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a b s t r a c t
Background and Objective: The popular assumption of ignorability simpliﬁes analyses with incomplete data,
but if it is not satisﬁed, results may be incorrect. Therefore it is necessary to assess the sensitivity of empirical ﬁndings to this assumption. We have created a user-friendly and freely available software program
to conduct such analyses.
Method: One can evaluate the dependence of inferences on the assumption of ignorability by measuring
their sensitivity to its violation. One tool for such an analysis is the index of local sensitivity to nonignorability (ISNI), which evaluates the rate of change of parameter estimates to the assumed degree of nonignorability in the neighborhood of an ignorable model. Computation of ISNI avoids the need to estimate a
nonignorable model or to posit a speciﬁc magnitude of nonignorability. Our new R package, named isni,
implements ISNI analysis for some common data structures and corresponding statistical models.
Result: The isni package computes ISNI in the generalized linear model for independent data, and in
the marginal multivariate Gaussian model and the linear mixed model for longitudinal/clustered data. It
allows for arbitrary patterns of missingness caused by dropout and/or intermittent missingness. Examples
illustrate its use and features.
Conclusions: The R package isni enables a systematic and eﬃcient sensitivity analysis that informs evaluations of reliability and validity of empirical ﬁndings from incomplete data.
© 2018 Elsevier B.V. All rights reserved.

1. Introduction
Ignorability is a key working assumption in the analysis of data
with missing observations. When the data are missing at random
(MAR) and the parameters of the ideal-data model and missingdata model are distinct (PD), the missingness mechanism is ignorable in the sense that one need not model it in order to generate valid likelihood/Bayesian inferences [6,15]. This greatly simpliﬁes analyses, because the missing data process can be diﬃcult to
model and is rarely of primary interest. Yet in practice we often
suspect that MAR does not hold, and therefore that the underlying
missing data mechanism is nonignorable. For example, if patients
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drop out of a study because of excessive toxicity, their missingness
may be related to their unobserved data values, even after conditioning on all available information. This constitutes a violation
of MAR, and therefore calls ignorability into question. When ignorability does not hold, standard likelihood/Bayesian analyses can
yield inferences that incorrectly summarize the information in the
data.
Because we cannot test MAR robustly using only the observed
data, it is critical to have the means to conduct an analysis of
sensitivity to departures from ignorability [4,9]. Indeed, an expert
panel convened to study the issue has declared that “[s]ensitivity
analyses should be part of the primary reporting of ﬁndings from
clinical trials. Examining sensitivity to the assumptions about the
missing data mechanism should be a mandatory component of reporting” [16]. Moreover, “[s]ensitivity analysis [to missing data as-
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sumptions] is a relatively new area, and further research on the
best methods is needed.” [9]
Estimating nonignorable models of missingness is conceptually
and computationally challenging, which limits the types of sensitivity analyses that one can perform [23,26]. One approach is to
compute the index of local sensitivity to nonignorability, or ISNI, ﬁrst
proposed by [17] in the context of the univariate generalized linear model. The ISNI method implements the local sensitivity approach that examines the effect on inferences of minor departures
from ignorability [2,3,19]. The method has since been extended to
a range of statistical models and coarsening types [5,11,20–27]. ISNI
overcomes the computational obstacles to sensitivity analysis by
requiring only readily-available MAR model computations, thereby
avoiding the estimation of complicated nonignorable models.
The absence of general software for computing ISNI has hampered its widespread adoption. This article describes a new R package, denoted isni, that performs ISNI computations for common
models — currently, generalized linear models for cross-sectional
data, and marginal multivariate Gaussian models and linear mixedeffects models for longitudinal/clustered data. This article describes
the software and its application.
We organize the article as follows: Section 2 reviews the ISNI
method. Section 3 describes various aspects of using main functions in isni. Section 4 illustrates the application of isni and the
interpretation of its outputs in real-data examples. Section 5 offers
a summary and discussion. An Appendix presents further details.
2. Review of the ISNI Method
Let Y be a vector of outcomes and G be a vector of missingness indicators with the same length as Y, where each element
of G takes the value of 0(1) when the corresponding element of
Y is observed(missing). We further deﬁne Y = (Y obs , Y mis ), where
Yobs , Ymis denote the observed and missing elements in Y, respectively. We specify the joint distribution of Y and G with a selection
model; that is, the marginal density of Y is fθ (y), indexed by parameter θ , and the conditional probability mass function of G given
Y = y is fγ0 ,γ1 (g|y ), indexed by parameters γ 0 and γ 1 . We further
assume that we can write the conditional probability function of G
given Y = y as fγ0 ,γ1 (g|yobs , ymis ), such that the parameter γ 0 reﬂects the effect of fully observed data elements on the probability
of missingness, and the parameter γ 1 reﬂects the effect of potentially unobserved outcomes on the probability of missingness. We
denote the conditional distribution of the missingness indicator to
be the missing data mechanism (MDM). Under these assumptions,
the observed data (yobs , g) is missing at random (MAR) if, for every
possible value of the parameters, fγ0 ,γ1 (g|yobs , ymis ) takes the same
value for all ymis . For example, if there are no missing observations,
the observed data are MAR by default, even if the MDM stipulates
a strong correlation of Y and G. An MDM is MAR if every possible
data set generated under it is MAR.
Following common practice, we formulate the MDM to reduce
to MAR when γ1 = 0. When γ 1 = 0, the missingness probability depends on unobserved data, ymis , even after conditioning on the observed data. Because γ 1 captures the magnitude of nonignorability,
we denote it the nonignorability parameter. Under the general selection model, the loglikelihood L(θ , γ 0 , γ 1 ; yobs , g) is

L(θ , γ0 , γ1 ; yobs , g)

