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The frequency-dependent absorption coefficient of CHCl3, CCl4, and their mixtures are measured by pulsed
terahertz time domain transmission spectroscopy. The absorbance spectrum for neat CHCl3 is shown to
compare well with existing experimental data including coverage of the previously difficult to access 0.3-
0.9 THz range. Furthermore, fitted curves to the absorbance spectra of the liquid mixtures, based on mole
fraction weighted sums of the absorption coefficients of pure CHCl3 and CCl4, indicate the presence of a
bulk dipole reducing mechanism, possibly due to clustering of CHCl3 molecules about CCl4. An algebraic
extension of the mole fraction weighted fits allows discrimination between relative strengths of the various
bimolecular absorption processes. The integrated absorption coefficient for collisionally induced absorption
of CHCl3-CCl4 collisions was found to be less than that for CHCl3-CHCl3 collisions by 2.6( 0.4 THz
cm-1 (integrated absorption coefficient units). Finally, a new procedure for applying Mori’s third-order
continued fraction to a description of absorption line shapes in liquids is presented. Attempts to fit the observed
absorption spectra to the line shape derived from the third-order truncation of Mori’s continued fraction were
unsuccessful. However, a constrained sum of Mori line shapes was found to fit the low and middle frequency
portions of the spectrum reasonably well. This problematic behavior of the Mori analysis may not only
exemplify nonexponential relaxation of the intermolecular torques, a known problem associated with the
third-order truncation, but also the existence of two (or more) types of motion (i.e., translations, rotations,
and possibly collective motions) causing relaxation of the dipolar correlation function. This improvement in
the closeness of the Mori absorbance line shape fit to the experimentally determined data illustrates the
possibility of straightforward extraction of dynamical properties of liquids from absorbance spectra. This
theory provides an analytical, yet limited, alternative to the more complicated but more comprehensive
determination of dynamical properties obtained through molecular dynamics simulations.

I. Introduction

The problem of describing the response of a dipole to
absorption of electromagnetic radiation and the subsequent
relaxation caused by fluctuations of the surrounding medium
has been a central focus of condensed-phase studies for nearly
the entire century.1 One ongoing challenge is to understand
the magnitudes and time scales of the several kinds of
intermolecular interactions in polar, and therefore electrostati-
cally associated, liquids.2,3 In principle, much of this informa-
tion is obtainable through measurement and quantitative analysis
of the far-infrared (FIR) absorption spectrum of the liquid in
question.4

The far-IR absorbance data for liquids are also of relevance
in the effort to elucidate the complicated dynamics that occur
during the course of a chemical reaction,5,6 such as an inter- or
intramolecular optically induced electron transfer in that
solvent.7-9 Describing the role the solvent plays in the creation
of a suitable minimum energy pathway from the reactant to the
desired product10 (i.e., a nonequilibrium process) might be
elucidated by the acquisition of a series of transient absorbance
spectra of the solvent during the reaction. Experiments with a
focus on the measurement of solvent properties (i.e., vibrational
line shifts) in response to solute excitation have recently been
published.11 Terahertz (1 THz) 33.3 cm-1 ) 4.1 meV) studies,
which directly probe the orientational and translational motions
of the solvent, might provide additional insight into the details

of such solvent responses. A reasonable introduction to the
problem of solvent response to chemical reaction is the
determination of the processes and related time scales by which
the solvent molecules fluctuate and relax in an equilibrium
system, that is, in the absence of the strong perturbation
produced by a reacting chromophore. Linear response theory
and the fluctuation-dissipation theorem provide a starting point
for using this equilibrium spectrum to model the solvent
response to a chemical reaction. Hence, determining these
solvent dynamics is directly related to knowing the solvent
modes available for acceptance of excess energy (i.e., frequency-
dependent friction) during the course of a reaction.4,12

Dipolar absorption in the far-IR spectral range, 0-150 cm-1,
arises from orientational chromophore motions and collisional
interactions of the molecular dipoles; the latter mechanism is
also the cause of absorption for molecules with no permanent
electric dipole moment. In the gas phase where intermolecular
interactions are infrequent, the dipolar absorption spectrum
displays a series of sharp lines centered at the rotational energy
differences of the free molecule. The collisional broadening
that occurs is well described by the van Vleck-Weisskopf line
shape at low frequencies (<1 THz), by the Lorentzian line shape
at high frequencies (>1 THz), and by a phenomenological
switching function between them.13 In the simplest model for
dipolar absorption in the liquid phase, formulated by Debye in
1912,1 each free rotational absorption line is strongly collision-
ally broadened and the corresponding line shape is a Lorentzian.
The Debye model predicts relaxation of the medium in the time
required for randomization of the orientations of the dipoles.
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Intermolecular collisions, which dissipate the energy absorbed
from an applied field, bring about the decay of the initial,
photoselected orientational distribution. This randomizing
process is described by the molecular dipole-dipole correlation
function 〈û(0)û(t)〉. This correlation function decays exponen-
tially with a time constant ofτD, a process termed Debye
relaxation or rotational diffusion. An important assumption of
the rotational diffusion model of dielectric relaxation is that only
collisional interactions affect the absorption line shape; elec-
trostatic intermolecular interactions are not considered in any
way.1 However, if correlations between the primary variable
(in this case, the molecular dipole moment) and higher order
terms in its Taylor series expansion (that is, the physical
properties these terms describe, such as angular momentum and
intermolecular torque) exist for times comparable to the time
scale of rotational diffusion, then the relaxation of the dipolar
correlation function will not be well described by the single
exponential Debye time constant. An analytical theory that
considers relaxation processes that decay on the same time scale
as rotational diffusion is, therefore, of value.
The time domain terahertz transmission waveforms obtained

in the present experiments are directly related to the molecular
dipole correlation functions for the various mixtures. Linear
response indicates that Fourier transformation of the measured
dipolar correlation function leads to the corresponding dipolar
absorption spectrum of the system. However, the measured
function reflects all the dipole-modulating processes occurring
in the liquid. In addition to simple rotational diffusion, a myriad
of other processes are expected in these dipolar, and thereby
electrostatically interacting, liquids.10 These include librational
dissipation, viscous drag, and a range of phenomena concerning
the response of the “reaction field” polarization of the sur-
rounding solvent molecules to the reorientation of a dipole.14-18

