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Abstract

A formalism is presented for a novel fifth-order spectroscopy designed to measure the spectrum of nuclear modes coupled to photo-
induced processes. In this description of polarizability response spectroscopy, a two-level system first interacts (twice) with an electron-
ically resonant laser pulse to create ground and excited state wavepackets that evolve until the polarizability spectrum is probed by three
off-resonant pulses and a fourth local oscillator probe field. In the experiment and in the present formalism, heterodyne detection is
accomplished by tuning the relative phase of a local oscillator field with respect to the signal field. Full field-resolved signal detection
by spectral interferometry is also described with the formalism of this paper. Terms in the response function involving electronic ground
and excited state populations are shown to be 180 degrees out-of-phase. We present a model for which signal generation in the presence
of these interfering terms results from two mechanisms: structural relaxation induced resonance and dephasing-induced resonance. Our
model shows that interference between ground and excited state terms in the PORS response function may be interpreted as arising from
the overlap of hole and particle nuclear wavepackets in coordinate space. These results are discussed in the context of experimental mea-
surements for Coumarin 153-Solvent systems. Comparison of theoretical and experimental signals suggests that structural relaxation-
induced resonance of the solvent is the primary origin of the measured signals in both solvation and charge transfer processes.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Condensed phase chemical reactions are mediated by
interactions with the solvent surroundings. Solvent motions
(fluctuations) provide the energy needed for reactants to
surmount potential energy barriers and serve as a bath for
energy dissipation after product formation. For example,
solvents with large dielectric constants reduce the free
energy barrier for charge and proton transfer reactions
[1–3]. Thus, reactive channels exist between states in solu-
tion that do not couple in the gas phase. Nuclear modes
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vibrate and fluctuate on the femtosecond time-scale. For
this reason, a variety of ultrafast laser spectroscopies have
been developed to study solvent dynamics. Time-resolved
fluorescence Stokes shift [4–8] and pump–probe techniques
[9–11] follow nonequilibrium relaxation (i.e., solvation) of a
solute following photoexcitation. In contrast, photon-echo
experiments are sensitive to equilibrium fluctuations of a
solute’s transition energy [12–16]. Information on solvation
dynamics is restricted to the framework of linear response
for these third-order spectroscopies, where solute–solvent
interactions are fully described by two-time correlation
functions [17,18]. Therefore, these methods do not yield
the evolution of solute–solvent interactions with nonequi-
librium relaxation (i.e., the instantaneous spectral density).
Higher-order spectroscopies are needed to uncover the
three-point correlation functions containing this informa-
tion [18–23].
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Two recently developed laser spectroscopies are
designed to measure the spectrum of low frequency solvent
motion coupled to nonequilibrium reactive processes in
condensed phases. Polarizability response spectroscopy
(PORS) [24–27] and resonant pump third-order Raman
spectroscopy (RaPTORS) [21,28,29] differ in implementa-
tion but seek to measure the same dynamics. For example,
dipolar solvation has been investigated with both methods
[21,24,25]. More recently, solvent dynamics induced by an
intramolecular proton transfer [29] and intermolecular
charge transfer [26,27] reactions have been studied. These
data suggest that both methods are successful in probing
nonequilibrium solvent dynamics driven by photoinitiated
events. However, these previous experiments (except those
in Refs. [26,27]) were interpreted using models that do not
account for all aspects of the observed signals. Most nota-
bly, the sign of the signal has been found to depend on the
chemical system and the temporal delays of the laser
pulses. Here we show that interference between terms in
the fifth-order nonlinear response function may give rise
to both positive and negative signals.

The present theoretical paper is a complement to our
experimental elaboration of PORS in which solvation of
Coumarin 153 (C153) is investigated in various solvents
[25,30]. These experiments involve one-dimensional mea-
surements in which the polarizability spectrum of the sol-
vent is probed at a single delay time after solvation is
complete or as two-dimensional measurements that moni-
tor evolution of the polarizability spectrum during the sol-
vation process. This formalism has also been applied to a
recent PORS study of solvent response to intermolecular
charge transfer, where the rate formula is parameterized
with the experimental PORS signals to quantify the effect
of solvation dynamics on the observed kinetics [26,27].

We describe the PORS experiment as a sequential pro-
cess in which the electronic excitation of a solute with the
resonant laser pulse precedes an off-resonant Raman probe
of the resulting nuclear dynamics. The expressions in the
present paper are motivated by the doorway–window for-
malism originally applied to third-order pump–probe spec-
troscopy [31]. This formalism is well-suited to describing
nonlinear spectroscopies, such as PORS, in which popula-
tion dynamics are of interest (in contrast to photon-echo
methods that probe optical coherences) and produces real-
istic signals because delta function laser pulses are not
assumed. Approximations intrinsic to this intuitive view
of the experiment are defined and important terms in the
material response function are identified. Knowledge of
the dominant terms and their respective phases is critical
for understanding the experimentally observed signs of
the signals. Similar interference effects were observed in
coherent Raman spectroscopies in the early 1980s [32–
34], and were recently predicted for second-order difference
frequency mixing experiments [35], which further empha-
sizes the importance of understanding the various contri-
butions to the PORS signal. To obtain further physical
insight, we show that terms with opposite signs may be rep-
resented by hole and particle wavepackets. In this semiclas-
sical representation, the amount of interference between
competing terms in the PORS response function is mapped
on to the overlap of these nuclear wavepackets in coordi-
nate space.

The general approach taken here may be useful for
interpreting related fifth-order spectroscopies. For exam-
ple, Mathies and co-workers have developed the technique
of Femtosecond Stimulated Raman spectroscopy (FSRS)
[36], which was recently applied to the isomerization of
rhodopsin to obtain sub-100 fs time-resolved vibrational
spectra that cover the entire fingerprint region [37]. FSRS
is similar to PORS in that the experiment can be viewed
as a sequence of two events: electronic excitation of a chro-
mophore followed by a Raman probe of nuclear dynamics.
The two methods differ in that PORS intentionally
enhances the solvent response by requiring the Raman
probe to be off-resonant with respect to electronic transi-
tions of the solute, whereas FSRS has sought to measure
intramolecular vibrations of solutes. A key finding of this
paper is that all fifth-order experiments using this general
pulse sequence measure polarization responses associated
with the ground and excited states of the solute that are
180� out-of-phase.