= ln
fθ (yobs , ymis ) fγ0 ,γ1 (g|yobs , ymis )dymis ,
Y mis

(1)

where Y mis denotes the sample space of Ymis , and fθ (yobs , ymis )
is fθ (Yobs , Ymis ) evaluated at the observed data yobs and with the
missing value Ymis substituted by a hypothetical posited value
ymis ∈ Y mis ; the completeness indicator g dictates the identities of

the observed and missing y values. Note that if we assume an MAR
MDM (i.e., γ1 = 0), we have fγ0 ,γ1 (g|yobs , ymis ) = fγ0 ,γ1 =0 (g|yobs ),
because this conditional probability does not depend on values of
ymis . Thus we can move this term out of the integration in Eqn (1),
resulting in the simpler loglikelihood

LI (θ , γ0 , γ1 ; yobs , g)



obs
mis
mis
obs
= ln
fθ (y , y )dy
fγ0 ,γ1 =0 (g|y )
Y mis

= ln fθ (yobs ) + ln fγ0 ,γ1 =0 (g|yobs ).

(2)

Under MAR and the additional assumption of parameter distinctness — i.e., that θ and γ are independent (for Bayesian inference)
or have parameter spaces that factor (for likelihood inference) —
ln fθ (yobs ) contains the totality of information on θ , and therefore
it is unnecessary to to estimate the MDM. We denote such an analysis the ignorability analysis. The more general analysis that does
not assume ignorability bases inferences on Eqn (1), which requires
positing the MDM in detail. Because observed data alone provide
no robust information to assess the dependence of the missingness probability on ymis , one cannot identify or estimate such a
nonignorable model without either additional data or untestable
assumptions.
Practical analyses therefore typically assume MAR and base inferences on Eqn (2). To evaluate the robustness of such an inference, one can conduct a sensitivity analysis. One way to do this is
to posit a range of values of γ 1 and determine the extent to which
an estimate of θ , such as the MLE given γ 1 , θˆ (γ1 ), depends on
the values of γ 1 . The ISNI approach is to execute this analysis in a
neighborhood of the MAR model by determining the rate of change
of θˆ (γ1 ) as a function of γ 1 at γ1 = 0. That is, ISNI calculates the
derivative of θˆ (γ1 ) with respect to γ 1 , evaluated locally at the ignorable model [17]. As we show in Appendix A, a general formula
for ISNI is


∂ θˆ (γ1 ) 
2
ISNI =
= −∇ 2 L−1
θ ,θ ∇ Lθ ,γ1 ,
∂γ1T γ1 =0

(3)

where


∂ 2 L(θ , γ0 , γ1 ) 
∇ Lθ ,θ =
ˆ
∂θ∂θT
θ (0 ),γˆ0 (0 ),γ1 =0

obs 
∂ ln fθ (y ) 
=
,
∂ θ ∂ θ T θˆ (0),γˆ (0),γ =0
0
1

∂ 2 L(θ , γ0 , γ1 ) 
∇ 2 Lθ ,γ1 =
,
ˆ
∂ θ ∂ γ1T
θ (0 ),γˆ0 (0 ),γ1 =0
2

and L(θ , γ 0 , γ 1 ) denotes the loglikelihood of Eqn (1). The computation of ISNI thus involves two parts: First one computes ∇ 2 L−1
θ ,θ ,
which is the inverse of the observed information matrix of θ under
the MAR outcome model; this is readily available from standard
statistical software. Second, one computes ∇ 2 Lθ ,γ1 , which measures the nonorthogonality of θ and γ 1 . Below we show ISNI formulas for some popular statistical models.
2.1. ISNI for independent data
We ﬁrst consider the case where Y follows a generalized linear model (GLM) [13] that assumes that scalar Yi , given predictors
xi , i = 1, · · · , N, are independent draws from the exponential family



fθ (yi |xi ) = exp



yi i (β , xi ) − b(i (β , xi ))
+ c ( yi , τ ) ,
ai ( τ )

(4)

where  i is the canonical parameter as a function of the regression coeﬃcient parameter β ; functions b( · ) and c( · , · ) identify a
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distribution in the exponential family; and ai (τ ) = τ /wi , with the
dispersion parameter τ and a known weight wi . We further assume that the MDM is a logistic regression
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Linear mixed model (LMM). The LMM for a continuous outcome
is [8]
ind

P ( Gi = 1|si , yi ) = h ( γ

T
0 si

+ γ1 yi ) =



1

1 + exp −(γ

Ts
0 i

+ γ1 yi )

, (5)

where Gi = 0(1 ) if the ith observation is observed(missing), and si
includes a set of observed predictors. The parameters γ 0 and γ 1
associate the probability of missingness with the set of fully observed missingness predictors in si and the partially observed outcome variable yi , respectively. Throughout this paper and in the
isni package, we assume the inverse logit form for h( · ), as it is
popular and robust, and it simpliﬁes interpretation [25].
Following [17], under independence over units i we have

∇ 2 Lθ ,θ


∂ 2 L(θ , γ0 , γ1 ) 
=
ˆ
∂θ∂θT

θ (0 ),γˆ0 (0 ),γ1 =0


∂ ln fθy ( |xi ) 
=
 ,
∂θ∂θ

i:gi =0
γ1 =0

2

∂ L(θ , γ0 , γ1 ) 
=
ˆ
∂ θ ∂ γ1T
θ (0 ),γˆ0 (0 ),γ1 =0

∂ E(Yimis |xi ) 
=
( 1 − hi )
 .
∂θ

i:gi =1
yobs
i
T

∇ 2 Lθ ,γ1

(6)