Similarity in the decay times of these processes complicates
the information that can be extracted from the absorption profile
of the liquid.
The present experiments extend earlier pulsed terahertz

transmission studies19 of nonpolar liquids to the polar regime.
To our knowledge, only one other pulsed terahertz transmission
study of polar liquids has been made,20 although the experi-
mentally challenging technique of reflection spectroscopy has
been used to measure the temperature dependence of a portion
of the far-IR spectrum of liquid water.21 The present measure-
ments of the dipolar absorption spectra of the pure liquids CHCl3

and CCl4 and their mixtures are performed using a laser-gated
Hertzian antenna source and receiver system developed by one
of us.22 Briefly, the frequency-dependent absorbance of the
nearly single-cycle terahertz pulse is recorded for different
solutions. The gated detector directly measures the terahertz
radiation field, thereby facilitating direct determination of the
complex linear polarization, or susceptibility, of the sample.
Fourier transformation allows the extraction of the frequency-
dependent absorption coefficient by the approach described in
Appendix A.
In this study, a qualitative explanation of the absorption

coefficient spectra of the various mixtures is offered. Effort
was made to separate the collisionally induced absorption (CIA)
contribution from the observed spectra (see Appendix B). The
relative absorption strength between heteromolecular and ho-
momolecular collisions is reported. A second-order memory
function analysis based on Mori’s continued fraction formalism
is used to describe the absorbance spectra of the mixtures. This
theory explicitly treats the rotational relaxation of molecules
with nonzero moments of inertia. Since motion and fluctuations
of the dipolar molecules are the dominant mechanism by which

radiation is absorbed, the Mori analysis is expected to fit the
polar mixtures best. These fitted curves provide a series of
decay times for the intermolecular torques, which are assumed
to decay exponentially. Although application of the Mori
formalism to the determination of dipole correlation functions
in liquids is known to be problematic,16 the relative ease in using
its closed form analytical results, compared to running molecular
dynamics simulations, for example, provides incentive for
exploring improved ways of applying the theory.

II. Theory

The Langevin equation, historically developed to describe the
Brownian motion of a tagged particle moving in a condensed
phase,23-25 is often used to describe the evolution of a dynamical
variable, such as the dipole moment vector uˆ of a molecule in
a liquid. Mori’s derivation26 of the continued fraction repre-
sentation of a generalized form of the Langevin equation,
originally derived in 1960,27 is presented in Appendix C. Since
the original presentation of the continued fraction formalism25

for expressing a correlation function was rather detailed, the
theory section of this paper focuses the derivation to more
clearly show how the memory functions are arrived at. This
development of an expression for the molecular absorption
coefficient follows directly from eq C16 in Appendix C.
The quantitiesfj-1(t) andfj(t) are molecular variables (related

to the (j - 1)th andjth time derivatives of the primary variables
as discussed below) whose finitely decaying time correlation
functions are assumed to be responsible for the non-Markovian
condition that the random force term of the Langevin equation
is not delta-correlated. Instantaneous decay of the random force
correlation function is required by the second fluctuation-
dissipation theorem. Thefj(t) term, defined for the specific case
of f1(t) in eq C7b, is the component of the derivative offj-1(t)
that is perpendicular to the orientation offj-1(0). Hence,f1(t)
and f2(t) are variables directly related to the first and second
time derivatives of the dipole moment vectorf0(t). In the current
application, where the experimental observable is the sum of
components of molecular dipole moments aligned with the
polarization axis of the terahertz beam,f1(t) andf2(t) are closely
related to the angular velocities and intermolecular torques,
respectively, of the dipoles in the liquid.
The important result from Appendix C is the function¥j(t),

the autocorrelation function of thejth component of the total
force f(t). Laplace transformation of eq C16 leads to25

where

and * means complex conjugate. Expansion of eq 1 for the
case ofj ) 0 yields an exact expression for the time correlation
function off0(t), as described above. A truncation after the third-
order expansion for¥0(z) gives

This result is the third-order Mori continued fraction. By
assuming that the time derivative offj(t) is uncorrelated with
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fj(t), thenω0 ) ω1 ) ω2 ) 0 (see eq C13b), and eq 3 can be
simplified and rewritten as

Inverse Laplace-Fourier transformation of eq 4, given below
in eq 10, results in an expression proportional to the absorption
coefficient,R(ω), the basis for the current data analysis.
By re-expressing some of the terms in eq 3, an equivalent

expression in the memory function symbolism can be derived;
this terminology better lends itself to comparison with other
results in the literature.19 In particular, the second-order memory
function,K2(z), may be substituted for the third expansion in
eq 3, that is

Laplace transformation of eq 5 yields

Physically, this expression assumes that the intermolecular
torque correlations decay exponentially, but mathematically
originates in the truncation after the third expansion in eq 3.
This truncation, which occurs in Laplace space, results in a
Lorentzian function. Hence, transformation of this function back
into time space results in an expression exponential in time, as
shown in eq 6. The following associations can be made:

and the damping constant for the orientational motion is

The first-order memory function,K1(z), is associated with the
Laplace transformation of the autocorrelation function off1,
which is closely related to the angular momentum. This
memory function is associated with the second expansion in eq
3. After transformation ofK1(z) back into time space,K1(0)
may be defined as

Substitution of eqs 7-9 into the inverse Laplace transformation
of eq 4 and Fourier transformation of the time domain function
yields

Multiplying eq 10 by the amplitude factorM,

and also byω2 yields the frequency-dependent absorption
coefficient

which is the main result of this application of Mori theory. This
absorption coefficient is compared with the experimentalR(ω)
determined as described in Appendix A.

Analytical expressions forK1,K2, andγ have been determined
for solvents of various molecular symmetries.16,28 For the case
of chloroform, a symmetric top,K1 is

However, eq 13 is the square of the mean free rotational
frequency. Since the experimental observable is the sum of
the projections of the molecular dipole moments onto the
polarization axis of the terahertz beam, eq 13 must be corrected
to account for the collective nature of the observed rotational
motion. For motions of molecules transverse to the polarization
axis, the appropriate parameter is16

whereε0 is the zero frequency dielectric constant. For motions
of the molecules longitudinal to the polarization axis the
appropriate parameter is16

The appropriate expression for relatingK2 and γ may be
expressed as16

where eitherK2 or γ is treated as an adjustable parameter. In
eq 13 the moment of inertiaIB ) 2.54× 10-45 kg/m2, andT )
298 K. The corresponding values are used in eq 14 in addition
to ε0 ) 4.71,16, 29 ε∞ ) 2.13, the Kirkwood constantgS ) 1,
andτD ) 6.36 ps.16