General equations for fifth-order nonlinear spectros-
copy are given in the next section. In Section 3, a formal
expression for the sequential PORS signal is derived and
model calculations are presented. The 16 terms in the
PORS response function (i.e., Liouville space pathways)
are discussed in Section 4. We conclude in Section 5 and
discuss future directions.
2. Fifth-order nonlinear spectroscopy

Under perfect phase matching conditions, a frequency
component of the fifth-order polarization, P(5)(xt), is
related to the emitted signal field by
Eð5ÞðxtÞ ¼
i2plxt

nðxtÞc
P ð5ÞðxtÞ; ð1Þ
where n(xt) is the sample’s refractive index, l is the sample
length, c is the speed of light and ti represent time intervals
between the six field-matter interactions (Fig. 1a). In gen-
eral, P(5)(xt) is expressed as a convolution of the fifth-order
nonlinear response function R(5)(t5, t4, t3, t2, t1) with five
laser pulses Ei(t � t5� � �):
P ð5ÞðtÞ ¼
Z 1

0

dt
Z 1

0

dt5

Z 1

0

dt4

Z 1

0

dt3

Z 1

0

dt2

Z 1

0

� dt1Rð5Þðt5; t4; t3; t2; t1ÞE5ðt � t5ÞE4ðt � t5 � t4Þ

� E3ðt � t5 � t4 � t3ÞE2ðt � t5 � t4 � t3 � t2Þ

� E1ðt � t5 � t4 � t3 � t2 � t1Þ: ð2Þ



Fig. 1. Time variables represent the (a) general formulation of fifth-order nonlinear spectroscopy and (b) those defined to describe PORS as a sequential
process. In panel (b), T is the experimentally controlled delay between the E1&E2 and E3&E4 pulse pairs; s is the experimentally controlled delay between
pulses 3&4 and pulse 5.
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The fifth-order response function may be written as

Rð5Þðt5; t4; t3; t2; t1Þ ¼
�i

�h

� �5

hV jGðt5ÞVGðt4ÞVGðt3Þ

�VGðt2ÞVGðt1ÞVjqeqi; ð3Þ

where qeq is the equilibrium density operator. The Liouville
space Green function, GðtÞ, and dipole operator, V, are
defined by

GðtÞqð0Þ ¼ expð�iHt=�hÞqð0Þ expðiHt=�hÞ ¼ qðtÞ ð4Þ
and

Vq ¼ ½V ; q�; ð5Þ
where V is the Hilbert space molecular dipole operator [18].
There are 64 terms in R(5)(t5, t4, t3, t2, t1) assuming tempo-
rally separated delta function pulses. This number increases
by 5! when permutations of the electric fields are consid-
ered. The PORS response function is defined by a small
subset of these terms. In the following sections, we intro-
duce approximations and show how the PORS laser pulse
configuration suppresses contributions from undesired
terms.
3. PORS as a sequential process

3.1. PORS pulse configuration

The electric field for a sequence of six laser pulses may
be written as

Eðr; tÞ ¼
X6

n¼1

½Enðkn; tÞ þ E�nðkn; tÞ�; ð6Þ

where

Enðkn; tÞ ¼ �nðt � �snÞ exp½iknr� i�xnt � i/nðtÞ�: ð7Þ
In Eq. (7), �nðt � �snÞ is a slowly varying envelope function
for pulse n centered at time �sn with carrier frequency �xn,
wavevector kn, and the temporal phase function /n(t).
The experiment involves five incident laser pulses and the
sixth is used for heterodyne detection of the signal field,
ELO(kLO, t) = E6(k6, t). Transform limited pulses are used
in our experimental work [24–27], so /n(t) are taken to
be time-independent for pulse n and will be denoted as
/0

n. The experimentally controlled pulse delays are defined
as �s1 ¼ �s2 ¼ T þ s, �s3 ¼ �s4 ¼ s and �s5 ¼ 0 [25,30].

In the sequential view of PORS, the system first interacts
with the electronically resonant fields (E1 and E2) before the
off-resonant fields (E3, E4 and E5). Furthermore, the two
field-matter interactions associated with the E3&E4 field
pair precede the interaction with E5. All five laser pulses
are off-resonant with respect to solvent (electronic) transi-
tions. This sequence of field-matter interactions and the
experimentally controlled pulse arrival times are illustrated
in Fig. 1b. We note that a single resonant pulse, ERP, is
used in our experimental implementations [24–27].

With the external electric field and pulse delays defined
above, the fifth-order source of the PORS signal field is
given by

P ð5ÞPORSðks; t; s; T Þ ¼
Z 1

0

dt5

Z 1

0

dt4

Z 1

0

dt3

Z 1

0

dt2

�
Z 1

0

dt1Rð5Þðt5; t4; t3; t2; t1ÞE5ðk5; t

� t5ÞE4ðk4; t þ s� t5 � t4ÞE�3ðk3; t

þ s� t5 � t4 � t3ÞE2ðk2; t þ sþ T

� t5 � t4 � t3 � t2ÞE�1ðk1; t þ sþ T

� t5 � t4 � t3 � t2 � t1Þ; ð8Þ

where ks = � k1 + k2 � k3 + k4 + k5. Eq. (8) is no less
cumbersome to evaluate than Eq. (2). To derive a more
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tractable formula, the number of nested integrals in Eq. (8)
must be reduced by applying the approximations outlined
in the next section.

3.2. Approximations

As suggested above, the PORS experiment is most nat-
urally viewed as a sequential process in which the system
interacts with a resonant laser pulse (ERP = E1 + E2) to
populate its electronic ground and excited states, evolves
freely according to the respective electronic state Hamilto-
nian and is then interrogated by an off-resonant Raman
probe (E3, E4 and E5). This is formally accomplished by
introducing five approximations: (i) the durations of the
pulses are short compared to the experimentally controlled
delays T and s; (ii) the dephasing time intervals t3 and t5 for
the off-resonant interactions are much shorter than the
pulse duration and may be removed from the electric field
arguments; (iii) the pulses are short compared to nuclear
dynamics; (iv) the wavelength dependence of the off-reso-
nant Raman scattering cross section during t3 and t5 is suf-
ficiently weak that the actual frequencies may be
approximated by the average of the two frequencies intrin-
sic to the Raman scattering process; (v) the rotating wave
approximation.