γ1 =0

Yi |bi , xi , zi ∼ MVN(xi β + zi bi ,

=

−

i

 2
(1 − gi ) yi ∂∂β2i −

∂2b
∂β 2



a−1
(τ )
i

ind

0

∂ b
gi ( 1 − hi ) ∂ 
∂β
2

i

,

i

βˆ (0 ),τˆ (0 )

where hi = h(γˆ0T si ) is the predicted probability of being missing under MAR, and βˆ (0 ) and τˆ (0 ) are MLEs under MAR. This formula is
the same as that presented in [17] except that we reverse the signs
to reﬂect the reversed role of the indicator G.
2.2. ISNIs for longitudinal/clustered data
Several authors have described generalizations of ISNI to longitudinal/clustered data [11,20,21,23,25,26]. We describe below
the ISNI method for the setting of longitudinal data with nonmonotone missingness; adaptation to other types of clustered data
is straightforward.
2.2.1. Models for the notional complete data
Let Yi = (Yi1 , ..., Yini ) denote the notional complete data for subject i, where Yij is the outcome at measurement occasion j, i =
1, ..., N, j = 1, ..., ni . We assume that the density function of Yi is
fθ (yi |xi ), where θ is the vector of the parameters of interest with
length pθ , and xi is a matrix of fully observed predictors. We describe below the ISNI analysis of two popular classes of models for
data of this form.
Marginal multivariate Gaussian model (MMGM). The MMGM for
a continuous outcome is
ind

Yi |xi ∼ MVN(xi θ1 ,

i

(θ2 ) ),

(7)

where θ 1 and θ 2 are parameters of the population mean and the
variance-covariance, respectively. The matrix i (θ 2 ) must be positive deﬁnite. Under ignorable missingness, one typically estimates
this model by generalized least-squares, for example with the R
function gls().

(8)



i

+ ziVb ziT .

We set θ = (β , D ) where D denotes the parameters in the
variance-covariance matrices
i and Vb . One can estimate the
LMM using R function lme().

2.2.2. A MDM for non-monotone missing data
Longitudinal studies typically exhibit two types of missingness:
Intermittently missing observations, for example from missed visits; and dropout, from subjects who leave the study permanently
before completing follow-up. We therefore deﬁne an MDM that allows for both types of missingness by means of a general transitional model [23]. Let Gi = (Gi1 , . . . , Gini ) denote the vector of missingness status variables for subject i, where Gi j , j = 1, . . . , ni denotes the missingness status of subject i at occasion j, and

Gi j =





Yi |xi , zi ∼ MVN xi β ,


−1

), bi ∼ N (0, Vb ).

Here β is a vector of p ﬁxed population parameters; bi is a vector of q random effects associated with individual i; xi and zi are
predictor matrices for the ﬁxed and random effects, respectively,
where zi is a subset of xi ; and Vb and i are variance-covariance
matrices for the random effects and residuals, respectively. i depends on i only in that its size is ni × ni . Marginally,

ISNI for θ = (β , τ ) simpliﬁes to
ISNI

i

O
I
D

if subject i is observed at occasion j,
if subject i is intermittently missing at occasion j,
if subject i has dropped out at occasion j.

[23] described an approach that writes the MDM as a product of
transition probabilities:

fγ (gi1 , . . . , gini |yi , xi ) = f (gi1 |yi , xi )

ni


fγ (gi j |gi1 , . . . , gi, j−1 , yi , xi ).

j=2

We typically assume that all units are observed at baseline;
i.e., f (O|yi , xi ) = 1. One can then model the remaining univariate
conditional distributions separately. We note ﬁrst that each conditional probability can include all past missingness status variables, thereby naturally incorporating information on how past
missingness affects current missingness. Second, one needs to decide what variables in Yi enter each conditional distribution. Let
si j = (yobs
, x ) be a matrix containing fully observed predictors for
i( j ) i

missingness up to visit j for subject i, where yobs
includes all obi( j )
served outcome measurements prior to visit j for subject i. Because
we condition on all the past missingness status variables within
each past missingness pattern, yobs
can include all past observed
i( j )
outcomes. If any future outcome, yiJ , where J > j, is observed for all
the subjects with the same past missingness pattern, yiJ can also be
included in yobs
for those observations with that same past missi( j )
ingness pattern.
We further let a numerical variable u index missingness status
with u = 0, 1, 2 representing O, I, D, respectively. Our MDM then
assumes the following conditional distribution of Gij :



Gi j |Si j = si j , Yi j = yi j , Gi( j ) = gi,( j )



0gi ( j )

∼ Multinomial 1, Pi j

1g i ( j )

, Pi j

2g i ( j )

, Pi j



,

(9)

where gi( j ) = (gi, j−1 · · · , gi1 ) denotes the past missingness pattern
0gi ( j )

prior to visit j, and the cell probabilities [Pi j

1gi ( j )

, Pi j

2gi ( j )

, Pi j

] are
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speciﬁed as

ug

ug
Pi j i( j )

φi j ( j )

=

φ

with

2
U=0

ug( j )
ij

Ug( j )

φi j

, u = 0, 1, 2;



ug( j )
si j
0

(si j , yi j ) = exp γ

ug( j )
yi j
1

+γ



.