III. Experimental Section

A. Apparatus. Pulses of less than 100 fs are generated in
a Kerr lens mode-locked Ti:sapphire oscillator of standard
design.30-32 The output of the laser (90 MHz pulse train, 300
mW average power) was split into pump and probe beams sent
through scanning and fixed delay lines, respectively, and focused
with doublet lenses (f ) 2.5 cm) onto the semiconductor source
and receiver chips.
Figure 1a illustrates the terahertz time domain spectroscopy

setup (see refs 13, 22, and 34 for more details). The transmitting
antenna structure of Figure 1b is composed of two 10µm wide
gold transmission lines on a gallium arsenide wafer. The
separation between the parallel lines is 80µm. The “H”-shaped
receiving antenna, shown in Figure 1b, is a 20µm long gold
structure fabricated on silicon-on-sapphire substrates. Transmis-
sion lines 5µm wide, 1µm thick, and 20 mm long connect the
antenna to contact pads. An 80 V bias is applied to the
transmitter. The 780 nm light serves to produce a sudden
population of carriers in the region of the GaAs very close
(within 5 µm) to the anode and in the 5µm gap in the receiver.
The carriers are accelerated by the applied bias and incident
terahertz field in the source and receiver, respectively; the pulsed
terahertz fields are thereby emitted and detected. The terahertz
radiation was collected by a high-resistivity Si lens and
collimated and directed by paraboloidal optics onto the receiver
antenna. The incoming electrical pulse was detected by optically
gating the receiver and measuring the current flow driven by
the instantaneous voltage of the terahertz electric field. A
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precision stepper motor delay line (Melles Griot, Nanomover)
was used to vary the path length of the optical beam illuminating
the source and thereby scan the temporal profile of the terahertz
pulse at the receiver. The pump beam intensity is modulated
with a mechanical chopper at 2 kHz, and the current induced
in the receiver is amplified (Centronic PA-100 or Stanford
Research Systems SR570) by a gain factor of 108 V/A and
processed in a digital lock-in amplifier (Stanford SRS-830)
referenced to the chopper. Figure 2 shows the terahertz pulse
and corresponding frequency spectrum. This combination of
chip design and material has a frequency response extending
out to roughly 4 THz. The second waveform (points and dashed
line) in Figure 2b is obtained using another source: a 30µm
long antenna on an SOS chip, similar to the receiver discussed
above. This earlier version terahertz spectrometer gave the same
absorption spectra shown below, but the useful spectral range
was only about 2 vs 4 THz for the GaAs source.
The sample cell, composed of a machined stainless steel ring

(2.0 mm or 10.0 mm thick, 6.0 cm inner diameter) sandwiched
between two 1 mm Si windows, was inserted between the two
paraboloids, thereby allowing interrogation with a collimated
beam of terahertz radiation (0.1-4.0 THz, 0-133.3 cm-1).
Essentially identical results were obtained using high-density
polyethylene (HDPE) windows, except that the HDPE absorbs
frequencies above 2 THz, so the measured absorbance data were
limited to a rather narrow spectral range (0-2.0 THz). High-
resistivity Si windows, however, exhibited significantly more
surface reflection loss than HDPE owing to their larger index
of refraction. All mixtures were measured in the 2.0 mm path
length cell except for neat CCl4, which, due to its low absorption

coefficient, was measured in a 10.0 mm path length cell. Each
spectrum is the result of two sets of five 300 data point scans,
each requiring 6 min for acquisition, except that of neat CCl4,
which was composed of two sets of five 325 data point scans.

Results and Discussion

A. Temporal Waveforms. Figure 3a shows the terahertz
pulse temporal waveforms that result from transmission through
the samples. The time domain data sets were shifted relative
to one another such that the maximum of the transmitted
waveform occurred at the same time delay. This point was
assigned to be the zero of time. The NMR or FTIR technique
of zero padding33 was not used in the transforming of the data
from the time to the frequency domains, since the frequency
domain signals were of sufficient resolution. The terahertz
signal does not, however, recover fully to zero in the 8 ps
following the pulse peak giving rise to an increase in the
amplitude of the lowest frequency data point in some of the
frequency spectra. Longer scans would eradicate this problem,
but reflections off the substrate interfaces in the source chip
contaminate the data beyond 8 ps. Hence, scans are truncated
roughly 8 ps after the trailing edge of the pulse.
B. Extraction of r(ω). Two separate measurements are

required for a complete data set: (1) the terahertz transmission
spectrum through the empty cell and (2) the terahertz spectrum
through the cell plus liquid sample for each of the six different
samples. The determination of the absorption coefficient from
the experimental time domain data is similar to that of
Katzenellenbogen et. al.34 (also see Harde et al.35) and is

Figure 1. (a) Terahertz time-gated spectrometer. Upon excitation by
the optical pump pulse (approximately 50 fs), the transmitting (source)
chip emits the terahertz pulse, which is directed through the sample
cell with a 2 mm path length and 1 mm Si windows. Si lenses and Al
paraboloids are used to direct the terahertz pulse through the cell and
onto the back of the receiving chip. (b) Expanded view of the antenna
structures on the source and receiving chips. The antenna on the receiver
is the vertical section with a gap (5µm) positioned at its center. The
vertical section is 20µm long, and the pair of horizontal lines that
connect to the top and bottom of the antenna are 5µm wide.

(b)

(a)

Figure 2. (a) Measured terahertz pulse and (b) amplitude spectrum of
measured terahertz pulse compared to terahertz pulse of 30µm antenna
source on an SOS chip.
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reviewed in Appendix A. The magnitude spectra and frequency-
dependent absorption coefficients for all the solutions are shown
in parts b and c of Figure 3.
C. Quality of CHCl 3 Data. Figure 4 gives a comparison

of the terahertz data for the frequency-dependent absorption
coefficient of CHCl3 to the FTIR data of Goulan et al.36 The
reliability of the current technique is demonstrated by the good
agreement between the data sets below 0.15 THz and above
0.75 THz. A more recentlyassembledmicrowave-FIR spec-

trum37 of CHCl3 matches the terahertz data with equal precision.
The ability of the terahertz pulse to probe the sample in the
0.3-1.0 THz range is especially useful. This portion of the
spectral response is particularly difficult to establish because
neither microwave nor FTIR techniques allow continuous
spectral measurements across this region.37 Figure 2b indicates
that the terahertz pulses employed here have their maximum
spectral amplitude at roughly 0.5 THz and, therefore, are quite
intense across this region. The error bars shown reflect the
standard deviation between separate measurements. Hence, they
also reflect the absolute reproducibility over a several day period
between measurements.
D. Mole Fraction Weighted Fitting. Figure 5 illustrates

the use of the mole fraction weighted expression as a function
of the absorption coefficients for the pure liquid components,
given by eq B1 in Appendix B, to calculate the absorption
coefficient data for the mixtures of CHCl3 and CCl4. The quality
of the fits is poorest for the more polar mixtures (i.e., those
with the greatest concentration of CHCl3) but improves as the
concentration of CHCl3 decreases. This trend may suggest that
for a particular mixture, reduction of the bulk dipole moment
occurs through intermolecular interactions and that the magni-
tude of this reduction in absorption strength is greatest in
mixtures less concentrated in CHCl3 molecules. A possible