3.3. Nonequilibrium polarizability susceptibility

In this section, R(5)(t5, t4,t3, t2, t1) is rewritten as a non-
equilibrium correlation function that consists of three
nuclear wavepackets. The doorway wavepacket prepared
by the first two field-matter interactions is given by

Dðx1Þ �
Z 1

�1
dx01Iðx01 � x1Þ

Z 1

0

dt1½VGðt1ÞVqeq�

� expðix01t1Þ; ð9Þ

where Iðx01 � x1Þ is the power spectrum of pulses 1 and 2.
Eq. (9) is the convolution of Iðx01 � x1Þ with Mukamel’s
snapshot doorway wavepacket and represents the case
where pulses 1 and 2 are short compared to nuclear dynam-
ics [approx. (iii)] but not compared to optical dephasing
[18]. The polarizability operator intrinsic to the final four
field-matter interactions is defined as [18]

aðxprÞ �
Z 1

0

dt½VGðtÞV� expðixprtÞ � h:c: ð10Þ

where xpr = (x3 + x5)/2 [approx. (iv)]. The frequency
dependence of a(xpr) is very weak in our experiments
where the solutions are transparent at xpr [24–27]. We
hereafter suppress this argument.

The material response function can now be rewritten in
terms of these wavepackets. It is important to note that as a
consequence of Eq. (9) the resulting correlation function
depends on the spectrum of the resonant E1&E2 pulse pair
whereas R(5)(t5, t4, t3, t2, t1) is a purely material function.
The present approach is useful as it allows subsequent
manipulations to be carried out on the same footing as
those for the third-order polarizability susceptibility. The
nonequilibrium PORS correlation function is then written
as

UPORSðt4; T ;x1Þ ¼
ijlegj

2

�h5
h½að0Þ; aðt4Þ�DðT ;x1Þi; ð11Þ

where Eq. (4) is used to write D(x1) and a as time-depen-
dent operators and we have assumed that t2 � T [approx.
(i)]. Eq. (11) resembles the third-order coherent Raman
scattering response function under similar approximations.
The polarizability susceptibility is given by [31]

vðtÞ ¼ �i

�h
h½aðtÞ; að0Þ�qeqi: ð12Þ

The fundamental difference between Eqs. (11) and (12) is
that the polarizabilities are projected onto the equilibrium
density operator in Eq. (12), whereas they are projected
onto the nonequilibrium doorway wavepacket in Eq. (11).

3.4. PORS source polarization

With the results of the previous section, the fifth-order
source polarization for the PORS signal field is written as

P ð5ÞPORSðt; s; T ;x1Þ ¼
�iE5ðtÞjlegj

2

�h5

Z 1

0

dt4h½að0Þ; aðt4Þ�DðT ;x1Þi

� E4ðt þ s� t4ÞE�3ðt þ s� t4Þ: ð13Þ
Eq. (13) is analogous to the third-order polarization for
coherent Raman scattering under similar approximations.
It should be emphasized that since the E1&E2 pulse pair
is well-separated from the E3&E4 pulse pair [approx. (i)]
the upper limit for t4 in Eq. (13) may be infinite without
violating the assumption of a sequential process. It is
important to keep t4 as an integration variable when
high-frequency modes (compared to the bandwidths of
pulses 3–5) contribute to the PORS signals [38]. However,
pulses 3–5 may be taken to be delta functions in time when
their bandwidths are large compared to the mode frequen-
cies of the material polarizability spectrum. In this limit,
Eq. (13) becomes

P ð5ÞPORSðt; s; T ;x1Þ ¼
�ijlegj

2

�h5
h½að0Þ; aðsÞ�DðT ;x1Þi: ð14Þ

Finally, Eq. (1) is used to write the PORS signal field

Eð5ÞPORSðt; s; T Þ ¼
i2pl�xt

nð�xtÞc
P ð5ÞPORSðt; s; T Þ; ð15Þ

where �xt is the carrier frequency of the PORS signal pulse
and the dependence on the E1&E2 carrier frequency, x1,
has been suppressed. Eq. (15) assumes that the refractive
index of the sample is constant over the bandwidth of the
signal. The dispersive part of Eð5ÞPORSðt; s; T Þ is selectively
measured experimentally using the heterodyne detection
method described in Appendix A [25,30]. We note that
our newly developed apparatus provides the full signal
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field, Eð5ÞPORSðt; s; T Þ, through detection by spectral interfer-
ometry [26,27].

Eq. (13) differs from that found under the assumption of
impulsive pulses in two important ways. First, the effect of
the spectrum of the resonant pulse (ERP = E1 + E2) on
nonequilibrium dynamics of D(T,x1) in T is incorporated
with the convolution in Eq. (9). In the following section,
we discuss the sensitivity of the PORS signal to the dynam-
ics of D(T,x1). Second, it captures spectral filtering effects
for modes in the polarizability [38]. Pulses 3–5 are assumed
to be impulsive in Eq. (14) and therefore this expression
yields a realistic signal only when the pulses 3–5 are short
compared to nuclear dynamics in s [approx. (iii)].

3.5. Model calculations

Results given above are illustrated in this section with
numerical calculations of PORS signals. The model con-
sists of two electronic states and three harmonic solvent
modes, which have equal ground and excited state frequen-
cies but displaced potential minima. The parameters for a
single mode are defined in Fig. 2. The present analytical
model offers important physical insight by clearly defining
the two primary mechanisms of signal generation. Molecu-
lar dynamics simulations will be needed to provide a more
complete microscopic picture of the nuclear motions that
underly the PORS signals from actual samples.

