♦♠❡s

θi
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

θ2i
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

+
1−θi
2 σ2

ǫi

θ2i
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

− θiβ
2

i

4

(

σ2
γ + σ2

ξ

) >
θi
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

θ2i
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

=
1

θi
> 1

❍❡♥❝❡ ✐t ♣r♦✈❡s t❤❡ ❞❡s✐r❡❞ ✐♥❡q✉❛❧✐t② s✐♥❝❡ t❤❡ ❘❍❙ ♦❢ ❡q✉❛t✐♦♥ ✭✻✽✮ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ λ̄2
iσ

2
ni
✳

◆❡①t ✇❡ s❤♦✇ t❤❛t t❤❡ ♦✈❡r❛❧❧ ♣r✐❝❡ ❡✣❝✐❡♥❝② ✇♦✉❧❞ ❜❡ ✐♠♣r♦✈❡❞✱ ✐✳❡✳

corrN (Pi, βiγ + ǫi) < corrLE (Pi, βiγ + ǫi)

✇❤❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛②s♠♠tr② ✐♥ ǫi ✐s ♥♦t t♦♦ s♠❛❧❧ ❝♦♠♣❛r❡ t♦ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr② ✐♥ γ✳

❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐❢ σ2
ǫ,i > β2

i σ
2
γ ✱ t❤❡ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐♥ ♠❛r❦❡t i ✐s str✐❝t❧② ✐♠♣r♦✈❡❞

❛❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ tr❛❞✐♥❣✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ ✇❡ ❥✉st ♥❡❡❞ t♦ s❤♦✇

1
2σ

2
ǫi
+ 1

2θiβ
2
i σ

2
γ

√

1
4

(

σ2
ǫi
+ σ2

νi

)

+
θiβ

2

i

4

(

σ2
γ + σ2

ξ

)

+ λ̄2
iσ

2
ni

<
1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

√

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

♦r

λ̄2
iσ

2
ni

>
1

2

(

σ2
ǫi
+ β2

i σ
2
γ

)−1 (
σ2
ǫi
+ θiβ

2
i σ

2
γ

)2 − 1

4

(

σ2
ǫi
+ σ2

νi

)

− θiβ
2
i

4

(

σ2
γ + σ2

ξ

)



✹✾

❆❣❛✐♥✱ t♦ s❤♦✇ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✱ s✐♠♣❧② r❡♣❧❛❝❡ λ̄2
iσ

2
ni

✇✐t❤ t❤❡ ❘❍❙ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✻✽✮✳ ❚❤❡♥

t❤❡ ❘❍❙ ♦❢ ❡q✉❛t✐♦♥ ✭✻✽✮ ❜❡❝♦♠❡s

θi
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)−1 (
σ2
ǫi
+ θiβ2

i σ
2
γ

)2 +
1−θi
2 σ2

ǫi

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)−1 (
σ2
ǫi
+ θiβ2

i σ
2
γ

)2 − θiβ
2

i

4

(

σ2
γ + σ2

ξ

)

> θi

(

σ2
ǫi
+ β2

i σ
2
γ

σ2
ǫi
+ θiβ2

i σ
2
γ

)2

+
1−θi
2 σ2

ǫi

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)−1 (
σ2
ǫi
+ θiβ2

i σ
2
γ

)2 − θiβ
2

i

4 σ2
γ

❇② t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❘❍❙ ♦❢ ✭✻✽✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ λ̄2
iσ

2
ni
✱ ✇❡ ❥✉st ♥❡❡❞ t♦ s❤♦✇

✭✻✾✮ θi

(

σ2
ǫi
+ β2

i σ
2
γ

σ2
ǫi
+ θiβ2

i σ
2
γ

)2

+
1−θi
2 σ2

ǫi

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)−1 (
σ2
ǫi
+ θiβ2

i σ
2
γ

)2 − θiβ
2

i

4 σ2
γ

> 1

❚♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥✱ ❞❡♥♦t❡ a ≡ σ2
ǫi
❛♥❞ b ≡ β2

i σ
2
γ ✳ ❚❤❡♥ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❝♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ ❛s

θ (a+ b)2

(a+ θb)2
+

(1− θ) a (a+ b)

(a+ θb)2 − θ
2b (a+ b)

> 1

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

✭✼✵✮
(a

θ
+ b
)

(a+ θb)

[

2

θ
a+ (3− 2θ)b

]

> (a+ b)3

❲❡ ✇❛♥t t♦ s❤♦✇ t❤❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❛❧❧ θ ∈ (0, 1)✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t a ≥ b✳

■❢ θ > 1
3 ✱ ✇❡ ❤❛✈❡

a+ θb >
2

3
(a+ b)

❛♥❞

2

θ
a+ (3− 2θ)b > 2a >

3

2
(a+ b)

❖❜✈✐♦✉s❧②✱ ✇❡ ❛❧✇❛②s ❤❛✈❡ a
θ
+ b > a+ b✱ ❤❡♥❝❡ ✇❡ ❤❛✈❡

(a

θ
+ b
)