Figure 3. (a) Measured terahertz pulses transmitted through the empty
cell, the 20% and 60%mixtures, and neat CHCl3. (b) Frequency domain
amplitude spectra of the transmitted pulses for the same samples. (c)
Frequency-dependent absorption coefficient of each of the series of
solutions of CHCl3 and CCl4. Boldface circles denote pure CCl4,
triangles denote 20% (by volume) CHCl3, squares denote 40% CHCl3,
diamonds denote 60% CHCl3, inverted triangles denote 80% CHCl3,
and circles denote pure CHCl3.

Figure 4. Comparison of the present measured absorption coefficient
(solid points) with earlier data measured by Goulan et al. using
microwave and FTIR techniques36 (open points). These conventional
techniques only sparsely probe the 0.3 and 0.9 THz range, whereas
pulsed terahertz spectroscopy readily accesses this region.

Figure 5. Mole fraction weighted Beer’s law fits to the absorption
coefficient for each of the series of mixtures. The dashed curves and
boldface circles denote the experimental data, while the solid curves
denote the fits.
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explanation is that some clustering of chloroform about the
nonpolar carbon tetrachloride is occurring. The grouping of
dipoles about the nonpolar component might cause some degree
of cancellation between the individual molecules’ dipolar fields
and, thereby, reduction of the bulk dipole moment. As the
concentration of CHCl3 decreases across the series, the degree
of “clustering” is expected to fall off because the number of
polar molecules available for grouping around a single nonpolar
molecule (and consequential cancellation of individual dipolar
fields) is decreasing. Presumably in the least polar mixture,
the number of CHCl3 molecules is simply too small to allow
this cancellation effect to occur within the precision of the data.
Calculations of the radial distribution functions (from molecular
dynamics simulations) for each of the mixtures that should
clarify whether the clustering effect is actually occurring are
currently underway.38

The assumptions implicit in eq B1 are expected to have
minimal effect on the trend evident in Figure 5. The improper
weighting ofRCHCl3 overestimates the absorbance contribution
of CHCl3 because both permanent dipolar absorption (PDA)
and collisionally induced absorption (CIA) components ofRCHCl3
in eq B2 are weighed linearly inxCHCl3 rather than linearly for
RA (the PDA term) and quadratically forRAA (the CIA term).
For example, suppose that the four mixtures have mole fractions
of CHCl3 of 0.2, 0.4, 0.6, and 0.8. (The reader should note
that these are not the mole fractions of the mixtures used in
this experiment but rather hypothetical values merely introduced
here to illustrate a point. They were chosen because they are
simpler to rapidly compute than the actual mole fractions given
in the table. Of course, all analysis of the experimental data
used the actual values and not the hypothetical values given
here.) If theRCHCl3-CHCl3 contribution were weighted linearly
in xCHCl3 (which, by substitution of eq B2 into eq B1, is the
present case) rather than quadratically,Rmix for each of the four
mixtures would be artificially large by an additive term (found
by simply computing the differencexCHCl3RCHCl3-CHCl3 -
xCHCl32RCHCl3-CHCl3) of 0.16RCHCl3-CHCl3, 0.24RCHCl3-CHCl3,
0.24RCHCl3-CHCl3, and 0.16RCHCl3-CHCl3, respectively. However,
The second assumption invoked in the use of eq B1, the neglect
of CIA between CHCl3 and CCl4 molecules, artificially de-
creases the predicted absorption coefficient for the mixture. For
example, for a (again, hypothetical) series of mixtures corre-
sponding toxCHCl3 ) 0.2, 0.4, 0.6, and 0.8, neglect of the
heteromolecular CIA term (as is done in eq B1), properly
expressed asxCHCl3(1 - xCHCl3)RCHCl3-CCl4, would yield
Rmix values that would be artificially small by an additive
term of 0.16RCHCl3-CCl4, 0.24RCHCl3-CCl4, 0.24RCHCl3-CCl4, and
0.16RCHCl3-CCl4, respectively. Therefore, in the case for
RCHCl3-CHCl3 ) RCHCl3-CCl4, the two assumptions implicit in eq
B1, the overweighting of theRCHCl3-CHCl3 and the neglect of
theRCHCl3-CCl4 contributions, exactly cancel!
The computation in eq 15 below indicates that equating

RCHCl3-CHCl3 to RCHCl3-CCl4 does not appear to be a good
assumption; the surprisingly large difference of-2.6 THz cm-1

betweenRAB andRAA indicates that of the two assumptions,
that associated withRAA should cause the greatest error in the
fitted curves. Even so, effects due to the evidently large
magnitude ofRAB and the corresponding assumption of improper
weighting of CIA between CHCl3 molecules are not apparent
in the data in Figure 5. That is, the large magnitude of
RCHCl3-CHCl3 relative to RCCl4-CHCl3 indicates that the first
assumption (discussed above) is the dominant one of the two
oversights implicit in eq B1. As follows from the foregoing
discussion, if the overweighting ofRCHCl3-CHCl3 contributed
significantly to the fits to the spectra, then the overestimation

of the fits to the data would be greatest for the mixtures closest
to being equal in CCl4 and CHCl3 concentration. As indicated
above, the assumption is most severe whenxCHCl3 ) 0.5.
(Notice that the deviations for solutions of mole fraction 0.443
and 0.642 disagree with this conclusion.) However, the
dominant trend displayed in Figure 5 is that of increasing
overestimation of the experimental data by the Beer’s law based
fit with increasing xCHCl3. Therefore, the contribution of
improper weighting ofRCHCl3-CHCl3 is believed to be negligible.
E. Heteromolecular and Homomolecular CIA. Values for

the difference between the integrated CIA coefficients for
collisions between like and unlike molecules in mixtures of
CHCl3 (molecule type A) and CCl4 (molecule type B) are
calculated from the two quietest data sets according to the
method described in Appendix B. The integrated differences
betweenR(ω)’s (illustrated in Appendix B) for the 20% and
40% by volume of CHCl3 solutions were averaged to give