Closed expressions for propagation of D(x1) (Eq. (9)) in
T were previously presented in the limit of static line broad-
ening with an overdamped Brownian oscillator bath [18].
Overdamped nuclear motion is an appropriate description
because recurrences are not observed in the experiments
during the T interval [25,30]. In dimensionless units, the
center frequencies of the hole and particle are
Fig. 2. A harmonic mode with displaced ground and excited state
potential minima. The mode-specific reorganization energy is given by
kj ¼ 1

2
xjd

2
j with the dimensionless displacement dj and mode frequency xj.
qg
j ðT Þ ¼

kj þMjðT Þ½ðx0 � x0
egÞ � kj�

xjdj
ð16aÞ

and

qe
jðT Þ ¼

�kj þMjðT Þ½ðx0 � x0
egÞ þ kj�

xjdj
; ð16bÞ

where

x0 ¼
2kjx1;2

2kj þ bdx2
1;2

þ ðx0
eg þ kjÞ

dx2
1;2

2kj þ dx2
1;2

: ð16cÞ

Here j is the index for nuclear modes, m represents the elec-
tronic state, x0

eg is the electronic transition frequency, M(T)
is the solvation correlation function, dx1 is the bandwidth
of the E1&E2 pulse pair and kj is the reorganization energy
of mode j. The time-dependent widths of the hole and par-
ticle are given by

dq2
j ðT Þ ¼

D2
j

d2
j x

2
j

1�
D2

j

D2
j þ dx2

1

M2
j ðT Þ

" #
: ð17Þ

Eq. (17) shows that the wavepacket does not assume its
asymptotic width immediately upon excitation due to the
finite spectral bandwidth of the E1&E2 pulse pair. With
Eqs. (16)–(17), the doorway wavepacket for mode j on
the potential energy surface of state m may be written as

Dm
j ðqj; T Þ ¼

1

dqjðT Þ
ffiffiffiffiffiffi
2p
p exp

ðqj � qm
j ðT ÞÞ

2

2dq2
j ðT Þ

" #
: ð18Þ

This result represents propagation of Eq. (9) with GðT Þ (see
Eq. (4)).

A working form of Eq. (14) can now be found by
expressing the PORS source polarization as

P ð5ÞPORSðs; T Þ ¼
X

j

ijlegj
2

�h5
h½ajðqjÞ; ajðqj; sÞ�fDg

j ðqj; T Þ

� De
jðqj; T Þgi expð�ixjsÞ ð19Þ

in a basis of discrete nuclear modes j. Homogeneous
dephasing is assumed during s to minimize the number of
parameters. Furthermore, we consider only excitations at
the fundamental mode frequencies. In these approxima-
tions, Eq. (19) becomes

P ð5ÞPORSðs; T Þ ¼
X

j

Ug
j ðs; T Þ � Ue

jðs; T Þ; ð20aÞ

where

Um
j ðs; T Þ ¼

ijlegj
2

�h5
1� exp � �hxj

kT

� �� �
exp½ixjs� Cm

j s�

�
Z 1

�1
dqjjajðqjÞj

2Dm
j ðqj; T Þ: ð20bÞ

In Appendix B, we show how the approximation of linear
response is used to write Eq. (20). Eq. (20) shows that the
PORS signal vanishes when Ug

j ðs; T Þ ¼ Ue
jðs; T Þ. The differ-

ences in Ug
j ðs; T Þ and Ue

jðs; T Þ yield the two primary mecha-



Fig. 3. Dispersive PORS signal, RefEð5ÞPORSðs; T Þg, calculated using Eqs.
(15) and (20).
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nisms of PORS signal generation: (i) structural relaxation-

induced resonances occur as a result of the coordinate depen-

dence of the polarizability, aj(qj); (ii) dephasing-induced sig-

nal generation occurs when Cg
j 6¼ Ce

j .
The parameters used for numerical evaluation of (20)

are summarized in Table 1. Our goal is not to fit the exper-
imental data, but rather to gain physical insight by assum-
ing a realistic set of parameters and computing signals. The
frequencies of the three modes are 5, 10 and 50 cm�1. In
Ref. [39], these three ‘‘mode’’ frequencies were taken to
represent diffusive reorientation, interaction-induced and
librational solvent motions [39,40]. Interaction-induced
motion is translational whereas diffusive reorientation
and libration describe individual molecule and collective
reorientational motion, respectively. The dephasing rates,
Cm

j , for all three modes in the ground and excited states
are assumed to be 0.005 fs�1. The coordinate-dependent
polarizabilities are taken to be independent of the elec-
tronic state of the solute. The first derivative of the coordi-
nate-dependent polarizabilities for all three modes is given
by a0jðqjÞ ¼ 1:0� 0:01qj (see Appendix B). This is not an
obvious choice. However, it is merely important that the
first derivative of the polarizability possesses nonzero coor-
dinate-dependence to illustrate the two signal generation
mechanisms. Furthermore, by assuming the slope of
a0jðqjÞ to be negative the polarizabilities increase upon exci-
tation, which is a known property of C153 in solution [41–
43]. The duration of the E1&E2 pulse pair is assumed to be
50 fs.

The PORS signal, RefEð5ÞPORSðs; T Þg, presented in Fig. 3 is
computed using Eqs. (15) and (20). Both the calculated and
experimental signals rise to the maximum value within the
first few picoseconds in T [25,30]. However, the measured
signal decays more slowly along the s-axis as T increases
[25,30]. Eq. (20) cannot account for this with its current
assumptions. However, the T-dependence of the dephasing
rates, Cm

j , may be introduced in our model by allowing the
dephasing rates to be coordinate dependent. Thus, the
experimental results suggest that the dephasing rates for
the nuclear modes associated with the PORS signal depend
on the structure of the Coumarin 153-acetonitrile system,
hence the approximation of linear response does not hold
for this system (see Appendix B).
Table 1
Summary of model parameters

Parametersa Value

x1 5 cm�1

x2 10 cm�1

x3 50 cm�1

kj 500 cm�1

Cg
j 0.005 fs�1

Ce
j 0.005 fs�1

a0jðqjÞb 1.0 � 0.01qj

a Parameters are defined in Eq. (20). The subscript j denotes all three
modes. The solvation correlation function for all three modes is given by
Mj(T) = 0.686exp(�T/0.089) + 0.314exp(�T/0.63) [41].

b See Appendix B.
The profile for RefEð5ÞPORSðs; T Þg at s = 100 fs is shown in
Fig. 4. The shape of the experimental signal profile suggests
a relaxation process occurring on the picosecond time-scale
that enhances signal generation [25,30]. The agreement
Fig. 4. Dispersive PORS signal, RefEð5ÞPORSðs ¼ 0; T Þg, calculated using
Eqs. (15) and (20) plotted on linear (top) and log (bottom) scales.
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between Eq. (20) and the experimental signal profile for
T < 2 ps validates the treatment of the polarizability
response in our model. We have taken the coordinate-
dependent polarizabilities, aj(qj), to be independent of the
electronic state of the solute. Therefore, Ug

j ðs; T Þ and
Ue

jðs; T Þ of Eq. (20) are equivalent at T = 0 ps and
P ð5ÞPORSðs; T Þ vanishes. The difference between Ug

j ðs; T Þ and
Ue

jðs; T Þ increases with T because of nuclear relaxation
and the coordinate dependence of the polarizabilities
[mechanism (i)]. The alternative choice in writing Eq. (20)
is to assume the polarizabilites depend on the electronic
state of the solute and change instantaneously upon excita-
tion. However, this treatment is not consistent with the
experiment because the calculated PORS signal would then
rise as a step function at T = 0 ps.