(a+ θb)

[

2

θ
a+ (3− 2θ)b

]

> 1 · 2
3
· 3
2
(a+ b)3 = (a+ b)3

■❢ θ ≤ 1
3 ✱ ✇❡ ❤❛✈❡

a

θ
+ b > 3a+ b > 2 (a+ b)

a+ θb > a >
1

2
(a+ b)

❛♥❞
2

θ
a+ (3− 2θ)b > 2 (a+ b)



✺✵

❤❡♥❝❡ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✳ ◆♦✇ ✐❢ ❛♥ ❛ss❡t ✐s ❢✉♥❞❛♠❡♥t❛❧❧② ✐❧❧✐q✉✐❞✱ t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r

✇♦✉❧❞ q✉✐t ✐♥❢♦r♠❛t✐♦♥ ❛❝q✉✐s✐t✐♦♥ ❛♥❞ tr❛❞✐♥❣✳ ❚❤✐s ♣♦t❡♥t✐❛❧❧② ❧❡❛❞s t♦ ❧♦✇❡r ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝②✳ ❋♦r

♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② t♦ ❢❛❧❧ ❛❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❈❙ tr❛❞✐♥❣✱ ✇❡ ♥❡❡❞

corrHE (Pi, βiγ + ǫi) < corrN (Pi, βiγ + ǫi)

♦r
√

β2
i

2
σ2
γ <

1
2σ

2
ǫi
+

θiβ
2

i

2 σ2
γ

√

1
4

(

σ2
ǫi
+ σ2

νi

)

+
θiβ

2

i

4

(

σ2
γ + σ2

ξ

)

+ λ̄2
iσ

2
ni

❇② ▲❡♠♠❛ ✷✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡
√

β2
i

2
σ2
γ <

1
2σ

2
ǫi
+

θiβ
2

i

2 σ2
γ

√

1
4

(

σ2
ǫi
+ σ2

νi

)

+
θiβ

2

i

4

(

σ2
γ + σ2

ξ

)

+ 1
4

(

σ2
ǫi
− σ2

νi

)

+
β2

i

4

(

σ2
γ − σ2

ξ

)

✇❤✐❝❤ ✇♦✉❧❞ ❜❡ tr✉❡ ✐❢ ✇❡ ❤❛✈❡

✭✼✶✮

√

β2
i

2
σ2
γ <

1
2σ

2
ǫi
+

θiβ
2

i

2 σ2
γ

√

1
2σ

2
ǫi
+

β2

i

2 σ2
γ

σ2
ǫi
> 1−2θi+

√
5−4θi

2 β2
i σ

2
γ ✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✳�

❙❡❝t✐♦♥ ✺✳✹ ❉✐s❝✉ss✐♦♥ ♦♥ ❚r❛♥s♣❛r❡♥t ❚r❛❞✐♥❣

❲❡ ❛❣❛✐♥ ❢♦❝✉s ♦♥ t❤❡ ❧✐♥❡❛r ❡q✉✐❧✐❜✐✉r♠ ✇❤❡r❡ Xi(χi) = αiχi ❛♥❞ Y (ζ) = ηζ✱ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛s ❢♦❧❧♦✇s✿ ❯♥❞❡r tr❛♥s♣❛r❡♥t ❈❙ tr❛❞✐♥❣✱ ✐❢ t❤❡ ✈❛r✐❛♥❝❡ ✐♥ ❤❡❞❣✐♥❣ ❞❡♠❛♥❞ ✐s ❧❛r❣❡

❡♥♦✉❣❤✱ ❛ ✉♥✐q✉❡ ❋■❊ ❡①✐sts✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r ✇♦✉❧❞ s✉❜♠✐t ♦r❞❡r Xi(χi) =
χi

2λCS
1,i

✱ t❤❡

❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✇♦✉❧❞ s✉❜♠✐t ♦r❞❡r

Y (ζ) =
1

2

[

∑

i

wi

(

wiλ
CS
1,i + λCS

2,i

)

]−1(
∑

i

wiβi

)

ζ

❛♥❞ nH,CS = τ
β1w1+β2w2

❢♦r ❈❙ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡

λCS
1,i =

√

σ2
ǫi
− σ2

νi

2

√

σ2
n̂i

+ g2i
σ2
τ

β2

i

❛♥❞ wiλ
CS
1,i + λCS

2,i =
βi
√

σ2
γ − σ2

ξ

2 g3στ

w1β1+w2β2

▼❛r❦❡t ♠❛❦❡r i s❡ts ♣r✐❝❡ ❛❝❝♦r❞✐♥❣ t♦ Pi(ωi,m) = λCS
1,i ωi + λCS

2,i m✱ ✇❤❡r❡ ωi ✐s t❤❡ ♠❛r❦❡t ♦r❞❡r ✐♥

♠❛r❦❡t i ❛♥❞ m ✐s t❤❡ tr❛❞✐♥❣ ✈♦❧✉♠❡ ✐♥ ❈❙ ♠❛r❦❡t✳ ❚❤❡ ♠❡❛s✉r❡ ♦❢ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs t❤❛t

tr❛❞❡ ✐♥ ♠❛r❦❡t i ✐s gi ❢♦r i = 1, 2✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ g3 ♦❢ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ tr❛❞✐♥❣ ✐♥ ❈❙