A comparison between the difference in eq 15 and pure CCl4’s
integrated absorption coefficient (also determined via a Simp-
son’s rule integration technique) of 2.3( 0.4 THz cm-1

indicates that CIA between CHCl3 molecules is at least roughly
equal to the integrated CIA of CCl4. Furthermore, because the
magnitude ofRAA is significantly larger than that ofRAB, exact
cancellation between the additive terms associated with the two
assumptions implicit in eq B1 does not occur. This issue was
discussed in greater detail in subsection D.
F. Mori Analysis. The absorbance spectra for CCl4, CHCl3,

and their mixtures were fit to the absorption coefficient derived
from the third-order truncation of Mori’s general continued
fraction formalism. The need for greater than first-order
continued fractions indicates that Debye relaxation fails to
completely describe the far-IR data because the time scale during
which the correlation function for the molecular dipole moment
decays is not sufficiently longer than the decay times of
correlation functions of other molecular variables (i.e., the
memory function in the generalized Langevin equation is not
δ-function correlated). The third-order truncation of Mori’s
formalism assumes that the polar liquid relaxes not only by
rotational diffusion but also through dielectric friction effects.
This combination of relaxation mechanisms that contribute to
the far-IR data complicates the determination of an analytical
formula for the frequency-dependent absorption coefficient.
The application of a Mori function analysis to the data is

most physically meaningful for neat polar liquids like CHCl3

for which the absorption spectrum is dominated by the dipolar
absorption of the permanent moment on chloroform. Parts a
and b of Figure 6 show the fit of eq 12 to the neat CHCl3 and
CCl4 data, respectively. The fitted curves represented by the
solid lines use the four parametersM, K1, K2, and γ in an
unconstrained way. The fit to CCl4 is quite good, since theR2

factor of the fit is 0.99, and the fit parameters are nearly identical
with those reported by Keiding and co-workers.19 The uncon-
strained fit to CHCl3 (dashed line, Figure 6a) is good but slightly
less satisfactory, as theR2 factor of 0.96 indicates. Furthermore,
if the constraints on the parametersM, K1, andK2 (eqs 11, 13,
and 14) are invoked, the resulting fit to the data (either the dotted
or dashed line in Figure 7, depending on choice ofγ) is even
worse. This constrained Mori expression was exhaustively
adjusted in order to obtain higher quality fits, but strong
disagreement with the data was apparent in all forms. These
latter results suggest that a single Mori function is not
appropriate for chloroform.

RAB - RAA ) -2.6( 0.4 THz‚cm-1 (15)
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The good agreement to the carbon tetrachloride data in Figure
6b is, by contrast, surprising. The parameters cannot, in this
case, be easily related to physical parameters such as molecular
orientational motion of torques. (This spherical top molecule
can only absorb terahertz radiation by the CIA mechanism.)
Because CCl4 is nonpolar, the absorption it undergoes is
associated with the projection of a transient (collisionally

induced) dipole moment along the axis of the polarization of
the terahertz beam. Therefore,K1 andK2 in eqs 13 and 14 are
related to averages over the transient dipole moments the
molecule obtains through intermolecular interactions.19 It is not
clear thatK1 is related to the moment of inertia as eq 13
indicates, since the dipole moment responsible for CIA is not
constrained to lie along any single molecular axis. For this
reason,K1 was unconstrained. The values forK2 andγ listed
in Table 1 are not related by eq 14 or by the analogous equation
for a spherical top. In other words, the fit presented in Figure
6b uses three independently adjustable parameters. Only the
leading amplitude factorM is calculated in a physically
meaningful way, that is, according to eq 11. Therefore, the
numbers chosen forK1, K2, andγ (see Table 1) to yield the
best fit of the experimental data are viewed only as qualitative
guidelines regarding the strengths of the various intermolecular
forces that affect the dipole moment of the absorber.
G. Bi-Mori Analysis . A test of the veracity of the Mori

function description of polar liquids would require thatM and
K1 be determined independently. Application of eq 14 then
further reduces the number of adjustable parameters to one. A
best fit of the resulting form to the experimental data for CHCl3

is obtained by varyingγ. As illustrated by Kivelson and
Madden,16 the result shown in Figure 6a and curves A and B in
Figure 7, the single third-order Mori function is unable to fit
the entire observed absorption band. Implicit in the third-order
truncation is the assumption that the correlation function related
to intermolecular torques, i.e.,〈f2(t)f2(0)〉, decays exponentially.
It is not obvious that an exponential function provides the best
description of this decay. Moreover, Kivelson et al.16 persua-
sively argue the invalidity of this assumption and conclude that
a very probable reason for the poor fit is that the assumed
exponential decay of the intermolecular torques is not correct.
The development of the third-order Mori line shape is exact
except for the assumed frequency independence ofγ, or
equivalently the exponential decay ofK2(t), that is implicit in
the truncation of eq 3. Therefore, any failure of the Mori line
shape to reflect the observed line shape of the measured
absorbance spectrum has been attributed to improper treatment
of the torque relaxation, the physical process characterized by
γ andK2.16

The fundamental idea of the Mori formalism is the explicit
consideration of the dependence of the relaxation of the variable
under observation (in this case, the bulk dipole moment along
the polarization axis of the terahertz beam) on the relaxation of
other slowly changing variables. In the third-order theory, these
other variables are closely related to the angular momentum
and the intermolecular torques. Any more rapidly oscillating
variable, such as the rate of change of the intermolecular torques,
is assumed to have become uncorrelated instantaneously on the
time scale of the dipole moment relaxation. This condition
should be met when the exponential decay constant for the
intermolecular torques is large. Under the condition ofγ . ω,
the torque correlation and that of all faster variables may well
be essentially instantaneous on the time scale of the relaxation
of the processes that characterize the low-frequency spectral
region whereω is small. In this frequency region, the nature

(b)

(a)

Figure 6. (a) Unconstrained nonlinear least squares (NLLS) four-
parameter fit (solid line) to pure CHCl3 data (points). The fit parameters
areM ) 19.40 ps/m,K1 ) 11.33 ps-2, K2 ) 239.16 ps-2, andγ )
21.66 ps-1. (b) Unconstrained NLLS four-parameter fit to pure CCl4

data. The fit parameters areM ) 0.40 ps/m,K1 ) 42.31 ps-2, K2 )
269.67 ps-2, andγ ) 27.10 ps-1.