We have denoted structural relaxation-induced resonance
as mechanism (i) for PORS signal generation. This mecha-
nism is illustrated in Fig. 5, where the hole and particle wave-
packets are presented alongside the corresponding PORS
signal at delay time, T. Here we have defined the polarizabil-
ity spectral density, n(xs,T), as the imaginary part of the
inverse Fourier transform of Eq. (20) with respect to s:

nðxs; T Þ ¼ Im
2pl�xt

nð�xtÞc

Z 1

�1
P ð5ÞPORSðs; T ¼ T eqÞ expðixsÞds

� �
:

ð21Þ
Fig. 5. Illustration of mechanism (i) for PORS signal generation: structural rel
are calculated with Eq. (21). The hole (solid) and particle (dashed) wavepacke
represents a single delay time, T. Panels (a)-(b), (c)-(d) and (e)-(f) correspond
These calculations show that the PORS signal is not emit-
ted at T = 0 ps because the hole and particle wavepackets
occupy the same range of coordinate space. The magnitude
of the signal increases when the hole and particle move to
different locations as a result of nuclear relaxation. Thus,
nonequilibrium relaxation of the particle and hole wave-
packets gives rise to the picosecond rise time of the signal
amplitude in Fig. 4.

Dephasing-induced resonance is mechanism (ii) for
PORS signal generation. The effects of mechanism (i) are
suppressed in the calculation presented in Fig. 6 by taking
the reorganization energies of the modes, kj, to be zero.
That is, the ground and excited state wavepackets are per-
fectly overlapped in coordinate space at all T. The signals
are computed at T = 4 ps with ratios Cg

j=C
e
j ¼0.97, 0.99

and 1.00, where Ce
j ¼ 0:005 fs�1. We see that in the absence

of mechanism (i) no signal is emitted for the ratio
Cg

j=C
e
j ¼ 1:00. However, the signal magnitude increases as

this ratio deviates from unity. These line shapes are unlike
those presented in Fig. 5 and the experimental spectra [25],
which suggests that mechanism (i) is more important than
mechanism (ii). These dephasing-induced resonances (the
signal vanishes when Ce

j ¼ Cg
j ) are reminiscent of similar

observations in picosecond coherent Raman spectroscopies
on vapors [32,34] and low-temperature solids [33], where
pressure (vapor) or temperature (solid) was found to be
axation-induced resonance. The PORS spectra in the left column, n(xs,T),
ts in the right column, Dm

j ðqj; T Þ, are calculated using Eq. (18). Each row
to delay times T of 0, 0.16 and 4 ps, respectively.



Fig. 6. Illustration of mechanism (ii) for PORS signal generation:
dephasing-induced resonance. The polarizability susceptibility, n(xs,T),
is computed at T = 4 ps using Eq. (21) with various ratios of Cg

j =C
e
j . The

solid, dashed and dotted lines correspond to ratios, Cg
j =C

e
j , of 1.00, 0.99

and 0.97, respectively.
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correlated with signal strength. Terms associated with the
ground and excited states are also 180� out-of-phase in
electronically resonant coherent third-order Raman spec-
troscopies [18].

4. Liouville space pathways

Results presented in the previous section suggest an
intuitive interpretation of the PORS signals, but do
not reveal the phases of individual terms in
Rð5ÞPORSðt5; t4; t3; t2; t1Þ. As discussed above, positive and neg-
ative signals may be observed because terms associated
with the ground and excited states are 180	 out-of-phase.
In this section, we present the eight unique (neglecting
complex conjugates) Liouville space pathways in
Rð5ÞPORSðt5; t4; t3; t2; t1Þ that are consistent with our five
approximations. The terms are expressed using Liouville
space generating functions (LGF) [18] because this
approach establishes a clear connection to the wavepackets
in Section 3. The origin of the phase for each term is well-
defined in this representation.

A basis of electronic states must be introduced. The indi-
ces g and e represent the ground and excited electronic
states of the composite solute–solvent system; the E1&E2

pulse pair is resonant with the energy gap between these
two states. The indices f and f 0 correspond to higher-energy
electronic states of the system needed to write expressions
for the off-resonant interactions. Nuclear substates are
not treated explicitly as they are not needed to identify
the dominant pathways in the response function.

The second-order LGFs are found by expanding the
material part of Eq. (9), ½VGðt1ÞVqeq�, then propagating
the system for t2 on either the ground or excited state
potential energy surface. The four resulting LGFs are given
by

q1ðt1 þ t2Þ ¼ Gggðt2ÞV geGegðt1ÞV egqeq; ð22aÞ
q2ðt1 þ t2Þ ¼ Gggðt2ÞGgeðt1ÞqeqV geV eg; ð22bÞ
q3ðt1 þ t2Þ ¼ �Geeðt2ÞGegðt1ÞV egqeqV ge; ð22cÞ
q4ðt1 þ t2Þ ¼ �Geeðt2ÞV egGgeðt1ÞqeqV ge: ð22dÞ

Both fields interact with either the bra or ket for q1(t1 + t2)
and q2(t1 + t2) and therefore these LGF constitute the
roots of the hole terms in P ð5ÞPORSðt; s; T Þ. In contrast, one
interaction occurs with the bra and one with the ket for
the LGFs associated with the particle, q3(t1 + t2) and
q4(t1 + t2). We note that the LGF, qi(t1 + t2 + t3 + t4), de-
pends separately on all four time arguments and not on
their sum [18].