♠❛r❦❡t✳



✺✶

❚❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t ❢r♦♠ tr❛❞✐♥❣ ❢♦r ❛ss❡t s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛r❡

Π̂CS
ǫi

(

σ2
νi

)

=

(

σ2
n̂i

+
g2i σ

2
τ

β2

i

)
1

2

2

√

σ2
ǫi
− σ2

νi
and Π̂CS

γ

(

σ2
ξ

)

=

(

σ2
γ − σ2

ξ

)
1

2

2
g3στ

❚❤❡ ❡①♣❡❝t❡❞ ❧♦ss ❢♦r ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✇❤♦ tr❛❞❡ ❝♦♠♣♦s✐t❡ s❡❝✉r✐t✐❡s ✐s

ĈF,CS =

√

σ2
γ − σ2

ξ

2
g3στ

❛♥❞ t❤❛t ❢♦r t❤♦s❡ ✇❤♦ r❡♠❛✐♥ tr❛❞✐♥❣ ✐♥ ♠❛r❦❡t i ✐s

ĈF,i =
λCS
1,i giσ

2
τ

β2
i

■♥ ❡q✉✐❧✐❜r✐✉♠✱ gis ❛r❡ ❡♥❞♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞ ❜② ❡❛❝❤ ✐♥✜♥✐t❡s✐♠❛❧ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡r✬s ✐♥❞✐❢✲

❢❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥s

CF,CS = CF,1 = CF,2

❛♥❞

g1 + g2 + g3 = 1

❋✐♥❛❧❧②✱ ❛s ❧♦♥❣ ❛s

✭✼✷✮ max
i=1,2

√

σ2
n̂i

+ g2i
σ2
τ

β2

i

√

σ2
ǫi
− σ2

νi

β2
i <

g3στ
√

σ2
γ − σ2

ξ

<
∑

i

√

σ2
n̂i

+ g2i
σ2
τ

β2

i

√

σ2
ǫi
− σ2

νi

β2
i

✱ t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛ ❢❡❛s✐❜❧❡ ❞❡s✐❣♥ (w1, w2) t❤❛t ❛ttr❛❝ts ❜♦t❤ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t②

tr❛❞❡rs ❛♥❞ s✉♣♣♦rts t❤❡ ❡q✉✐❧✐❜r✐✉♠✳

Pr♦♦❢

❯♥❞❡r t❤❡ ❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ t❤❡ ♦r❞❡r r❡❝❡✐✈❡❞ ❜② ♠❛r❦❡t ♠❛❦❡r i ❝❛♥ ❜❡ ❢✉rt❤❡r ✇r✐tt❡♥ ❛s

ωi = αiχi + wiηζ + n̂i + winH,CS

❙❤❡ s❡ts

Pi(ωi,m) = E
[

S̄i + βiγ + ǫi|ωi = αiχi + wiηζ + n̂i + winH,ETF , m = ηζ + nH,CS

]

= S̄i + E [βiγ + ǫi|ωi − wim = αiχi + n̂i, m = ηζ + nH,CS ]

= S̄i + E [ǫi|ωi − wim = αiχi + n̂i] + E [βiγ|m = ηζ + nH,CS ]

= S̄i + λCS
1,i ωi + λCS

2,i m✭✼✸✮

✇❤❡r❡

✭✼✹✮ λCS
1,i ≡ αiσ

2
ǫi

α2
i

(

σ2
ǫi
+ σ2

νi

)

+
(

σ2
n̂i

+ g2i
σ2
τ

β2

i

)



✺✷

✭✼✺✮ λCS
2,i ≡

βiησ
2
γ

η2
(

σ2
γ + σ2

ξ

)

+
(

g3στ

w1β1+w2β2

)2 − wiαiσ
2
ǫi

α2
i

(

σ2
ǫi
+ σ2

νi

)

+
(

σ2
n̂i

+ g2i
σ2
τ

β2

i

)

❛♥❞ m = ηζ + nH,CS ✐s t❤❡ ♦❜s❡r✈❡❞ ❈❙ ♦r❞❡r✳ ❚❤❡ ❧❛st ❡q✉❛❧✐t② ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦rt❤♦❣❛♥❛❧✐t② ♦❢

αiχi + n̂i t♦ γ ❛♥❞ t❤❡ ♦rt❤♦❣❛♥❛❧✐t② ♦❢ ηζ + nCS t♦ ǫi✳ ●✐✈❡♥ t❤✐s ♣r✐❝✐♥❣ r✉❧❡✱ ✇❡ ❝❛♥ ♥♦✇ st✉❞②

t❤❡ ♦♣t✐♠❛❧ tr❛❞✐♥❣ str❛t❡❣② ❢♦r ❡❛❝❤ t②♣❡ ♦❢ ✐♥✈❡st♦rs ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❋♦r t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r ✇❤♦

