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ABSTRACT: While transverse phase gradients enable studies of driven
nonequilibrium phenomena in optical trapping, the behavior of electro-
dynamically interacting particles in a transverse phase gradient has not
been explored in detail. In this Letter we study electrodynamically
interacting pairs of identical nanoparticles (homodimers) in transverse
phase gradients. We establish that the net driving force on homodimers is
modulated by a separation-dependent interference effect for small phase
gradients. By contrast, large phase gradients break the symmetry of the
interaction between particles and profoundly change the electrodynamic
interparticle energy landscape. Our findings are particularly important for
understanding multiparticle dynamics during the self-assembly and rearrangement of optical matter.
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Particles in optical traps1,2 interact with one another via
scattered electromagnetic fields and assemble into stable

structures known as optical matter3,4 (OM). OM is commonly
compared to conventional chemically bonded materials
because OM tends to adopt periodic lattice structures.5−8

Since OM assemblies are maintained by a constant flux of
energy through the system, broken symmetry in the
constituents of OM assemblies can result in nonequilibrium
driven dynamics.9−17 Nonequilibrium dynamics in OM
assemblies can also arise from the intrinsic momentum of
light18−23 or transverse phase gradients.8,24−28 However, the
emergent forces and stable configurations arising from
interacting particles in a phase gradient have not been
explained. Relevant recent work involving multiple particles
in tractor beam experiments has shown that unexpected
changes of the sign and magnitude of optical forces emerge
when the trapped particles are close enough to interact via the
trapping light,29 but there has not been a detailed theoretical
description of this effect.
In this Letter, we explore the pairwise interactions between

150 nm Ag nanoparticles in transverse phase gradients. We
demonstrate experimentally and theoretically that the effects of
phase gradients are manifested in different ways depending on
their strength. For small phase gradients, the net force on a pair
of identical particles exhibits a separation-dependent periodic
modulation compared to isolated particles. By contrast, large
phase gradients break the symmetry of the interaction between
particles. As a result, the location, strength, and number of
stable optical binding locations of a pair of electrodynamically
interacting nanoparticles depends on the magnitude of the
incident gradient.

Forces from Phase Differences. The electromagnetic
interaction between particles with separations on the wave-
length scale is greatly influenced by the phases of the incident
field and the field scattered from other nearby particles.30 A
schematic of two particles, A and B, separated by a distance R
in the presence of a linearly varying phase gradient ϕ∂

∂R
is shown

in Figure 1a. When setting the phase of the incident field at

particle A (ϕI
A) to zero, ϕ = ϕ∂

∂R
RI

B . The phase of the field

scattered from A to B and from B to A is ϕsc
BA = kR and

ϕ = + ϕ∂
∂kR R

Rsc
AB , respectively. Then the phase difference

between the incident and scattered fields at particles A and B is
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Equation 1 suggests two different regimes of interaction
between particles A and B in the presence of a phase gradient:
an “interference regime” for small phase gradients, where ΔϕA
≈ ΔϕB ≈ kR, and an “asymmetric regime” for large phase
gradients, where ΔϕA ≠ ΔϕB. Due to the form of eq 1, it is
convenient to introduce a dimensionless parameter that

describes the strength of the phase gradient ξ = ϕ∂
∂ k/

R
, where
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= π
λ

k 2 is the magnitude of the wavevector and λ is the

wavelength of the incident field of the trapping laser. See the
Supporting Information for a further discussion.
Following the analysis of Dholakia et al.,30 the total force on

particle A along the R direction in the point-dipole
approximation (see the Supporting Information) is
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where α0 is the polarizability of the identical isotropic particles,
* denotes a complex conjugate, E̅0

A and E̅0
B are the incident

electric fields (vectors) at particle A and B, and G̿AB is the
dyadic Green’s function that propagates the scattered field
from particle B to particle A. The force on particle B can be
obtained from eq 2 by exchanging the labels A and B.
Figure 1b−d shows the calculated values of the force in the