Pulses 3 and 4 are off-resonant and do not change the
electronic state of the composite solute–solvent system.
Therefore, only terms in which both of these interactions
occur with the bra or ket (not one interaction with each)
are two-photon resonant with a particular vibronic level
of the electronic state populated with pulses 1 and 2. The
fourth-order LGFs are obtained by operation with the
material part of Eq. (10), ½VGðt3ÞV�, on the LGFs in
Eq. (22), then propagating the system for t4 on either the
ground or excited state potential energy surface. The
fourth-order LGFs are

q1ðt1 þ t2 þ t3 þ t4Þ
¼
X

f

Gggðt4ÞV gf Gfgðt3ÞV fgq1ðt1 þ t2Þ; ð23aÞ

q2ðt1 þ t2 þ t3 þ t4Þ
¼
X

f

Gggðt4ÞV gf Gfgðt3ÞV fgq2ðt1 þ t2Þ; ð23bÞ

q3ðt1 þ t2 þ t3 þ t4Þ
¼
X

f

Gggðt4ÞGgf ðt3Þq1ðt1 þ t2ÞV gf V fg; ð23cÞ

q4ðt1 þ t2 þ t3 þ t4Þ
¼
X

f

Gggðt4ÞGgf ðt3Þq2ðt1 þ t2ÞV gf V fg; ð23dÞ

q5ðt1 þ t2 þ t3 þ t4Þ
¼
X

f

Geeðt4ÞV ef Gfeðt3ÞV feq3ðt1 þ t2Þ; ð23eÞ

q6ðt1 þ t2 þ t3 þ t4Þ
¼
X

f

Geeðt4ÞV ef Gfeðt3ÞV feq4ðt1 þ t2Þ; ð23fÞ

q7ðt1 þ t2 þ t3 þ t4Þ
¼
X

f

Geeðt4ÞGef ðt3Þq3ðt1 þ t2ÞV ef V fe; ð23gÞ

q8ðt1 þ t2 þ t3 þ t4Þ
¼
X

f

Geeðt4ÞGef ðt3Þq4ðt1 þ t2ÞV ef V fe; ð23hÞ
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where f is an index for electronic states of the composite
solute–solvent system that are off-resonant with all incident
pulse frequencies. In considering the sum over f, it is
important to note that the term ‘‘composite solute–solvent
system’’ refers to the solute and the surrounding solvent
molecules with which the solute interacts most signifi-
cantly. The sum over f is not restricted to electronic states
of the solvent.

The eight unique Liouville space pathways in the PORS
response function are found by first operating on the LGFs
of Eq. (23) with the material part of Eq. (10), ½VGðt5ÞV�.
The trace is then taken for terms in which the final dipole
operator is projected onto the ket. These operations yield
the following eight terms:

R1ðt5; t4; t3; t2; t1Þ
¼ Trf

X
f 0

V gf 0Gf 0gðt5ÞV f 0gq1ðt1 þ t2 þ t3 þ t4Þg; ð24aÞ

R2ðt5; t4; t3; t2; t1Þ
¼ Trf

X
f 0

V gf 0Gf 0gðt5ÞV f 0gq2ðt1 þ t2 þ t3 þ t4Þg; ð24bÞ

R3ðt5; t4; t3; t2; t1Þ
¼ Trf

X
f 0

V gf 0Gf 0gðt5ÞV f 0gq3ðt1 þ t2 þ t3 þ t4Þg; ð24cÞ

R4ðt5; t4; t3; t2; t1Þ
¼ Trf

X
f 0

V gf 0Gf 0gðt5ÞV f 0gq4ðt1 þ t2 þ t3 þ t4Þg; ð24dÞ
Fig. 7. Double-sided Feynman diagrams corresponding to terms given in Eq.
contributions, respectively. The hole and particle terms have even and odd
Pathways R1 � R4 and R5 � R8 give rise to signals that are 180 out-of-phase.
R5ðt5; t4; t3; t2; t1Þ
¼ Trf

X
f 0

V ef 0Gf 0eðt5ÞV f 0eq5ðt1 þ t2 þ t3 þ t4Þg; ð24eÞ

R6ðt5; t4; t3; t2; t1Þ
¼ Trf

X
f 0

V ef 0Gf 0eðt5ÞV f 0eq6ðt1 þ t2 þ t3 þ t4Þg; ð24fÞ

R7ðt5; t4; t3; t2; t1Þ
¼ Trf

X
f 0

V ef 0Gf 0eðt5ÞV f 0eq7ðt1 þ t2 þ t3 þ t4Þg; ð24gÞ

R8ðt5; t4; t3; t2; t1Þ
¼ Trf

X
f 0

V ef 0Gf 0eðt5ÞV f 0eq8ðt1 þ t2 þ t3 þ t4Þg; ð24hÞ

where f 0 is an index for electronic states of the composite
solute–solvent system that are off-resonant with respect
to all incident pulse frequencies. Again, as discussed in
the context of Eq. (23), the sum over f 0 is not restricted
to electronic states of the solvent.

The double-sided Feynman diagrams corresponding to
each of these terms are presented in Fig. 7 [18]. The hole
pathways R1–R4 have positive signs as a result of an even
number of interactions with the bra, whereas the particle
pathways R5–R8 have an odd number of interactions with
the bra and negative signs. Thus, the signals corresponding
to the particle and hole are 180� out-of-phase. In terms of
the model presented above, the Ug

j ðs; T Þ, and Ue
jðs; T Þ terms

of Eq. (20) convolute the spectrum of the resonant pulse
(24). Pathways R1 � R4 and R5 � R8 represent ground and excited state
numbers of interactions with the bra and therefore have opposite signs.
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pair, E1&E2 (i.e., Iðx01 � x1Þ of Eq. (9)), with sums of the
R1–R4 and R5–R8 terms, respectively.

5. Conclusion

We have presented a formalism in which the PORS
experiment is treated as a sequential process. The source
of the signal is expressed as a three-time nonequilibrium
correlation function that resembles the third-order equilib-
rium polarizability susceptibility, which is a two-time cor-
relation function. The resulting numerical model has been
used to illustrate the two primary mechanisms of PORS
signal generation: structural relaxation-induced resonance
and dephasing-induced resonance. Comparison of model
calculations with experiments suggests that structural
relaxation-induced resonance is the primary origin of the
PORS signals observed for the C153-solvent systems.
Terms in the PORS correlation function associated with
ground (hole) and excited (particle) state populations are
shown to have opposite signs. The amount of interference
between hole and particle terms is represented by the over-
lap of semiclassical nuclear wavepackets in coordinate
space.