♦❜s❡r✈❡s χi = ǫi + νi ✇✐t❤ νi ∼ N (0, σ2
νi
)✱ ❤❡ s♦❧✈❡s

maxxi
E [xi (βiγ + ǫi − λ1,i (xi + wiηζ + n̂i + winH,CS)− λ2,i (ηζ + nH,CS)) |χi]

= maxxi
xi (χi − λ1,ixi)

✇❤❡r❡ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r ❤❛s ♥♦ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣

ζ✳ ❚❤❡ ♦♣t✐♠❛❧ ♦r❞❡r ❤❡ s❤♦✉❧❞ s✉❜♠✐t ✐s t❤❡♥ Xi(χi) =
χi

2λ1,i
✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s

✭✼✻✮ αi =
1

2λ1,i

P❧✉❣ t❤✐s ✐♥t♦ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ λ1,i✱ ✇❡ ❝❛♥ s♦❧✈❡ ❢♦r λ1,i ❛s ❢♦❧❧♦✇s

✭✼✼✮ λCS
1,i =

√

σ2
ǫ,i − σ2

ν,i

2

√

σ2
n̂,i + g2i

σ2
τ

β2

i

❲❤✐❧❡ t❤❡ ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ❢♦r t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r st❛②s ♠♦st❧② t❤❡ s❛♠❡✱ ✐t ❜❡❝♦♠❡s str✉❝t✉r❛❧❧②

❞✐✛❡r❡♥t ❢♦r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✇❤♦ ♦❜s❡r✈❡s ζ = γ + ξ ✇✐t❤ ξ ∼ N (0, σ2
ξ )✳ ❆❢t❡r ♦❜s❡r✈✐♥❣ s✐❣♥❛❧

ζ✱ t❤❡ γ✲✐♥❢♦r♠❡❞ ✐♥✈❡st♦r ♥❡❡❞s t♦ ❞❡❝✐❞❡ t❤❡ ♥✉♠❜❡r ♦❢ ❊❚❋ s❤❛r❡s y t♦ tr❛❞❡ s♦ ❛s t♦

maxy E



y
∑

i=1,2

wi

(

S̄i + βiγ + ǫi − Pi (αiχi + wiy + n̂i + winH,CS , y + nH,CS)
)

|ζ





= maxŷ E



ŷ
∑

i=1,2

wi (βiγ + ǫi − λ1,i (αiχi + wiy + n̂i + winH,CS)− λ2,i (y + nH,CS)) |ζ





= maxŷ y
∑

i=1,2

wi

(

βiζ − y
(

wiλ
CS
1,i + λCS

2,i

))

❚❤❡ ♦♣t✐♠❛❧ ♦r❞❡r ❤❡ s❤♦✉❧❞ s✉❜♠✐t ✐s t❤❡♥

✭✼✽✮ Y (ζ) =
1

2

[

∑

i

wi

(

wiλ
CS
1,i + λCS

2,i

)

]−1(
∑

i

wiβi

)

ζ

✇❤✐❝❤ ✐♠♣❧✐❡s

✭✼✾✮ η =
1

2

[

∑

i

wi

(

wiλ
CS
1,i + λCS

2,i

)

]−1(
∑

i

wiβi

)



✺✸

❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ λCS
1,i ❛♥❞ λCS

2,i ✱ ✐t✬s ❡❛s② t♦ s❡❡ t❤❛t

✭✽✵✮ wiλ
CS
1,i + λCS

2,i =
βiησ

2
γ

η2
(

σ2
γ + σ2

ξ

)

+
(

g3στ

w1β1+w2β2

)2

P❧✉❣ t❤✐s r❡s✉❧t ✐♥t♦ ❡q✉❛t✐♦♥ ✭✼✾✮✱ ✇❡ ❣❡t

η =
η2
(

σ2
γ + σ2

ξ

)

+
(

g3στ

w1β1+w2β2

)2

2ησ2
γ

✇❤✐❝❤ ❣✐✈❡s ✉s

✭✽✶✮ η =

g3στ

w1β1+w2β2
√

σ2
γ − σ2

ξ

✭✽✷✮ wiλ
CS
1,i + λCS

2,i =
βi
√

σ2
γ − σ2

ξ

2 g3στ

w1β1+w2β2

❲✐t❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝✐♥❣ r✉❧❡ ❛♥❞ ♦♣t✐♠❛❧ tr❛❞✐♥❣ str❛t❡❣② ❢♦r ❡❛❝❤ ✐♥✈❡st♦r ✇❡ ❞❡r✐✈❡❞ ❛❜♦✈❡✱