Figure 7. Neat CHCl3 spectra and single Mori fits. Curves A and B
are Mori line shapes derived with only one adjustable parameter apiece,
and the solid curve through the hollow circles is the experimental data
for neat CHCl3. Parameters for curve A areE ) 39.6 ps/m,K1 ) 3.16
ps-2, K2 ) 46 ps-2, andγ ) 2.7 ps-1, and the parameters for curve B
areE ) 39.6 ps/m,K1 ) 3.16 ps-2, K2 ) 170 ps-2, andγ ) 10 ps-1.

TABLE 1: Parameters for Bi-Mori Analysis

%vol xCHCl3
M
ps/m

K1
(ps-2)

K1
xx

(ps-2)
K1
zz

(ps-2)
K2,A
(ps-2)

K2,B
(ps-2)

γA
(ps-1)

γB
(ps-1)

100 1.000 42.12 3.24 2.39 11.25 210.0 104.0 12.50 12.50
80 0.827
60 0.642
40 0.443
20 0.230
0 0.000 0.60 27.4 200.0 10.00
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of the torque decay might not be relevant. As long as the
correlation relaxes very rapidly, the exponential description may
be adequate because the relatively slow process of dipole
relaxation corresponds to low-frequency components well
separated from the large value ofγ. Therefore, Mori absorption
coefficient line shapes that are characterized by fast torque
relaxation times might be expected to fit the low-frequency
portion of the far-IR spectrum with reasonable success.
The absorption profile in the far-IR spectral region may be

complicated by a cause other than a complicated decay of
intermolecular torque. For instance, the existence of two types
of motion and associated relaxation that can give rise to dipolar
absorption could explain the need for a bi-Mori analysis. The
idea that multiple absorption mechanisms contribute to dipolar
absorption in the far-IR spectral region of liquids is consistent
with the instantaneous normal mode analysis of polar liquid
motions; rotational and translational modes have broad and
overlapping spectral distributions.10 Moreover, no single type
of molecular motion is believed to compose the entire 0-130
cm-1 spectral band of liquids. Therefore, attempting to use only
one Mori function to describe the low-frequency band might
be expected to be problematic. That is, the Mori formalism
characterizes the low-frequency spectrum with the parameters
given in eqs 11, 13, and 14. Hence, the idea beneath the attempt
to fit a single, properly constrained Mori line shape to observed
data is that the spectral band is characterized by a single
parameter, the torque relaxation time, for example. However,
as different kinds of molecular motions are expected to exist in
liquids, more than one Mori line shape may be required to
construct an accurate fit to the experimentally determined
absorption spectrum. Therefore, more than one set of Mori
parameters (i.e.,K1, K2, γ) may be chosen for each type of
molecular motion. It is to this end that data analysis based on
a sum of Mori line shapes was attempted.
Figure 8 illustrates the fitted curve of a “bi-Mori” line shape

to the data for neat CHCl3 as well as the two single Mori curves,
denoted A and B, composing the fit. The fit was constructed
in the following way. Equation 12 was used as the basic form
of the Mori line shape for each component of the two-curve fit.
The amplitude factorM, however, was effectively constrained.
That is, the curves were scaled by factors ofA ) 0.76 and (1
- A) ) 0.24, respectively. This constraint is imposed because
M is proportional to the difference between the zero and infinite
frequency dielectric constants andM is taken to represent the
total absorption capability of the liquid. Therefore, the mag-
nitude of each of the two Mori components was constrained.
Curve A was fit with the parameters listed in the Table 1.
Equation 13b for the collective parameterK1

xx was used in
computing curve A. This parameter is essentially thet ) 0
value of the angular momentum correlation function. Equation
13c forK1

zzwas used in computing curve B. Furthermore, two
parameters associated with the expression for the intermolecular
torque relaxation rate in eq 14 are used:τD (in curve A) which
is the Debye relaxation time describing rotational diffusion, and
τL (in curve B) which is the longitudinal relaxation time. This
value, expressed as39

is smaller than the Debye relaxation timeτD ) 6.36 ps, while
τL ) 3.13 ps. The smaller value ofτL relative toτD indicates
a process faster than the occurrence of rotational diffusion. A
candidate for this rapid behavior is a process of concerted or
collective motion involving several molecules. The FIR absorp-

tion spectrum may be viewed as being composed of a diffusive
contribution (curve A) and an inertial contribution (curve B).
A constrained sum of Mori line shapes, the sums of curves A
and B, was fit to the experimental data for CHCl3 (see Figure
8a, solid line). This function for the constrained “bi-Mori” fit
may be written as

whereRA andRB are given by eq 12 with the changes made
above and the three adjustable parameters areA, γA andγB. As
a further constraint,γA ) γB. A smaller number of fitting
variables would be desirable, but in comparison to the four-
parameter NLLS fits shown in parts a and b of Figure 6 (for
neat CHCl3 and CCl4, respectively), the parameters used in the
“bi-Mori” routine are chosen for physical reasons.
It is evident in Figure 8 that the constrained “bi-Mori”

function fits the terahertz data much more closely than the
constrained single Mori function. The closeness of the fit in
the low-frequency region (0-2 THz) is especially good, and
only above roughly 2 THz does the fit diverge from the data.
This characteristic is consistent with the expectation (discussed
above) that the Mori line shape should fit the low-frequency
portion best.γA andγB were determined by the fits to be 12.5
THz (see Table 1). Therefore, the condition for appropriate
application of the theory, thatγ is much greater than the
frequencies where the spectra is best fit, is borne out. The data
are well fit at frequencies less than 15% of the torque relaxation
rate.
Bi-Mori fits for each of the CHCl3-CCl4 mixtures are

presented in Figure 9, and all the memory function parameters

τL )
2ε∞ + 1

2ε0 + 1
τD (16)

Figure 8. (a) “Bi-Mori” fit (solid line) to experimental data (solid
points) for neat CHCl3. Dashed lines represent the Mori line shapes,
which compose the bi-Mori line shape. Fit parameters are listed in the
Table 1. (b) Single Mori line shape (obtained by treatingK1, K2, and
γ as adjustable parameters) for neat CCl4.

Rfit(ν) ) ARA(ν) + (1- A)RB(ν) (17)
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are summarized in the table. These data are fit by a mole
fraction weighted sum of the “bi-Mori” absorption coefficients
for the neat liquids and closely fit the 0-2 THz spectral regime.
However, the difficulty in applying the Mori theory to CCl4

prevents elucidation of the possible changing nature of far-IR
absorption across increasingly more polar solution series.