The eight dominant terms in the PORS response func-
tion are presented as double-sided Feynman diagrams in
Section 4. The hole (particle) diagrams are shown to
involve an even (odd) number of interactions with the
bra. Thus, the hole and particle terms have opposite signs
and their respective signals are 180� out-of-phase. The
resulting interferences are similar in origin to the dephas-
ing-induced resonances observed in electronically resonant
coherent Raman spectroscopies (CRS) [32–34]. In CRS,
terms involving ground and excited state populations are
also 180� out-of-phase. Similar fifth-order spectroscopies
such as the FSRS technique [37] and RaPTORS
[21,28,29] should also exhibit effects of interfering terms
and may be described with a similar approach to that pre-
sented here.

This formalism has now been used to interpret the
PORS signals associated with an intermolecular charge
transfer reaction [26,27]. This interpretation has established
the contribution of solvent dynamics to the measured reac-
tion rates. We suggest that the information content of the
time-evolving (in T) spectral densities transcends the previ-
ous ‘‘time-integrated’’ descriptions (e.g., that were appro-
priate for time-dependent fluorescence Stokes shift
measurements). These reaction time-dependent spectral
densities will be particularly important in cases in which
the nonadiabatic limit of charge transfer does not hold,
where solvation and reaction dynamics occur on the same
time-scale.

Acknowledgements

We thank the National Science Foundation (CHE
0317009) for support. N.F.S. acknowledges the John S.
Guggenheim Foundation for a Fellowship.
Appendix A. Heterodyne detection

Expression of the heterodyned signal in PORS, as it is
implemented in our experiments [25,30], should begin with
recognition that interference between the local oscillator
(LO) and signal pulses is accomplished by varying the opti-
cal path length of the LO in a glass cover slip, which means
that the group delay imparted to the LO is more important
for heterodyne detection than the change in its phase veloc-
ity (
25· more important for BK7 glass). We make this
distinction because variation of the LO phase, /0

LO, and
envelope delay, �sLO, are experimentally distinguishable
[44] and alternative methods of heterodyne detection allow
for cycling of the LO phase with a fixed envelope delay
[45,46]. The envelope-delayed interference signal may be
expressed by writing the LO field as

ELOðkLO; tÞ ¼ �LOðt � �sLOÞ exp½ikLOr� i�xLOðt � �sLOÞ � i/0
LO�
ðA:1Þ

and defining the fields for all other pulses with Eq. (7).
These definitions are appropriate for the experiments be-
cause the envelope delays and phases of pulses 1–5 (and
the signal) are fixed for a measurement of the signal at a
single pair of delays, (T,s) [25,30]. Eq. (A.1) suggests that
the phase of the LO may be effectively varied with respect
to a fixed reference field (i.e., the signal) by changing the
delay, �sLO. For example, a difference in the delay of half
the optical period, D�sLO ¼ 1=�xLO, approximates a phase
shift of D/0

LO ¼ p with respect to a fixed reference field pro-
vided that the pulse duration is long compared to a single
optical cycle.

The total detected signal intensity is a superposition of
the LO and signal fields and may be expressed as

I totðs; T Þ ¼
Z 1

�1
dtjELOðtÞ þ Eð5ÞPORSðt; s; T Þj

2
: ðA:2Þ

The phase-sensitive cross term in Eq. (A.2) is given by

Ihetðs; T ; D/hetÞ ¼ 2

Z 1

�1
dtELOðtÞEð5ÞPORSðt; s; T Þ cosðD/hetÞ;

ðA:3Þ
where D/het ¼ /0

S � /0
LO þ �xLO�sLO. Eq. (A.3) is further

decomposed into the real (absorptive) and imaginary (dis-
persive) parts of P ð5ÞPORSðt; s; T Þ:

Ihetðs; T ; D/hetÞ ¼
4pl�xt

nð�xtÞc

Z 1

�1
dtELOðtÞ

� ½RefP ð5ÞPORSðt; s; T Þg sinðD/hetÞ

þ ImfP ð5ÞPORSðt; s; T Þg cosðD/hetÞ�: ðA:4Þ

The heterodyne-detected phase, D/het, is determined with
an experimental calibration procedure [25,30].

The PORS experiment selectively measures of the dis-
persive part of the signal with a method analogous to phase
cycling in NMR [47] and the elimination of ‘‘homodyne’’
signals in optical Kerr effect spectroscopy [48]. The signal
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is isolated by measuring Itot(s,T;D/het) at two phase
angles, D/het = p/2 and D/het = 3p/2, and taking their
difference:

SPORSðs; T Þ � I totðs; T ; D/het ¼ p=2Þ
� I totðs; T ; D/het ¼ 3p=2Þ: ðA:5Þ

This procedure eliminates the homodyned terms in Eq.
(A.2), jELOðtÞj2 þ jEð5ÞPORSðt; s; T Þj

2, that are insensitive to
the phase of the local oscillator. Furthermore, four
phase-insensitive third-order ‘‘pump–probe’’ signals, which
are emitted into the same phase-matched direction as the
PORS signal, are also eliminated by Eq. (A.5). These sig-
nals have the wavevectors �k1 + k2 + kLO, �k3 + k3 +
kLO, �k4 + k4 + kLO and �k5 + k5 + kLO.

The importance of third-order cascaded contributions
should be evaluated for PORS as these signals are known
to affect and even dominate fifth-order off-resonant Raman
spectroscopy of neat liquids [49]. For the boxcars geometry
used in our experiments, the dispersive components of
third-order cascaded signals are 90� out-of-phase from
the PORS signal and are not amplified by the LO. Our
experiments show that there is virtually no signal at the
phase-angle in quadrature to the (dispersive) PORS signal
for the C153-solvent systems [25,30]. Heterodyned detec-
tion was critical for measuring the pure fifth-order off-
resonant Raman signals amid a strong background of
third-order cascades, which (as in PORS) are 90� out-of-
phase with the fifth-order signal of interest [50]. It is also
important to note that the ratio of the cascaded response
to the fifth-order PORS signal amplitude is linear in con-
centration [51–53]. Therefore, signal contamination by cas-
cades should be significantly reduced in fifth-order
experiments that study solutes (or solute–solvent systems
such as PORS) compared to those that study pure liquids.
Nonetheless, it is not clear that cascades will be inherently
negligible for all applications of the PORS technique and
this issue should be addressed on a case by case basis.
Appendix B. PORS and linear response theory

In this appendix, we show how the approximation of lin-
ear response is used to write the nonequilibrium correlation
function in Eq. (20). To clarify the assumptions involved,
we first show that this relation is valid for the third-order
equilibrium polarizability susceptibility (Eq. (12)).