R direction (i.e., along the interparticle axis) on particles A
(red) and B (black) for phase gradients of ξ = 0, ξ = 0.025, and
ξ = 0.25. See the Supporting Information for forces calculated
for several other values of ξ. Figure 1b for ξ = 0 shows that the
net force Fnet = FA + FB is zero for all separations, which occur
at integer multiples of λ. With ξ = 0.025 (Figure 1c), Fnet is
generally nonzero, but the optical binding locations are not
appreciably changed. However, for ξ = 0.25, the difference
between ΔϕA and ΔϕB is significant and the optical binding
locations are shifted away from R = mλ, where m = 1, 2, 3, ... is
an integer.
Small Phase Gradient Regime. As an experimental

realization of the simple scheme depicted in Figure 1a, we
trapped PVP-coated 150 nm spherical Ag nanoparticles (NPs)
in water with a cw Ti−sapphire laser (λ = 800 nm in a vacuum;
600 nm in water). The trapping laser beam was modified by a
spatial light modulator (SLM) and was focused by a 60×
objective to form an optical ring trap as previously
described27,31 (see the Supporting Information). The power

of the laser entering the microscope objective was 100 mW,
from which we estimated a local electric field strength of 106

V/m in the ring trap. An azimuthal phase gradient25 that
depends on the topological charge of the beam, l, can be added
to the ring. The effective strength of the phase gradient, ξ, can
be increased by decreasing the size of the ring. Therefore,
different combinations of the integer number of phase
wrappings l and the ring radius r allow for a large number of
different phase gradients to study. An image from a video of
the experiment is shown in Figure 2a (also see supplementary
video). The ring trap that the particles are confined to is
indicated as a green dashed circle. The actual ring trap is not
observed due to optical filtering. Interparticle separations are
calculated in Cartesian coordinates so that they are relevant to
eqs 1 and 2. However, particle velocities are calculated in

cylindrical coordinates (r, θ), = θΔ
Δv r

t
, to account for the

curved path that the particles follow.
The net force on an electrodynamically interacting

homodimer, Fnet = FA + FB, determines the dynamics of the
particle pair. From Stokes’ law32 and the overdamped
conditions of the experiment, the average velocity of the
center of mass of the homodimer, ⟨vcm⟩, in the absence of
interactions is the same as the velocity of an isolated particle,
viso, under the same optical conditions. Hydrodynamic
interactions require a relatively small correction to the velocity
that decays monotonically with R for our experimental
conditions (see the Supporting Information).33 The predicted
separation between the particles and the coverglass surface
(i.e., the upper boundary of the sample cell) is approximately
one particle radius,27 and the resulting modification of the
Stokes’ drag force is expected to be less than a factor of 2.34

Figure 1c, for small phase gradients, suggests that a drifting
electrodynamically bound pair will exhibit an enhanced net
force when the separation is R = λ; that is, Fnet > 2FA,iso. When
the separation is R = 1.5λ, the pair will be unbound and exhibit
a diminished net force; that is, Fnet < 2FA,iso. Since the

Figure 1. Electrodynamically interacting particles in a linear phase gradient. (a) Schematic of two electrodynamically interacting particles, A and B,

in a transverse phase gradient, ϕ∂
∂R
. (b−d) Electrodynamic forces on particles A (black) and B (red) along the interparticle axis for =ϕ∂

∂ 0
R

,

=ϕ∂
∂ k0.025

R
, and =ϕ∂

∂ k0.25
R

, where ξ = ϕ∂
∂k

R
and = π

λ
k 2 is the magnitude of the wavevector of the incident electromagnetic field. Blue arrows

point to optical binding locations (minima in the interparticle energy landscape), and green arrows point to unstable equilibrium separations
(maxima in the interparticle energy landscape). Note that the position of the arrows changes significantly for (d) compared to (b) and (c).
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separation between particles in a homodimer fluctuates due to
Brownian forces, we determine the separation dependence of
vcm from conditional probability distribution functions (PDFs)
P(vcm|R0,δ) = P(vcm|R∈[R0 − δ,R0 + δ]), i.e., the probability
distribution of vcm given that R is within a certain range ± δ of
a particular value R0. Figure 2b shows the conditional PDFs of
vcm for R0 = λ and R0 = 1.5λ with δ = 0.125 μm and ξ = 0.11
(as determined by the radius, r, of the ring trap and the
topological charge, l). Note that δ is much larger than the error
in particle localization. The PDFs have a Gaussian shape where
the mean value ⟨vcm⟩ depends on the deterministic driving
force. The width of the distribution depends both on the
diffusion coefficient of the individual particles and the degree
to which their motion is correlated. Gaussian fits to each PDF
yield ⟨vcm⟩ = 49 μm/s for R0 = λ (black) and ⟨vcm⟩ = 24 μm/s
(green) for R0 = 1.5λ, matching the behavior predicted for
small phase gradients, i.e., Figure 1c. The correlation of v1 and
v2, κ(v1,v2), shows that the homodimers move as bound pairs
when R0 = λ, while their motion is uncorrelated when R0 =
1.5λ. The correlated motion at R0 = λ is a consequence of
optical binding and is the reason the Gaussian distribution for
R0 = λ is wider than the one for R0 = 1.5λ. Optical binding
distances in small phase gradients have been discussed at
length in Figliozzi et al.27 (see the Supporting Information).
Figure 2b also shows the single-particle velocities viso for ξ =
0.11 (orange). The single-particle velocity distribution is wider
compared to vcm because it represents a single random variable
as opposed to an average of two.
Figure 2c shows plots of ⟨vcm⟩ as a function of R0 for