(10)

ug

When γ1 ( j ) = 0 for all values of u and g(j) , the MDM does not
depend on the potentially unobserved outcome and thus is MAR.
ug
When γ1 ( j ) = 0 for some u and g( j) , the model allows that, given
the missingness pattern prior to time j and the other fully observed predictor sij , the missingness status depends on the potentially unobserved outcomes through the contemporaneous outcome Yij . An alternative MDM speciﬁcation would let the missingness depend on both past and future unobserved outcomes.
We chose the former model for two reasons: First, it reduces
the number of parameters for nonignorable missingness, allowing us to more easily interpret the sensitivity analysis. As others (e.g., [18]) have noted, parsimony is desirable in sensitivity
analysis. Second, one can always take the integration of the latter model with respect to past and future unobserved outcomes so
that the resulting selection model depends only on the outcome
at the current visit. In this sense, our model can be viewed as
an approximation to the model in which the probability of missingness depends also on past and future unobserved outcomes;
see [23].
Xie [23] applied the transitional MDM to a longitudinal dataset
with non-monotone missingness arising from a design with ni = n;
this enables conditioning on the entire past missingness vector gi(j) .
In the setting with varying ni , conditioning on gi(j) may be impossible. In this case, a convenient alternative is a ﬁrst-order transition model, where one assumes that, conditional on (si j , yi j , gi, j−1 ),
the missingness status Gij at the current visit is independent of
missingness status at all other prior visits; thus Eqn (9) reduces
to



Gi j |Si j = si j , Yi j = yi j , Gi, j−1 = v ∼ Multinomial(1, Pi0j v , Pi1j v , Pi2j v );

φ

uv
ij
,
2
Uv
U=0 i j

Piuj v =

φ

where u = 0, 1, 2; v = 0, 1,
and

φ (si j , yi j ) = exp(γ
uv
ij

uv
0 si j

+γ

uv
1 yi j

).

(11)

⎧
1
⎪
1+exp(γ010 si j +γ110 yi j )+exp(γ020 si j +γ120 yi j )
⎪
⎪
⎪
⎪
⎪
g 0
g 0
⎪
⎪
exp(γ0 i j si j +γ1 i j yi j )
⎪
⎪
(
1+exp(γ010 si j +γ110 yi j )+exp(γ020 si j +γ120 yi j )
⎪
⎪
⎪
⎪
⎪
⎪
1
⎪
⎪
1+exp(γ011 si j +γ111 yi j )
⎪
⎪
⎪
⎨

if gi, j−1 = 0, gi j = 0,
if gi, j−1 = 0, gi j = 0,
if gi, j−1 = 1, gi j = 0,

exp(γ011 si j +γ111 yi j )

if gi, j−1 = 1, gi j = 1,

1+exp(γ011 si j +γ111 yi j )
⎪
⎪
⎪
⎪
⎪
⎪
⎪
0
⎪
⎪
⎪
⎪
⎪
⎪
0
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩1

if gi, j−1 = 1, gi j = 2,
if gi, j−1 = 2, gi j = 2,
if gi, j−1 = 2, gi j = 2.

The package isni allows computation of ISNI statistics under both
the general transitional MDM and the simpler ﬁrst-order transitional MDM.
2.2.3. ISNI with the transitional MDM
The nonorthogonality term ∇ 2 Lθ ,γ1 in Eqn (3) has been derived
for longitudinal data with monotone [11] and non-monotone missingness patterns [23,26]; see Appendix B. For longitudinal models with the ﬁrst-order transitional MDM and γ1 = (γ110 , γ120 , γ111 ),
ISNI = (ISNIγ 10 , ISNIγ 20 , ISNIγ 11 ) and
1

∇ 2 Lθ ,γ1

1

1


∂ 2 L 
=
∂ θ ∂ γ1T θˆ (0),γˆ0 (0),γ1 =0
 2


∂ 2L
∂ 2L
∂ L

=
,
,
10
20
11
∂ θ ∂ γ1 ∂ θ ∂ γ1 ∂ θ ∂ γ1 θˆ (0),γˆ0 (0),γ1 =0



∂ E((Yimis )T |yobs
)

i
20
11
=
· A10

i , Ai , Ai ,
∂θ

i:Ki <ni

ities must sum to unity, for identiﬁcation purposes φi00
= φi01
= 1.
j
j
Here sij is a vector of fully observed predictors for missingness at
time j for subject i, which commonly includes the history of the
predictors x in the ideal-data model up to and including time j as
well as the history of the observed prior outcomes (i.e., the observed elements in (Yi1 , ..., Yi, j−1 )).
The conditional probability fγ (gi j |si j , yi j , gi, j−1 ) then takes the
form

fγ (gi j |si j , yi j , gi, j−1 ) =

(13)

γ1 =0

where Ki is the length of yobs
and θˆ (0 ) and γˆ0 (0 ) are MLEs of θ
i
and γ 0 under the MAR assumption.
The term ∂ E((Yimis )T |yobs
)/∂θ is a pθ × di matrix where di
i
is the number of missing outcomes for subject i. Under MAR
in the complete-outcome models of Section 2.2.1, (Yimis )T |yobs
i
is a Gaussian distribution involving θ parameters only and
∂ E((Yimis )T |yobs
)/∂θ can be derived in a closed form involving mai
trix multiplicationand differentiation as shown in Appendix C.
The term Ai = A10
, A20
, A11
is a di × 3 matrix. For the lth (l =
i
i
i
1, ..., di ) component of ymis
that corresponds to the jth element of
i
yi , one can show that [23,26]



10
A10
il = I (gi, j−1 = 0 ) I (gi, j = 1 ) − Pi j

By the deﬁnition of dropout, Gi j = 2 deterministically when
Gi, j−1 = 2 (the prior visit is a dropout); by the deﬁnition of intermittent missingness, φi21
= 0; and because the response probabilj

(12)

A20
il



= I (gi, j−1 = 0 ) I (gi, j = 2 ) −



01
A11
il = I (gi, j−1 = 1 ) Pi j

γˆ0 (0 ),γ1 =0

γˆ0 (0 ),γ1 =0

,

Pi20
j γˆ0 (0 ),γ1 =0 ,
.