V. Conclusions

Computation of the difference in integrated magnitudes
betweenRCCl4-CHCl3 andRCHCl3-CHCl3 has been used to verify
the assumptions implicit in a fitting model, based on Beer’s
law, that has been applied to the measured absorption coefficient
spectra. These fits revealed reduced absorption strength of the
data, compared to the fits, in mixtures more concentrated in
CHCl3. This observation might indicate a partial cancellation
of the expected bulk dipole moment (and, thereby, absorption
strength) through clustering of CHCl3molecules about individual
CCl4 molecules.
A fitting routine based on the Mori line shape formalism has

been presented and shown to yield quantitatively correct fits to
experimental absorption coefficient data at low and intermediate
frequencies (0-2 THz). The expectation that the model should
succeed at low frequencies and begin to fail at frequencies
comparable to the parameter representing the torque relaxation
rate is borne out in the observation that the agreement between
the model and the measured spectra decreases quickly above 2
THz, a value that corresponds to roughly 15% of the torque
decay rate. The bi-Mori analysis convincingly characterizes the
contributions of two molecular processes to the far-IR spectrum.
These two processes are determined to compose 76% and 24%
of the fitted portion of the far-IR spectrum. Finally, the
comparative success of this application of Mori theory indicates
that an analytic model may be useful for extracting information
contained in low-frequency spectra.

A value for K2, the value of the intermolecular torque
correlation function att ) 0, obtained through molecular
dynamics simulations should provide more physically grounded
parameters for use in eq 10.16,41 An approach, which differs
from Mori analysis mainly in the assumption that the torque
correlation function is Gaussian, has been used with some
success in describing effects of dielectric friction by Hoch-
strasser and co-workers.42 Applying MD simulations to this
series of mixtures as well as the method of instantaneous normal
modes is a future extension of this study on liquid mixtures.

Note Added in Proof: A preliminary account of this work
has been presented elsewhere.46
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Appendix A

Absorption Coefficient from Experimental Data. A pair
of measurements are required for a complete data set: the
terahertz transmission spectrum through the empty cell and the
terahertz spectrum through the cell plus liquid sample. The
absorption coefficient was measured in a way similar to that of
Katzenellenbogen et al.33 Once the time domain data sets are
prepared, as described in the Experimental Section, they are
fast Fourier transformed such that

(b)(a)

(c) (d)

Figure 9. (a)-(d) Bi-Mori fits to the frequency-dependent absorption coefficients for the 20%, 40%, 60%, and 80% by volume CHCl3 mixtures.
The fitted curves were obtained by a mole fraction weighted sum of fits (shown in Figure 8) to the neat CHCl3 and CCl4 data.

E(ω) )E0e
-iωteikz (A1)
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wherez is the path length andk is the frequency-dependent
wave vectork(ω) ) k′ + ik′′. The power absorption coefficient,
identical with twice the imaginary part of the wavevector, is
obtained by deconvoluting the frequency domain data of the
sample with that of the empty cell. The complex deconvoluted
waveform may be expressed as

where k0 is the wave vector for radiation propagating in a
vacuum. Hence, the frequency-dependent absorption coefficient
R(ω) is obtained from the absolute value of eq A2 as

wherel replacesz as the path length of the cell. The factor of
2 in eq A3 normalizes the imaginary part of the electric field in
eq A2 to that of the intensity, the conjugate square of eq A2,
by which the absorption coefficient is defined. The magnitude
spectra and frequency-dependent absorption coefficients for all
the solutions are shown in parts b and c of Figure 3.

Appendix B

PDA and CIA Components. The frequency-dependent
absorption coefficient for comparison with experimental data
for each of a series of mixtures of chloroform in carbon
tetrachloride was calculated from the experimental data for the
pure liquids. This function is

wherexCHCl3 denotes the mole fraction of CHCl3, RCHCl3 denotes
the absorption coefficient of CHCl3, and likewise for CCl4. The
quadratic factor beforeRCCl4 occurs because collisionally induced
absorption (CIA) arises through the interaction between two (or
more) molecules. This model is simplistic in that the mole
fraction weighted sum improperly weighs CIA between CHCl3

molecules and ignores CIA between CHCl3 and CCl4 molecules.
This expression includes all the discrimination between absorp-
tion components that the experimental data of the neat liquids
allow.
Although a spectral fit for the mixtures that considers all types

of absorption processes is not possible, the difference between
CIA coefficients for CHCl3 and CCl4 may be calculated. A
useful approximation (discussed below) will be to identify the
absorption coefficient of neat chloroform (molecule type A) as
being equal to the sum of the permanent dipolar absorption
(PDA) and CIA contributions, that is,

RA denotes the absorption coefficient associated with the
permanent dipole moment of CHCl3, and RAA denotes the
coefficient for that absorption that is due solely to the transient
dipole moment induced by collisions between two CHCl3

molecules. The absorption coefficient for neat CCl4 (molecule
type B) is purely collisionally induced and may be written as

Essentially, four mechanisms contribute to the absorption
coefficient of the mixture: PDA of CHCl3, CIA between CHCl3
molecules, CIA between CCl4 molecules, and CIA between

CHCl3 and CCl4 molecules. By use of the mole fractions of
the mixtures to properly weight the four contributing absorption
mechanisms, an expression for the absorption coefficient of the
mixtures is obtained,43

wherex1 denotes the mole fraction of CHCl3 in mixture 1, while
RA andRAA are defined above. The product of mole fractions
appears before each CIA term because CIA depends on the
number of collisions. This number, say for the case ofRAB,
increases in proportion to the number of each type of molecule
present. This product of numbers of molecules is proportional
to x1(1 - x1) the product of mole fractions.44 Substitution of
eq B2 into eq B4 and identification ofRBB with the measured
absorption coefficient for neat CCl4 reduces eq B4 with one
equation and three unknowns (RA, RAA, andRAB) to one equation
and two unknowns (RAA and RAB). Hence, the difference
between the two unknown CIA coefficients is

Substitution of eq B2 into eq B4 forRA results in a small error
in eq B5. That is, substitution ofRA ) RCHCl3 - RAA into eq
B4 results in the CIA term being weighted linearly when it
should be weighted quadratically. This results in an overesti-
mation of CIA between CHCl3 molecules. This error is similar
to that discussed in subsection D of Results and Discussion,
where it was reasoned that linear weighting of a CIA term can
be done with essentially negligible effect.
Integration of this difference over the frequency regime

between 0 and 1.7 THz, the quietest region of the measured
absorbance spectra, is performed by use of a Simpson’s rule
approximation over the first 28 points of the each absorption
coefficient data set. As discussed in the text, the frequency-
integrated difference in CIA contributions is 2.6( 0.4 THz
cm-1. The calculation of the frequency-integrated difference
between CIA absorption coefficients was performed by applying
Simpson’s rule45 to eq B5.