different strengths of the phase gradient: ξ = 0.021 (black), ξ =

0.064 (blue), and ξ = 0.11 (red). The velocity is measured at
each separation by fitting the conditional PDF with a Gaussian
function; the mean of the fit is the plotted value, and the error
bars are the 95% confidence interval of the mean. The
horizontal dashed lines are the average single-particle velocities
for each phase gradient. The single-particle driving force
increases linearly with phase gradient.25,27 Figure 2c shows that
the driving forces for all three phase gradients are enhanced
(Fnet > 2FA,iso) near R0 = λ and diminished (Fnet < 2FA,iso) near
R0 = 1.5λ in agreement with Figure 2b. A periodic behavior is
more apparent for larger phase gradients; a second peak in
⟨vcm⟩ is visible near R0 = 2λ and a second minimum is visible
near R0 = 2.5λ for ξ = 0.064 and ξ = 0.11.
We evaluated eq 2 for phase gradients matching our

experimental values to explain the separation dependence of
the driving force. Figure 2d shows calculated values of the net
force on a homodimer along the interparticle axis for phase
gradients of ξ = 0.021 (black), ξ = 0.064 (blue), and ξ = 0.11
(red). The most apparent feature in these curves is the periodic
modulation of the net force with maximum and minimum
values at integer and half integer multiples of λ, respectively. It
is also apparent that the strength of the modulation increases
with the magnitude of the phase gradient.
We also performed more rigorous generalized Mie theory

(GMT) calculations (see the Supporting Information for
details). In addition to accounting for the finite size of particles
and infinite orders of scattering, our GMT simulations
accurately model the experimental ring-trap geometry and
account for possible deviations from eq 1 for large phase
gradients. The net forces from our GMT simulations are

Figure 2. Experimental image and separation dependence of the driving force for small phase gradients. (a) A dark field microscopy image of three
150 nm Ag NPs (white spots) in a ring trap (green dashed circle). Also shown are the cylindrical coordinates employed in the analysis. Separations
are measured in Cartesian coordinates as shown in the inset. (b) Conditional PDFs of vcm for R0 = λ (black) and R0 = 1.5λ (green) with ξ = 0.11.
The velocity correlation κ(v1,v2) at each separation is shown next to the corresponding curve. The PDF of single-particle velocities for particles
separated by >3μm from their nearest neighbor is shown in orange. (c) Plots of ⟨vcm⟩ as a function of R for ξ = 0.021 (black), ξ = 0.064 (blue), and
ξ = 0.11 (red). The horizontal dashed lines are the average single-particle velocities as in panel b. (d) Calculated values of the net force on a

homodimer via eq 2 (solid) and GMT (dashed) in the
⎯→⎯
R direction for phase gradients of ξ = 0.021 (black), ξ = 0.064 (blue), and ξ = 0.11 (red).
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shown as dashed curves in Figure 2d. The GMT results agree
with our theoretical point-dipole calculations, validating the
model in Figure 1 and eqs 1 and 2.
In water at 20 °C, Stokes’ law predicts that a spherical 150

nm particle will be pushed at 35 μm/s by a constant 0.05 pN
force; 35 μm/s is closest to the single-particle velocity for ξ =
0.11 in Figure 2c. This agrees with Figure 2d showing that our
theoretical parameters (e.g., E0 = 106 V/m) are in reasonable
agreement with those of the experiment. Therefore, Figure
2c,d can be compared directly using the conversion factor 0.1
pN = 70 μm/s for a single particle or 0.1pN = 35 μm/s for a
homodimer.
The results shown in Figure 2 can be understood as