✇❡ ❝❛♥ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t ❡❛❝❤ ✐♥❢♦r♠❡❞ ✐♥✈❡st♦r ❝❛♥ ♠❛❦❡ ❢r♦♠ ❢♦❧❧♦✇✐♥❣ t❤❡✐r

❡q✉✐❧✐❜r✐✉♠ tr❛❞✐♥❣ str❛t❡❣②✳ ❋♦r t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r✱ ❜② s✉❜♠✐tt✐♥❣ ♦r❞❡r Xi(χi) = αiχi✱ t❤❡

❡①♣❡❝t❡❞ ♣r♦✜t ❤❡ ❝❛♥ ❣❛✐♥ ❢r♦♠ tr❛❞✐♥❣ ✐♥ ♠❛r❦❡t i ✐s

ΠCS
ǫ,i

(

σ2
ν,i

)

= E

[

χi

2λ1,i

(

βiγ + ǫi − λ1,i

(

χi

2λ1,i
+ wiηζ + n̂i + winH,CS

)

− λ2,i (ηζ + nH,CS)

)]

=
1

4λ1,i

(

σ2
ǫi
− σ2

νi

)

=

(

σ2
n̂i

+
g2i σ

2
τ

β2

i

)
1

2

2

√

σ2
ǫi
− σ2

νi
✭✽✸✮

❋♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ t♦ ❜❡ ✈❛❧✐❞✱ ✇❡ ♥❡❡❞ t♦ ✈❡r✐❢② t❤❛t ❡❛❝❤ tr❛❞❡r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡

t♦ ❞❡✈✐❛t❡✳ ❚❛❦✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ tr❛❞✐♥❣ ❝♦sts λCS
1,i ❛♥❞ λCS

2,i ❛s ❣✐✈❡♥✱ ✐❢ t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r i

s✇✐t❝❤❡s t♦ tr❛❞✐♥❣ t❤❡ ❈❙ s❤❛r❡s✱ ❤❡ s♦❧✈❡s

max
x

x



wiχi −

√

σ2
γ − σ2

ξ

2g3στ
(w1β1 + w2β2)

2 x





❚❤❡ ♠❛①✐♠✉♠ ❡①♣❡❝t❡❞ ♣r♦✜t ❤❡ ❝❛♥ ❣❛✐♥ ✐s

✭✽✹✮ Π̃CS
ǫ,i

(

σ2
νi

)

=
w2
i

2 (w1β1 + w2β2)
2

g3στ
√

σ2
γ − σ2

ξ

(

σ2
ǫi
− σ2

νi

)



✺✹

❚❤✉s ❢♦r t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r i t♦ ❤❛✈❡ ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✱ ✇❡ ♥❡❡❞

Π̃CS
ǫ,i

(

σ2
νi

)

< ΠCS
ǫ,i

(

σ2
νi

)

❚❤✉s t❤❡ ✇❡✐❣❤ts (w1, w2) ♥❡❡❞ t♦ s❛t✐s❢②

w2
i

(w1β1 + w2β2)
2

g3στ
√

σ2
γ − σ2

ξ

<

√

σ2
n̂i

+ g2i
σ2
τ

β2

i

√

σ2
ǫi
− σ2

νi

❲❡ ❦♥♦✇ t❤❛t t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✱ ✇❤❡♥

√

σ2
γ − σ2

ξ

2
g3στ >

√

σ2
n̂i

+ g2i
σ2
τ

β2

i

2
√

σ2
ǫi
− σ2

νi

β2
i

(

σ2
γ − σ2

ξ

)

❢♦r i = 1, 2✳ ❍❡♥❝❡✱ ❛s ❧♦♥❣ ❛s

✭✽✺✮ max
i

√

σ2
n̂i

+ g2i
σ2
τ

β2

i

√

σ2
ǫi
− σ2

νi

β2
i <

g3στ
√

σ2
γ − σ2

ξ

<
∑

i

√

σ2
n̂i

+ g2i
σ2
τ

β2

i

√

σ2
ǫi
− σ2

νi

β2
i

✱ t❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛ ♥♦♥✲tr✐✈✐❛❧ s❡t ♦❢ ❢❡❛s✐❜❧❡ ✇❡✐❣❤ts (w1, w2) s✉❝❤ t❤❛t ❛ ❢❛❝t♦r ✐♥✈❡st✐♥❣ ❡q✉✐✲

❧✐❜r✐✉♠ ❡①✐sts✳ �

◆♦t✐❝❡ t❤❛t t❤❡ gis ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (w1, w2)✳ ❚❤✐s ♣r♦♣❡rt② ❛❧❧♦✇s ✉s t♦ ❡①t❡♥❞ ❚❤❡♦r❡♠ ✶

t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ✇❤❡r❡ ❜❡❢♦r❡ ✐♥tr♦❞✉❝✐♥❣ ❛ ❈❙✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② p ♠❛r❦❡t ♠❛❦❡rs ✇✐❧❧ ❜❡