Appendix C

Generalized Langevin Equation. The principal goal of the
Mori formalism is to re-express the primary variable (the
molecular dipole moment in the current experiment) to consider
the slow decay of the higher order derivatives of the primary
variable. Correlations may persist for times comparable to the
decay time of the time correlation function of the primary
variable. The approach is based on the generalized Langevin
equation, as the equation of motion for the evolution of the
dipole moment vector,f0(t), of a molecule in solution. The
generalized Langevin equation description includes the vectors’
normal motions, damping of the motion by the bath, and a
description of the random fluctuations of the bath in the case
where the random force correlation function is not a delta
function (i.e., non-Markovian case). An outline of the Mori
formalism26 is presented in this section.
The dipole moment vectorf0(t) may be separated into

components parallel and perpendicular to the direction off0(0),

where the operatorP0 projects the vectorf0(t) onto thef0(0)

Esamp(ω)

Eref(ω)
) e-k′′zei(k′-k0)z (A2)

R(ω) ) - 2
l
ln|Esamp(ω)

Eref(ω)
| (A3)

Rmix ) xCHCl3RCHCl3
+ (1- xCHCl3)

2RCCl4
(B1)

RCHCl3
) RA + RAA (B2)

RCCl4
) RBB (B3)

Rmix ) x1RA + x1
2RAA + (1- x1)

2RBB + x1(1- x1)RAB

(B4)

RAB - RAA )
Rmix - x1RCHCl3

- (1- x1)
2RCCl4

(x1 - x1
2)

(B5)

f0(t) ) P0f0(t) + (1- P0)f0(t) (C1)
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axis and (1- P0) projectsf0(t) onto an axis perpendicular to
the f0(0) axis. Equation C1 may be rewritten as

wheref0(0) has been denotedf0. (In the course of this derivation
any variable that is not written explicitly as a function of time
is meant to be the value of that variable at the zero of time.)
The normalized dipole moment correlation function,¥0(t), is
expressed as

and the perpendicular projection term in eq C2 is

The precise expression of this component is critical for
developing the time correlation functions of quantities closely
related to the higher order derivatives of the primary variable,
the ultimate goal of this application of the Mori formalism.
The Liouville equation of motion forf0(t) is

Operating with (1- P0) on eq C5 and substituting eq C2 for
f0(t) yields the differential equation

Simplification of eq C6 results through recognition thatP0f0′(t)
) 0 and that (1- P0)f0 ) f0 - P0f0 ) 0. The resulting equation
of motion for f0′(t) is

where the identities

and

have been made andf1(0) is denotedf1. Equation C7, a first-
order inhomogeneous differential equation, may be integrated
by choosing a solution of the formf0′(t) ) C(t) exp(iL1t), solving
for C(t), substitutingf0′(t) exp(-iL1t) for C(t), then solving for
f0′(t). This procedure yields

wheref1(t) ) exp(iL1t)f1. Substitution of eq C8 into eq C1 yields
an expression that relatesf0(t) to f1(t).

Equation C9 illustrates a connection between the primary
variablef0(t) andf1(t), the component of the time derivative of
f0(t) perpendicular tof0(0) given by eq C7b. Inclusion of
possibly non-negligible similarity in time correlation function

decay time between the primary variable and that of the time
derivative of the primary variable is thereby achieved.
Solution of the Liouville equation for the general vectorfj(t)

is directly analogous to the above development forf0(t). In the
remaining derivationfj(0) is denotedfj, similar to the shortened
notation of f0 and f1 discussed above. This process may be
summarized as follows:
1. use of thePj and (1- Pj) operators to separatefj(t) into

variables parallel and perpendicular tofj(0),
2. operation of (1- Pj) on and substitution of expression

for fj into the Liouville equation of motion forfj(t),
3. simplification of the Liouville equation to an equation of

motion for fj′(t),
4. integration of the equation of motion to find the expression

for fj′(t),
5. substitution offj′(t) into the original expression forfj(t) to

relatefj(t) to fj+1(t).
The expression analogous to eq C9 for the general vector

fj(t) is26

where, in analogy to eq C3,26

Differentiating eq C11 yields an equation of motion for¥j(t),
but introduces a factor of dfj(t)/dt. Therefore, a relationship
between dfj(t)/dt and fj(t) needs to be established in order to
benefit from having determined the connection between suc-
cessive orders time derivatives of the primary variable. This
relationship is simply obtained first by separating the right-hand
side of the Liouville equation of motion forfj into components
parallel and perpendicular to the orientation offj at the zero of
time. That is,

Substitutions analogous to the identities made in eqs C7a and
C7b and recognition that iLjfj ) dfj/dt yields

where iωj is defined such that iωjfj is the component of dfj/dt
that is parallel tofj. That is,

Operation of the time propagation operator exp(iLjt) on eq C13a
yields

Substitution of eq C13a into the time derivative of eq C11 yields

Using¥j(s)* ) ¥j(-s) and substitution of eq C10 into eq C15

f0(t) ) ¥0(t)f0 + f0′(t) (C2)

¥0(t) )
〈f0(t),f0

*〉

〈f0,f0
*〉

(C3)

f0′(t) ) (1- P0)f0(t) (C4)

df0(t)

dt
) iLf0(t) (C5)

(1- P0)
d
dt
[¥0(t)f0 + f0′(t)] ) i(1 - P0)L[¥0(t)f0 + f0′(t)]

(C6)

df0′(t)
dt

) iL1f0′(t) + ¥0(t)f1 (C7)

L1 ) (1- P0)L (C7a)

f1 ) iL1f0 (C7b)

f0′(t) )∫0t¥0(t)f1(t - s) ds (C8)

f0(t) ) ¥0(t)f0 +∫0∞¥0(t)f1(t - s) ds (C9)

fj(t) ) ¥j(t)fj +∫0t¥j(s)fj+1(t - s) ds (C10)

¥(t) )
〈fj(t),fj

*〉

〈fj,fj
*〉

(C11)

dfj
dt

) Pj[iLjfj] + i[(1 - Pj)Lj]fj (C12)

dfj
dt

) iωjfj + fj+1 (C13a)

iωj )
〈dfj/dt,fj

*〉

〈fj,fj
*〉

(C13b)

dfj(t)

dt
) iωjfj(t) + eiLjtfj+1 (C14)

d¥j(t)

dt
) iωj¥j(t) +

〈fj+1,fj(-t)
*〉

〈fj,fj
*〉

(C15)
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for fj+1 yields26

where

Equation 1 in the Theory section follows directly from eq C16
in that eq 1 is the Laplace transformation eq C16.
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