interference effects that are a consequence of the symmetric
part of eq 1; i.e., ΔϕA = ΔϕB ≈ kR. In the limit of no phase
gradient, this phase difference gives rise to optical binding
through the second term of eq 2.30 For small phase gradients,
optical binding still occurs at separations where kR = 2πm, but
there is now a separation-dependent net force on the
homodimer. The result is a driven bound pair where the
motion of the two particles is correlated. The first term in eq 2
can be interpreted as a periodic modification of the single-
particle driving force. The α0E̅0* part of the first term of eq 2
corresponds to the “single-particle” driving force, while the
(α0*)2E̅0*G̿* part of the first term corresponds to a
separation-dependent modification of the driving force in the
presence of another particle. When kR = 2πm, the two
contributions are in-phase and constructive interference
enhances the driving force. Conversely, when kR = π(2m +
1), destructive interference diminishes the driving force. Since
the modified driving force is proportional to ϕ∂

∂R
, larger phase

gradients will give rise to a larger modulation of the total force,
as shown in Figure 2c,d.
Large Phase Gradient Regime. For large phase gradients,

i.e., where the phase gradient becomes comparable to the

magnitude of the wavevector of the trapping light, k, we expect
that the symmetry of the interaction between particles is
broken, as described by eq 1. We performed experiments in
this regime. The black curves in Figure 3a−c are
experimentally measured PDFs of interparticle separations
with ξ = 0.23 (a), ξ = 0.29 (b), and ξ = 0.34 (c). The maxima
of probability density are significantly shifted from the
traditional locations of optical binding (i.e., optical binding
at R = mλ).
To compare the experimentally measured PDFs to

theoretical predictions made from eq 2, we define the
electrodynamic interaction potential, W, as the work needed
to separate two particles along the interparticle axis from some
minimum separation R1 to another particular separation R2
(see the Supporting Information for a discussion).

∫= − − ′W R R F F R( , ) ( )d
R

R

2 2 R
B

R
A

1

2

(3)

Although optical forces are generally nonconservative,35,36

W is a meaningful energy coordinate along a one-dimensional
path. Stable optical binding locations correspond to energy
minima and unstable equilibrium separations correspond to
energy maxima.
The red curves in Figure 3a−c show plots ofW as a function

of separation starting from R1 = 300 nm for ξ = 0.23, ξ = 0.29,
and ξ = 0.34. W is plotted in units of kbT, where kb is the
Boltzmann’s constant and T is equal to 298 K to emphasize
that optical binding is comparable with thermal energy under
our experimental conditions. The vertical black dashed lines in
Figure 3a−c are located at the first two energy minima for each
corresponding energy curve. There are peaks in the
experimental PDFs near the minima in energy (W), indicating
optical binding.
A more direct comparison between the experimental PDFs

of interparticle separation and W is possible through the

Figure 3. Phase gradient dependence of optical binding for large phase gradients. (a−c) Measured interparticle separation PDFs (black curves, left
axis) for ξ = 0.23, ξ = 0.29, and ξ = 0.34. The electrodynamic interaction potential is also plotted in units of kBT (red curves, right axis). The
vertical dashed lines mark the first two minima in the electrodynamic interaction potential. (d−f) Measured interparticle separation PDFs from
parts a−c replotted as −ln(PD) (black curves, left axis) to allow direct comparison to the corresponding electrodynamic interaction potentials (red
curves, right axis).
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relation G(x)/kbT = −ln(P(x)), where G(x) is a potential of
mean force and P(x) is the PDF of the coordinate x observed
at temperature T. Figure 3d−f shows the experimental PDFs
from Figure 3a−c replotted as −ln(PDF). There is good
agreement between our theoretical predictions and exper-
imental measurements, although there are some deviations.
There are two important factors that affect the correspondence
between our theoretical prediction for W and our exper-
imentally measured PDFs. First, the experiment is carried out
at room temperature, while our analytical electrodynamics
calculations do not account for thermal motion of the particles.
Second, the relationship between a potential of mean force and
a corresponding probability distribution function is only valid
for equilibrium systems, while our experiments are non-
equilibrium. Therefore, we represent the results as −ln(PDF).
Figure 4 further demonstrates the dependence of the energy