Here, Pi10
, Pi20
and Pi01
are the missingness status transitional probj
j
j
abilities from Eqn (11), calculated under MAR (i.e., with γ1 = 0).
We note that because dropout and intermittent missingness are
competing causes of missingness, A10
and A20
are of opposite sign
il
il
when gi, j−1 = 0.
When γ 1 is a scalar, ISNI approximates the changes of the estimates when γ 1 is perturbed from 0 to 1. In our model, the nonignorability parameter γ 1 is the vector (γ110 , γ120 , γ111 ). Thus, ISNI is
a vector of three elements where each approximates the changes
in estimates when only the corresponding element in γ 1 is perturbed from 0 to 1. We suggest the following strategies to produce
a parsimonious sensitivity analysis with multiple nonignorability
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parameters. To summarize the joint effects of all three nonignorable parameters, one can approximate
the change in the MAR es
∂ θˆ (γ1 ) 
timates, θˆ (γ1 ) − θˆ (0 ) by
γ
.

1 When one is willing to as∂γ1T

γ1 =0

sume that intermittent missingness and dropout have roughly the
same nonignorability mechanism, we can ﬁx γ110 , γ120 and γ111 at
the same largest perturbation value. In this scenario, γ 1 becomes
a scalar and Ai a vector where Ai = A10
+ A20
+ A11
and the compoi
i
i
0,g

nents of Ai become Pi j i, j−1 , the estimated probability of being observed for the missing observations under ignorability. For its simplicity and ease of interpretation, this is the default method in our
package.
Alternatively, one could consider all perturbations of the elements of γ 1 that are within a hypercube of size 1 from the origin. These perturbations include scenarios under which dropout
and intermittent missingness can have different or even opposite
nonignorable missingness mechanisms. For this strategy, we suggest the following index of sensitivity:



 ∂ θˆ (γ1 ) 


 ∂γ1i  ˆ
θ (0 ),γˆ
i=1
q

MISNI(θˆ ) =

,
0

(14)

(0 ),γ1 =0

where q is the length of γ 1 ; here, q = 3. MISNI has the interpretation of maximum sensitivity, max|γ1i |=1,i=1,...,q (θˆ (γ1 ) − θˆ (0 )),
when each element of γ 1 is perturbed between −1 and 1. Our
package also produces MISNI. [24] consider a perturbation scheme
when the nonignorability parameter lies on a hyperball of radius
√
√
q around the origin, that is, ||γ1 || = q. A potential issue with
this scheme is that elements in the nonignorability parameter vector can have extreme and implausible values, especially when q,
the dimension of the nonignorability parameter, is large. An alternative is to consider a hyperball of size that is independent of q
[5]. We note that a hypercube of size r as used here contains a
hyperball of radius r.
One can extend these strategies to the general transitional
MDM. Recall that under Eqn (10), the nonignorability parameter

10g
20g
11g
γ1 = j,g
(γ1 i( j−1) , γ1 i( j−1) , γ1 i( j−1) ), and the dimensionali ( j−1 )

ity of γ 1 depends on the number of unique past missing data patterns and can be large. For a more parsimonious sensitivity analysis, one option is to reduce the number of nonignorability pa10g

20g

11g

rameters such that γ1 i( j−1) = γ110 , γ1 i( j−1) = γ120 and γ1 i( j−1) =
γ111 , ∀ j and gi( j−1) . This reduces γ 1 to (γ110 , γ120 , γ111 ), and we can
then use the strategies described for the ﬁrst-order transitional
model.
We note moreover that in the special case of no intermittent missingness, the equations further simplify: A10
= A11
= 0 and
i
i
mis
T
obs
∂ E((Yi ) |yi )/∂θ reduces to a pθ × 1 vector. The calculation of
∇ 2 Lθ ,γ1 then reduces to that of [11] and [20].
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missing, i.e., when γ1 = ±1/σY , or one standardized unit of nonignorability.
The second approach is to approximate the minimum standardized magnitude of nonignorability that is needed for the change
in θˆ to equal one standard error (SE). One can then assess sensitivity by evaluating whether this level of nonignorability is plausible. Speciﬁcally, note that for θ j (the jth element of θ ) we have
θˆ j (γ1 ) − θˆ j (0 ) ≈ γ1 ISNIY (θˆ j ), where ISNIY ( · ) refers to the ISNI
computed with data on the Y scale. We compute the smallest abSE
1 = ISNI
solute value of γ 1 that gives a 1-SE change as γ
. To put the
magnitude of nonignorability in the standardized scale, we deﬁne
the sensitivity transformation c statistic as



 σY SE 
.
ISNI

1 × σY | = 
c = |γ

(15)

The c statistic (which is not to be confused with the concordance
statistic of the same name) informs us that in order for the effect
of nonignorability to be as large as the sampling error, the magnitude of nonignorability needs to be at least as large as that where
a 1c SD change in Y is associated with an odds ratio of 2.7 in the


σ

SE



Y
probability of being missing. For MISNI from Eqn (14), c =  MISNI
.

The MISNI c statistic informs us that for effect of nonignorability
to be as large as the sampling error, the vector nonignorability parameter γ 1 needs to lie on a hypercube with its size from the
origin at least as large as c standardized units of nonignorability
as deﬁned above; the hypercube of this size implies that a 1c SD
change in Y is associated with an odds ratio of 2.7 for dropout (or
intermittent missingness) versus being observed.
For large c, only extreme nonignorability can make the estimate
change substantially, and thus sensitivity to nonignorability is of
little concern. For example, c = 10 implies that in order for the error in an MAR estimate to be the same size as its sampling error, the nonignorability needs to be strong enough that an SD/10
change in Y causes a signiﬁcant change in the odds of being missing. For small c, modest departure from MAR can cause the es1
timate to change substantially. For example, c = 10
implies that
when even when we need a 10-SD change in Y to cause a signiﬁcant change in the odds of being missing, the estimate may change
substantially. As this degree of nonignorability is plausible in many
1
applications, c = 10
signals sensitivity. [17] suggest using c < 1 as a
rule of thumb to identify sensitivity.
Because ISNI is a derivative, we have in general that ISNI(A ·
θ ) = A · ISNI(θ ) for any matrix A that has the same number of
columns as there are elements in θ (where · here represents matrix multiplication). Thus, we can readily conduct a separate ISNI
analysis (including computation of c) for any element of θ .
3. Program Description and Usage
We describe here isni’s three main functions: isniglm(), is-