❛❜❧❡ t♦ ♦❜s❡r✈❡ ❈❙ ♦r❞❡rs✳ ❚♦ ❛ttr❛❝t t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✱ ❛ ❈❙ s♣♦♥s♦r ❞❡s✐❣♥s t♦ ♠✐♥✐♠✐③❡

V (w1, w2) = E [CCS(w1, w2)]

= pE [CCS(w1, w2)|♦❜s❡r✈❛❜❧❡ ❈❙ ♦r❞❡r] + (1− p)E [C(w1, w2)|✉♥♦❜s❡r✈❛❜❧❡ ❈❙ ♦r❞❡r]

= pCCS
F (w1, w2) + (1− p)ĈF,CS (w1, w2)

✇❤❡r❡ CCS
F (w1, w2) ✐s t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs✬ tr❛❞✐♥❣ ❝♦st ✐♥ t❤❡ ♦♣❛q✉❡ s❡tt✐♥❣ ✇❡ ❛♥❛❧②③❡❞

✐♥ s❡❝t✐♦♥ ✷ ❛♥❞ ĈF,CS (w1, w2) ✐s t❤❡ tr❛❞✐♥❣ ❝♦st ✉♥❞❡r t❤❡ tr❛♥s♣❛r❡♥t s❡tt✐♥❣ ✇❡ ❝❤❛r❛❝t❡r✐③❡❞

❛❜♦✈❡✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ ĈF,CS t♦ ❈❙ ❞❡s✐❣♥ (w1, w2) ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s

arg min
(w1,w2)

V (w1, w2) = arg min
(w1,w2)

CCS
F (w1, w2)

❚❤✉s ♠♦st ♦❢ t❤❡ ❈❙ ❞❡s✐❣♥ r❡s✉❧ts ❝❛rr② t❤r♦✉❣❤✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵



✺✺

❲✐t❤ tr❛♥s♣❛r❡♥t ❈❙ tr❛❞✐♥❣✱ t❤❡ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ♦❢ ❛ss❡t i ✐s ❝❛♣t✉r❡❞ ❜②

varCS
T (Pi) =

1

2

(

σ2
ǫi
+ β2

i σ
2
γ

)

corrCS
T (Pi, ǫi) =

1
2σǫi

√

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

corrCS
T (Pi, γ) =

1
2βiσγ

√

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

t❤✉s corrCS
T (Pi, ǫi + βiγ) =

√
2
2 ✳

❈♦♠♣❛r❡❞ ✇✐t❤ t❤♦s❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❜❡❢♦r❡ ❈❙ ✐s ✐♥tr♦❞✉❝❡❞✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t t❤❡ ♣r✐❝✐♥❣

❡✣❝✐❡♥❝② ✐♠♣❧✐❝❛t✐♦♥s ✐♥ ✭✶✮✳

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❛ss❡t ♣r✐❝❡ ❝♦✲♠♦✈❡♠❡♥t ❛♥❞

s②♥❝❤r♦♥✐❝✐t② ❛❧s♦ ✐♥❝r❡❛s❡ ❛❢t❡r t❤❡ ❈❙ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ tr❛❞✐♥❣ ❝♦sts ♦❢ t❤❡ ✐❧❧✐q✉✐❞ ❛ss❡t ❜❡❢♦r❡

❛♥❞ ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❈❙ ❛r❡✱

✭✽✻✮ λN
2 =

√

σ2
ǫ2
− σ2

ν2
√

σ2
n̂2

+
f2

2
σ2
τ

β2

2

λCS
1,2 =

√

σ2
ǫ2
− σ2

ν2

2
√

σ2
n̂2

+ g22
σ2
τ

β2

2

❍❡♥❝❡ tr❛❞✐♥❣ ❝♦st ✐♥❝r❡❛s❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ f2 > g2✳ �

❙❡❝t✐♦♥ ✺✳✺ ❉✐s❝✉ss✐♦♥ ♦♥ ❇✉♥❞❧❡s ✈s ❉❡r✐✈❛t✐✈❡s ❛♥❞ Pr♦♦❢ ❢♦r Pr♦♣♦s✐t✐♦♥ ✶✶

❈♦♥s✐❞❡r ❞❡r✐✈❛t✐✈❡s s✉❝❤ ❛s s②♥t❤❛t✐❝ ❊❚❋s ❛♥❞ ✐♥❞❡① ❢✉t✉r❡s✱ t❤❡ tr❛❞✐♥❣ ♦❢ ✇❤✐❝❤ ❞♦❡s ♥♦t ✐♥✈♦❧✈❡

❛ ❞✐r❡❝t ♣✉r❝❤❛s❡ ❛♥❞ s❛❧❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✳ ❙✉♣♣♦s❡ t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r

❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs tr❛❞❡ ✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛r❦❡t ✇❤✐❧❡ t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦rs ❛r❡ tr❛❞✐♥❣ ✐♥

t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ♠❛r❦❡ts✳ ❯♥❧✐❦❡ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧ ✇❡ ❤❛✈❡ ❛♥❛❧②③❡❞✱ t❤❡r❡ ✐s ❛ ♠❛r❦❡t ♠❛❦❡r

✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛r❦❡t t❤❛t s❡♣❡r❛t❡❧② ❞❡t❡r♠✐♥❡s t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ s❡❝✉r✐t②✳ ❑♥♦✇✐♥❣

t❤❛t ♦♥❧② t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❛♥❞ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ tr❛❞✐♥❣ ✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛r❦❡t✱ t❤❡

❞❡r✐✈❛t✐✈❡ ♠❛r❦❡t ♠❛❦❡r ✇♦✉❧❞ ❡①♣❡❝t t❤❡ ♠❛r❦❡t ♦r❞❡r ❤❡ r❡❝❡✐✈❡s t♦ ❜❡ ♦♥❧② r❡✢❡❝t✐♥❣ s②st❡♠❛t✐❝

✐♥❢♦r♠❛t✐♦♥✳

❆❣❛✐♥✱ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ❛ss❡t s♣❡❝✉❧❛t♦r i s✉❜♠✐ts ♦r❞❡r

Xi(χi) = αiχi ✐♥ ♠❛r❦❡t i ❛♥❞ ❢❛❝t♦r s♣❡❝✉❧❛t♦r s✉❜♠✐ts ♦r❞❡r Y (ζ) = ηζ ✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛r✲

❦❡t✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡ s❡❝✉r✐t② tr❛❝❦s t❤❡ ♣❛②♦✛ ♦❢ (w1S1, w2S2)✳ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ✇✐t❤ ❤❡❞❣✐♥❣

❞❡♠❛♥❞ τ ✇♦✉❧❞ ♥❡❡❞ t♦ tr❛❞❡ nH(τ) = τ
w1β1+w2β2

✉♥✐ts ♦❢ ❞❡r✐✈❛t✐✈❡ s❡❝✉r✐t②✳ ●✐✈❡♥ t❤❡ ❡q✉✐❧✐❜✲

r✐✉♠ tr❛❞✐♥❣ str❛t❡❣✐❡s ♦❢ ❡❛❝❤ ❣r♦✉♣ ♦❢ tr❛❞❡rs✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛r❦❡t ♠❛❦❡r ✇♦✉❧❞ s❡t t❤❡ ♣r✐❝❡ ♦❢

❞❡r✐✈❛t✐✈❡ ❛❝❝♦r❞✐♥❣ t♦

P (m) = (w1S̄1 + w2S̄2) + λDm

✇❤❡r❡ m ✐s t❤❡ ♠❛r❦❡t ♦r❞❡r ♦❢ ❞❡r✐✈❛t✐✈❡ s❡❝✉r✐t② ❛♥❞ λD ✐s ❣✐✈❡♥ ❜②

λD =
(w1β1 + w2β2) ησ

2
γ

η2
(

σ2
γ + σ2

ξ

)

+ var (nH(τ))



✺✻

❚❤✐s ❝♦✉❧❞ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠

P (m) = (w1S̄1 + w2S̄2) + E [w1(β1γ + ǫ1) + w2(β2γ + ǫ2)|ηζ + nH(τ) = m]

= (w1S̄1 + w2S̄2) + E [w1(β1γ + ǫ1) + w2(β2γ + ǫ2)|η(γ + ξ) + nH(τ) = m]

= (w1S̄1 + w2S̄2) +
(w1β1 + w2β2) ησ

2
γ

η2
(

σ2
γ + σ2

ξ

)

+ var (nH(τ))
m✭✽✼✮

●✐✈❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛r❦❡t ♠❛❦❡r✬s ♣r✐❝✐♥❣ r✉❧❡✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❢♦r t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ✐s t❤✉s t♦

max
y

E



y
∑

i=1,2

wi

(

S̄i + βiγ + ǫi − Pi (y + nH(τ))
)

|ζ



 = max
y

y
∑

i=1,2

wi (βiζ − λDy)

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

✭✽✽✮ η =
w1β1 + w2β2

2λD

❙♦❧✈❡ ❢♦r λD ✇❡ ❣❡t

λD = (w1β1 + w2β2)

√

σ2
γ − σ2

ξ

2
√

var (nH(τ))
= (w1β1 + w2β2)

2

√

σ2
γ − σ2

ξ

2στ
✭✽✾✮

❛♥❞ t❤❡r❡❢♦r❡

✭✾✵✮ η =
στ

(w1β1 + w2β2)
√

σ2
γ − σ2

ξ

●✐✈❡♥ t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r✬s tr❛❞✐♥❣ str❛t❡❣② ❛♥❞ ♠❛r❦❡t ♠❛❦❡r✬s ♣r✐❝✐♥❣ r✉❧❡✱ t❤❡ ♣r✐❝❡ ✈♦❧❛t✐❧✐t② ✐♥

t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛r❦❡t ✐s

var(PD) = var (λD(ηζ + nH(τ)))