landscape W on the phase gradient. Figure 4a shows the

experimental interparticle separation PDF for ξ = 0.34 (black).
The distribution is well fit with a sum of two Gaussian
functions (red) up to 1.2 μm. The experimentally measured
optical binding distances are defined as the mean values of
each of the two Gaussian terms in the fit, while the theoretical
optical binding locations (dashed lines) are the positions of the
minima in the energy curves shown in Figure 3a−c. Figure 4b
shows a direct comparison between the experimental and
theoretical optical binding locations, where the error bars are
the 95% confidence intervals for the mean values of the fitted
Gaussians (ROB) (black squares connected by solid lines). The
agreement between theory and experiment is very good,
although the experimental optical binding locations near 1.5λ
are slightly shifted toward smaller separations than theory.
Figure 4c shows a comparison of W(R) calculated with eq 2

(solid lines) and our GMT simulations (dashed lines) for no
(ξ = 0; black), moderate (ξ = 0.11; blue), and large (ξ = 0.23;
red) phase gradients. The energy required to escape the first
optical binding locations (toward larger separation) for ξ = 0
and ξ = 0.11 is shown as the black and blue double-headed
arrows, respectively. In the limit of no phase gradient, the
energy minima are at integer multiples of λ, as expected. For
the intermediate value of ξ = 0.11, the first optical binding
location is at R = λ, but the work curve becomes increasingly
irregular with increasing separation. The red curve corresponds
to ξ = 0.23 and is identical to the red curve in Figure 3a. The
location of optical binding and the magnitudes of features in
the energy curve are very different from the limit of no phase
gradient due to the highly asymmetric interactions predicted
from eq 1. In particular, the first two optical binding locations
occur at R ≈ 0.8λ and R ≈ 1.5λ, where the latter is in fact an
unstable equilibrium separation for small phase gradients. The
more rigorous GMT simulations show excellent agreement
with the theoretical model, but the barrier heights are generally
slightly smaller.
The results shown in Figures 3 and 4 demonstrate the

symmetry-breaking effects of strong phase gradients. Whereas
optical binding locations are relatively unchanged for small
phase gradients, the energy landscape that embodies optical
binding is dramatically changed by large phase gradients. In the
context of eq 1, the separation dependences of the phase
difference at particles A and B diverge from one another. As ξ
becomes a significant fraction of 1, the effects of this
divergence become dramatic, as shown in Figure 1d. As a
result, the typical periodic length-scale associated with optical
binding (for no phase gradient as in Figure 1b) is no longer
relevant. While the net force on a homodimer in the large
phase gradient regime is still modulated with distance, the
distance dependence is no longer periodic and the magnitude
of the modulation is proportionally smaller due to the
divergence in eq 1 (see Supporting Information for example).
Our study has fundamental and practical significance in the

field of optical manipulation and self-assembly.7,16,37 In this
Letter, we addressed a fundamental question concerning the
formation of optical matter arrays: how is optical manipulation
of multiple particles different from optical manipulation of a
single particle? Transverse phase gradients are a tunable
parameter in optical trapping experiments that allow
specifically tailoring the optical forces on a (trapped) particle.
We have shown that these forces are dramatically altered by
the presence of another nearby particle. For small phase
gradients, the net force is modulated by a separation-
dependent interference effect. When the phase gradient

Figure 4. Quantitative comparison of theoretical and experimental
optical binding locations. (a) Fit of experimental interparticle
separation PDF (black) for ξ = 0.34 with a sum of two Gaussian
functions (red) up to R = 2.0λ. (b) Comparison of theoretical
(dashed lines) and experimental (black squares connected by solid
lines) optical binding locations. (c) Analytical (solid) and GMT
(dashed) electrodynamic interaction potentials for ξ = 0 (black), ξ =
0.11 (blue), and ξ = 0.23 (red). The GMT curves were shifted down
by 0.5 kbT for clarity. The energy required to escape the first optical
binding location (toward larger separation) for ξ = 0 and ξ = 0.11 is
shown by the black and blue double-headed arrows, respectively.
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becomes strong enough, the symmetry of the interaction
between nanoparticles is broken and the distances at which
stable optical binding occurs change. Our findings show that
tuning the phase of the incident light allows accessing a
broader range of stable structures, thereby enhancing the
versatility of optical binding as a means for self-assembly.
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