2.3. Calibrating ISNI
With a logit link in the MDM, a scalar γ 1 is the log odds ratio in the probability of being missing associated with a one-unit
change in y; when γ1 = 1, a one-unit change in y is associated
with a 2.7-fold increase in the odds of being missing. For outcomes
with a single natural scale, such as the Poisson and binomial, one
can interpret ISNI directly in this manner. For continuous Y, this
interpretation is inadequate because the value of ISNI depends on
the scale of measurement. We describe below two calibration approaches that facilitate interpretation by creating a scale-free index.
The ﬁrst approach evaluates changes in estimates of θ for a
magnitude of nonignorability where a one-SD change in Y is associated with an odds ratio of e1 = 2.7 in the probability of being

nimgm(), and isnilmm().
3.1. Function interface
The isni functions share a common interface that enables speciﬁcation of the complete-data model for y, the MDM, and the data.
Function isniglm() computes ISNI for the univariate GLM:

formula is an object of model formulas — at a minimum a twosided formula that speciﬁes the complete-data model using
the variable names for the outcome yi and the predictors
xi in Eqn (4). Alternatively one can specify a two-equation
model formula that additionally speciﬁes the MDM using the
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variable name for the missingness indicator gi and the missingness predictor si in Eqn (5). Details appear in Section 3.2.
family describes the error distribution to be used in the
GLM for the outcome y in Eqn (4). The options are gaussian (the default), poisson, binomial, gamma and inverse.gaussian. The current version implements ISNI computation with the canonical link.
data names the data frame containing the model variables; the
y element must include both the non-missing and missing
observations, the latter indicated by NA.
weights is an optional vector of “prior weights” to be used
in the ﬁtting process for the complete-data model and the
MDM.
subset is an optional vector specifying a subset of observations
to be used in the ﬁtting process for the outcome model and
the MDM.
start is a starting value for the parameters in the linear predictor of the outcome model.
offset is an optional vector specifying an a priori known component in the linear predictor of the outcome GLM. It can be
NULL or a numeric vector of length equal to the number of
observations.
Function isnimgm() computes ISNI for the MMGM:

formula is an object of model formulas — at a minimum a
two-sided formula that speciﬁes the complete-data model
using the variable names for the outcome yi and the predictors xi in Eqn (7). Alternatively, one can specify a twoequation model formula that additionally speciﬁes the MDM
using the variable names for the missing status variable gij
and the missingness predictor sij in Eqn (11). Details appear
in Section 3.2.
data is as above.
cortype describes the within-subject correlation structure of i
in Eqn (7). The currently-available options are “CS” (the default), “AR1”, and “UN” for compound symmetry, autoregressive order 1, and unstructured, respectively.
id designates the level-2 clustering variable.
weights is an optional vector of frequency weights to be assigned to each id. When absent, each id is weighted equally.
subset is as above.
predprobobs is NULL if using the built-in multinomial ﬁrstorder transitional logistic model to obtain predicted probabilities of being observed; otherwise, the user can supply the
name of the variable in data that gives these probabilities.
misni is FALSE if using the default approach to computing ISNI
with a scalar nonignorability parameter, and TRUE when
computing ISNI with multiple nonignorability parameters.
Function isnilmm() computes ISNI for the LMM:

formula is an object of model formulas — at a minimum a
two-sided formula that speciﬁes the complete-data model
using the variable names for the outcome yi and the predictors xi in Eqn (8). Alternatively, one can specify a twoequation model formula that additionally speciﬁes the MDM
using the variable names for the missing status variable gij
and the missingness predictor sij in Eqn (11). Details appear
in Section 3.2.
data is as above.