=
(w1β1 + w2β2)

2

4
var(ζ) + λ2

Dvar (nH(τ))

=
(w1β1 + w2β2)

2

2
σ2
γ✭✾✶✮

❛♥❞ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❞❡r✐✈❛t✐✈❡ ♣r✐❝❡ ❛♥❞ t❤❡ ◆❆❱ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐s

cov (PD, w1S1 + w2S2) = cov (λD(ηζ + nH(τ)), (w1β1 + w2β2) γ) =
(w1β1 + w2β2)

2

2
σ2
γ✭✾✷✮

❍❡♥❝❡ t❤❡ ♣r✐❝✐♥❣ ❡✣❝✐❡♥❝② ✐s

corr (PD, w1S1 + w2S2) =
cov (PD, w1S1 + w2S2)

√

var(PD)
√

var(w1S1 + w2S2)

=
(w1β1 + w2β2)σγ

√

2 (w1β1 + w2β2)
2 σ2

γ + 2
(

w2
1σ

2
ǫ1
+ w2

2σ
2
ǫ2

)

✭✾✸✮



✺✼

❯♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡ts

■♥ t❤✐s ❡q✉✐❧✐❜r✐✉♠✱ ♦♥❧② t❤❡ ❛ss❡t s♣❡❝✉❧❛t♦r ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ ❧❡❢t ✐♥ t❤❡

✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡ts✳ ❚❤✐s ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❡ ✐❧❧✐q✉✐❞ ♠❛r❦❡t ✇✐t❤♦✉t ❊❚❋ tr❛❞✐♥❣✳

❚❤❡ ♣r✐❝✐♥❣ r✉❧❡ ✐♥ ❡❛❝❤ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ♠❛r❦❡t ✐s Pi(ωi) = λiωi✱ ✇❤❡r❡ λi =
σǫi

2σn̂i

✳ ❚❤❡ ♣r✐❝❡

✈❛r✐❛t✐♦♥ ✐♥ ♠❛r❦❡t ✐ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ Pi ❛♥❞ ǫi ❛r❡

varN (Pi) = var (λi (αiǫi + ni)) =
1

2
σ2
ǫi

covN (Pi, ǫi) = cov (λiwi, ǫi) =
1

2
σ2
ǫi

❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ Pi ❛♥❞ γ ✐s corrN (P2, γ) = 0✳ ❍❡♥❝❡

corrN (P2, ǫ2) =
1
2σ

2
ǫ2

√

1
2σ

2
ǫ2
σǫ2

=

√
2

2
corrN (Pi, βiγ + ǫi) =

1
2σ

2
ǫi

√

1
2σ

2
ǫi

√

σ2
ǫi
+ β2

i σ
2
γ

=
1
2σǫi

√

1
2

(

σ2
ǫi
+ β2

i σ
2
γ

)

❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡s t❤❡ ❛❜♦✈❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ❜❡ ❛ ❧❡❣✐t✲

✐♠❛t❡ ♦♥❡ ✐♥✈♦❧✈❡s✿ ✭❛✮ ❚❤❡ ✈♦❧❛t✐❧✐t② ✐♥ ❤❡❞❣✐♥❣ ❞❡♠❛♥❞ ✐s ❤✐❣❤ ❡♥♦✉❣❤❀ ❛♥❞ ✭❜✮ ❚❤❡ ❛ss❡t s♣❡❝✐✜❝

✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr② σ2
ǫi

✐s ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♠♣❛r❡ t♦ t❤❡ s②st❡r♠❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛s②♠♠❡tr② σ2
γ ✳

❈♦♥❞✐t✐♦♥ ✭❛✮ ❡♥s✉r❡s t❤❛t t❤❡ ❢❛❝t♦r s♣❡❝✉❧❛t♦r ❝❛♥ ♠❛❦❡ ❡♥♦✉❣❤ ♣r♦✜t ❛❢t❡r s✇✐t❝❤✐♥❣ t♦ ❞❡r✐✈❛t✐✈❡

♠❛r❦❡t ❛♥❞ ❝♦♥❞✐t✐♦♥ ✭❜✮ ❡♥s✉r❡s t❤❛t t❤❡ ❢❛❝t♦r ❧✐q✉✐❞✐t② tr❛❞❡rs ❛r❡ ❢❛❝❡❞ ✇✐t❤ ❧❡ss ❛♠♦✉♥t ♦❢

❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ❛❢t❡r s✇✐t❝❤✐♥❣ t♦ ❞❡r✐✈❛t✐✈❡ ♠❛r❦❡t✳ ■♥ ❢❛❝t✱ t❤❡s❡ t✇♦ ❝♦♥❞✐t✐♦♥s ❛❧s♦ ❤♦❧❞ ❢♦r t❤❡

♠❛✐♥ ♣❛rt ♦❢ t❤❡ ♣❛♣❡r✱ ✐♥ ✇❤✐❝❤ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❜✉♥❞❧❡ s❡❝✉r✐t✐❡s✳