Expanded in a basis of discrete levels for a single har-
monic mode, the third-order polarizability susceptibility
is expressed as

vðtÞ ¼ �i

�h

X
a;c

½haacðtÞacað0Þqaai � hacaðtÞaacð0Þqcci�

� expð�ixcatÞ; ðB:1Þ

where qaa is the equilibrium population for level a. Under
the detailed balance condition, the population difference
for levels a and c is given by
qaa � qcc ¼ 1� exp � �hxca

kT

� �� �
qaa; ðB:2Þ

which allows Eq. (B.1) to be rewritten as

vðtÞ ¼ �i

�h

X
a;c

1� exp � �hxca

kT

� �� �
haacðtÞacað0Þqaai

� expð�ixcatÞ: ðB:3Þ

In the limit of homogeneous vibrational dephasing, Eq.
(B.3) becomes

vðtÞ ¼ �i

�h

X
a;c

1� exp � �hxca

kT

� �� �
hjaacð0Þj2qaai

� expð�ixcat � CcatÞ: ðB:4Þ

The detailed balance condition (Eq. (B.2)) clearly holds
for a system at thermal equilibrium. However, Eq. (20)
involves projecting the polarizabilities onto the nonequilib-
rium wavepacket, Dm

j ðqj; T Þ. The fundamental assumption
of Eq. (20) is then expressed as

Dm
aaðqj; T Þ � Dm

ccðqj; T Þ ¼ 1� exp � �hxca

kT

� �� �
Dm

aaðqj; T Þ;

ðB:5Þ
where Dm

aaðqj; T Þ describes the evolution of a harmonic nu-
clear mode j in the discrete level a during the pulse delay T.
Eq. (B.5) holds in the approximation of linear response.
This means that the displacement of the nuclear mode from
its equilibrium position is small and indistinguishable from
a spontaneous fluctuation at equilibrium (i.e., the fluctua-
tion–dissipation theorem). Overtone excitations are ne-
glected in Eq. (20) and Dm

aaðqj; T Þ � Dm
ccðqj; T Þ is written as

Dm
j ðqj; T Þ with the index of its quantum state omitted. In

general, it may be useful to consider overtone transitions
for systems with large reorganization energies because such
systems should exhibit significant Huang-Rhys factors for
overtones.

The low frequency modes considered here are taken to
be poorly resolved due to spectral broadening. Therefore,
we use a correlation function approach rather than a sum
over quantum states formulation. The coordinate depen-
dence of the PORS response can be understood by expand-
ing the polarizability aj(qj) of Eq. (20) as

a½qm
j ðT Þ� ¼ a½qm

j ðT Þ� þ
X

j

a0½qm
j ðT Þ�qm

j ðT Þ þ � � � ; ðB:6Þ

where

a0½qm
j ðT Þ� ¼

oa
oqj

 !
qm

j ðT Þ

: ðB:7Þ

The coordinate qm
j ðT Þ is defined by Eq. (16). The derivative

of the polarizability in Eq. (B.7) is evaluated at the position
of the coordinate, qj, in state m at time T. To first order, the
leading term of Eq. (B.6) does not contribute to the PORS
correlation function,
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Um
j ðs; T Þ ¼

ijlegj
2

�h5
h½ajð0Þ; ajðsÞ�Dm

j ðT Þi; ðB:8Þ

as it causes the commutator to vanish. By inserting the
expansion of Eq. (B.6) and keeping the leading term we
obtain

Um
j ðs; T Þ ¼

ijlegj
2

�h5
ja0½qm

j ðT Þ�j
2h½qjð0Þ; qjðsÞ�Dm

j ðT Þi: ðB:9Þ

The dephasing rates, Cm
j , (Eq. (20)) should be indepen-

dent of the value of T under the approximation of linear
response. In other words, Cm

j , must be coordinate indepen-
dent within the qj space traversed by Dm

j ðqj; T Þ because
thermal fluctuations of the system are uniform within this
qj space. Our experimental data show that Cm

j evolves in
T and therefore suggests that the approximation of linear
response does not hold for the Coumarin 153-acetonitrile
system [25,30]. Blank and Underwood have reached a sim-
ilar conclusion with the RaPTORS technique for Couma-
rin 102 in acetonitrile [21].

Appendix C. Solvation time-scales and PORS linewidths

Comparison of Eq. (8.63b) of Ref. [18] and Eq. (B.8)
above suggests that the imaginary part of the energy gap
correlation function, C00j ðsÞ, and the Raman response mea-
sured with PORS are related by

C00j ðsÞ � �
�h5

2ja0jj
2jlegj

2
Ug

j ðs; T ¼ 0Þ: ðC:1Þ

The PORS correlation function associated with the ground
state, Ug

j ðs; T ¼ 0Þ, at T = 0 is referenced in Eq. (C.1) be-
cause the system is at equilibrium before its interaction
with the electronically resonant laser pulse pair, E1&E2,
whereas Eq. (8.63b) of Ref. [18] projects position operators
onto the equilibrium density operator of the system. The
solvation correlation function used in Section 3.5, Mj(t),
is expressed as [18]

MjðT Þ ¼
1

pD2

Z 1

0

dxC00j ðxÞ cothðb�hx=2Þ cosðxT Þ; ðC:2Þ

where

C00j ðxÞ � 2

Z 1

0

dsC00j ðsÞ sinðxsÞ: ðC:3Þ

Thus, the relationship between the Raman response in s
(Eq. (C.1)) and the solvation dynamics in T (Eq. (C.2)) is
defined by linear response theory.

Our numerical calculations have taken the time evolu-
tion of Mj(T) to be overdamped and independent from
the lineshape of the Raman spectrum associated with the
delay, s. It is important to account for underdamped
nuclear coherences in T for certain systems because they
can give rise to recurrences of the signal phase [54]. How-
ever, we measure no amplitude or phase recurrences in T

for the C153 systems considered here [25,30] or for a recent
application of PORS to a pyridinium iodide complex
[26,27]. We therefore model the data with an overdamped
correlation function in T as this provides better agreement
with experimental observations. These data suggest that a
theory not based on the linear response approximation
may be more appropriate as a description of dipole solva-
tion in liquids. Further studies with broadband electroni-
cally resonant pulses capable of exciting underdamped
nuclear coherences in T will be useful for further under-
standing this issue.
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