random is a one-sided formula that speciﬁes the randomeffects part of the complete-data model LMM using the variables names for zi in Eqn (8). The program uses a general
positive-deﬁnite variance-covariance matrix Vb for the random effects.
id designates the level-2 clustering variable.
subset is as above.
weights is an optional vector of frequency weights to be assigned to each id. When absent, each id is weighted equally.
predprobobs NULL if using the built-in multinomial ﬁrst-order
transitional logistic model to obtain predicted probabilities
of being observed; otherwise, the user can supply the name
of the variable in data that gives these probabilities.
misni is FALSE if using the default approach to computing ISNI
with a scalar nonignorability parameter, and TRUE when
computing ISNI with multiple nonignorability parameters.
3.2. Model speciﬁcation
One speciﬁes the variables in the complete-data model and
MDM in the formula argument. The user must supply at least a
single equation for the complete-data model in the form response
∼ Xterms where response is the (numeric or factor) vector for
the outcome, and Xterms is a series of terms, separated by + operators, that specify the linear predictor. For the longitudinal setting,
both isnimgm and isnilmm by default use the utility function definemissingstatus provided in the package to generate the missingness status variables gij , and then use Xterms as the predictors
si for ﬁtting a ﬁrst-order transitional MDM in Eqn (11). With longitudinal data, it is necessary to sort observations by time within
id.
The single-equation model speciﬁcation uses the xi deﬁned for
the complete-data model as si in the MDM. To use different sets
of predictors, one speciﬁes a two-equation formula. For this purpose, the formula argument in the isni functions uses the R package Formula [28]. For isniglm, one can specify the model with response | is.na(response) ∼ Xterms | Sterms, which designates
the complete-data model as response ∼ Xterms and the MDM
under MAR as is.na(response) ∼ Sterms. For both isnimgm
and isnilmm, one can write response | miss + missprior ∼
Xterms | Sterms. This speciﬁes the outcome model as response
∼ Xterms, and gives the MDM of Eqn (11) as miss ∼ missprior
+ Sterms, where miss and missprior are the variable names in
data denoting the missingness status at the current visit and prior
visits, respectively, and Sterms is the MDM predictor si .
For isnilmm, response ∼ Xterms identiﬁes the ﬁxed-effect
part of the linear mixed-effects model for the outcome. One speciﬁes the random-effect part of the model as a one-sided formula
via the argument random.
3.3. Formatting data for an ISNI analysis
The argument data names the input data frame. The user must
observe two rules when preparing it for input: First, except for
the missingness status variables, the columns in the master dataset
should include all the variables (i.e., response and explanatory variables) in both the complete-data model and the MDM. For independent data, the missingness status variable is simply an indicator for missingness and is generated as is.na(response) inside
isniglm if not provided in the formula argument. For longitudinal data, the missingness status variable Gij can have three categories: “O” (being observed), “I” (intermittently missingness) and
“D” (dropout). Users can deﬁne and supply the missingness status
variables at the current and the prior visit as two separate columns
in data and pass them in via the formula argument to estimate a ﬁrst-order transitional MDM. isni provides a utility function
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definemissingstatus() to generate the missingness status variables for users. isnimgm and isnilmm call definemissingstatus()
to generate missingness status variables if the user does not supply them. Again, it is necessary to sort beforehand by time within
id.
Independent data. We array the data in a rectangular matrix,
with rows representing units. Fields include the main outcome of
interest with missing values denoted as NA, the predictors x for
the outcome model, the predictors s in the MDM, and optionally
the missingness indicator variable.
Longitudinal/clustered data. Here we have multiple level-1
observations (e.g., repeated measures) within a level-2 unit. The
name of the level-2 variable appears in the argument id. The
level-1 observations for the unit occupy a set of rows identiﬁed by a common value of id. Missing values are denoted
NA.
Observations with missing outcomes contribute to the sensitivity analysis through ∇ 2 Lθ ,γ1 . Thus, the master dataset must include places for all planned observations, present or missing. This
differs from a standard ignorable analysis, where often one can
simply omit the missing observations. An exception occurs in longitudinal data with dropout, because when a subject leaves the
study, the probability of observing outcomes is 0 for all subsequent
times. Thus one can omit all visits after the dropout visit from the
database.
The ﬁelds in the master dataset for longitudinal/clustered data
consist of the level-2 variable, the dependent variable y, the predictors x for the outcome model and s for the MDM, and optionally the variables for missingness status at the current and prior
visit. The order is irrelevant. Both models include an intercept by
default.
If users supply the missingness status variable in the master dataset, it should be a character or factor with permitted
values O (observed), I (intermittently missing), and D (dropout).
Because the built-in MDM employs a ﬁrst-order Markov model
that depends on the previous missingness status, users should
also supply a variable that denotes missingness status at the
prior visit; this is a character/factor variable taking values of O,
I, D, or U (for the baseline observation, which has no prior
visit).
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response variable is the students’ answer to the question “Have
you ever had sexual intercourse?”. Many declined to answer, leading to substantial missing data. We consider a simpliﬁed data set
consisting of the response variable, with the student’s sex and faculty as predictors.

This code loads isni and the data frame sos, and displays a random subsample of 10 records. sos includes the following factor
variables: sexact is the response to the question “Have you ever
had sexual intercourse?” (no [reference], yes); gender is the student’s sex (male [reference], female); faculty is the student’s faculty (medical/dental/veterinary, other [reference]).
We estimated an ignorable model predicting response from sex,
faculty and their interaction:

3.4. Handling missing values in covariates
Currently, isni assumes that predictors are fully observed and
handles missing values in the supplied x and s as follows: Observations with missing values in x are excluded, and the program notes in the R console that it has dropped observations
due to missing values in the outcome covariates. If in the remaining data there are missing values in s, to avoid further reducing the sample size the program detects and removes any s
variables that contain missing values. In the future we plan to
implement an alternative ISNI method that can incorporate observations with missing values in covariates; see the Discussion
below.
4. Examples
Next we describe some applications of the isni package.
4.1. ISNI analysis of a GLM for a cross-sectional survey
Raab and Donelly [14] analyzed a cross-sectional survey of sexual practices among students at the University of Edinburgh. The

The estimates show that students in a medical faculty were less
likely to report having had sexual intercourse; the other factors are
not statistically signiﬁcant.
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With only 62.4% responding to the sexual practice question,
there is concern that this analysis is sensitive to the assumption
of ignorability. [17] conducted an ISNI analysis, which we replicate
here with isniglm(). We posit a nonignorable selection model in
the form of Eqn (5) with the missingness predictor si including
gender, faculty and their interaction:

Because all the covariates are categorical, one can also analyze the
data using a grouped binomial regression with the weights argument in isniglm:

The isni summary function expresses the isniglm() object:

4.2. Illustration: An ISNI analysis of simulated data

The columns “MAR Est.” and “Std. Err” denote the logistic model
estimates and their standard errors under MAR; “ISNI” and “c”
denote the ISNI and c statistics. The ISNIs are equal in absolute
values to those reported in [17], but with opposite signs because
our package models the probability that an observation is missing rather than the probability that it is observed. Recall that ISNI
denotes the approximate change in the MLEs when γ 1 in the selection model is changed from 0 to 1. Under our nonignorable selection model, the assumption γ1 = 1 means that a student whose
answer is “yes” has an increase of 2.7-fold in the odds of nonresponse. Thus, subjects whose true value is “yes” are more likely
to have a missing value, and the naïve MAR estimate for (Intercept) should be less than the (Intercept) estimate under the correct nonignorable model. The positive sign of the ISNI value for
(Intercept) is consistent with this prediction. The ISNI for the faculty predictor is −0.17, indicating that if, as is more plausible
here, γ1 = 1, the MLE for the estimate should change from −0.73
to −0.90. If γ1 = −1, the estimate would change from −0.73 to
−0.56. The c statistics for (Intercept) and faculty are both less
than 1, suggesting that these coeﬃcients are sensitive to nonignorability. Raab and Donnelly also found that neither the gender nor
the gender:faculty interaction term should be sensitive, as our
ﬁndings conﬁrm.
In the above we do not explicitly specify an MDM. One can
generate an identical analysis with the two-equation model formula sexact | is.na(sexact) ∼ gender∗ faculty | gender∗ faculty,
which uses the operator | to separately specify variables used in
the complete-data model and the MDM:

Here we illustrate ISNI analysis using simulated data with
known MDMs. Speciﬁcally, we generated one complete data set
with a sample size of 10,0 0 0 under the logistic model logit(Pr[Y =
1|x] ) = β0 + β1 x with β0 = 1, β1 = −0.7. The covariate x was generated as Bernoulli with probability 0.5. The MDM was the logistic regression logit(Pr[G = 1|y] ) = γ00 + γ01 x + γ1 y. We simulated
one missingness pattern under each of the four parameter settings
γ = (γ00 , γ01 , γ1 ) = (−2, −0.5, −1 ), (−2, −0.5, 0 ), (1.2, −0.5, −1 ),
and (1.2, −0.5, 0 ). The datasets had amounts of missingness ranging from 5% to 70%. We applied the isniglm() to each simulated
dataset; results appear in Table 1.
The columns “Est” and “SE” denote the outcome logistic model
estimate for β 0 or β 1 (as listed under “θ ”) and its standard error under MAR; “%[G = 1]”, “ISNI”, and “c” denote the missing proportion, ISNI, and c statistic, respectively. One can use ISNI∗ γ 1 to
approximate the change in the estimate under the posited value
of γ 1 . For example, using the true value γ1 = −1 from Dataset
C, the estimate of β 0 changes to Est +ISNI × γ1 = 1.651 + 0.607 ×
(−1 ) = 1.044, which is close to the true value of 1.0; the estimate of β 1 changes to −0.782 + (−.081 ) × (−1 ) = −0.701, which
is close to the true value of −0.7. Within each dataset, the estimates of β 0 and β 1 can have quite different ISNI and c values, suggesting that the missing proportion alone is insuﬃcient
to capture the individual sensitivity of different model parameters.
The four datasets are sorted by missing proportion from low to
high. We observe that for both β 0 and β 1 , the absolute ISNI value
increases and c value decreases as the fraction of data missing
increases.
4.3. ISNI analysis of an MMGM for longitudinal data
Ma et al. [11] analyzed data from a randomized trial comparing ﬂutamide with a placebo in the treatment of prostate cancer. A sub-study collected QoL outcomes at baseline and 1, 3, and
6 months after randomization. We focus here on the emotional
functioning (EF) scale outcome. Below is a sample of the data set
qolef.
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Table 1
ISNI Analysis Using Simulated Data From a Logistic Regression: logit(Pr(Y = 1 )) = β0 + β1 x
with β0 = 1 and β1 = −0.7.
Data

γ 00

γ 01

γ1

%[G = 1]

θ

Est

SE

ISNI

c

A

−2.0

−0.5

−1

6.0

B

−2.0

−0.5

0

9.6

C

1.2

−0.5

−1

56.7

D

1.2

−0.5

0

72.2

β0
β1
β0
β1
β0
β1
β0
β1

1.089
−0.754
0.986
−0.740
1.651
−0.782
1.028
−0.756

0.074
0.092
0.034
0.045
0.140
0.162
0.071
0.088

0.068
−0.017
0.117
−0.044
0.607
−0.081
0.773
−0.102

1.090
5.375
0.287
1.011
0.230
2.007
0.092
0.865

Table 2
Summary Statistics in the Prostate Cancer QoL Dataset.

Table 3
Missing Patterns in the Prostate Cancer QoL Dataset.

Placebo (n = 367)

Flutamide (n = 370)

Month

Mean (SD)

n observed (%)

Mean (SD)

n observed (%)

EF0

EF1

EF2

0
1
3
6

8.31
8.76
8.83
8.76

352 (96)
315 (86)
301 (82)
274 (75)

8.28
8.54
8.57
8.43

363 (98)
325 (88)
313 (85)
291 (79)

P
P
P
P
P
P
P
P

P
P
P
A
P
A
A
A

P
P
A
A
A
P
P
A

(1.50)
(1.22)
(1.26)
(1.20)

(1.46)
(1.23)
(1.20)
(1.37)

Placebo (n = 352)

Flutamide (n = 363)

EF3

Freq

Percent

Freq

Percent

P
A
A
A
P
P
A
P

239
38
19
20
13
11
7
5

67.8
10.8
5.4
5.6
3.7
3.1
2.0
1.4

258
37
14
22
13
15
1
3

71.1
10.2
3.8
6.1
3.6
4.1
0.3
0.8

Note: “P” indicates presence in the visit and “A” indicates absence in the visit.

Gaussian model, using function isnimgm(). We take the predictor
vector to be
xi = (Intercept, perf, sever,
T1.0(pb), T3.0(pb), T6.0(pb),
T0(ﬂ) − T0(pb), T1.0(ﬂ) − T1.0(pb), T3.0(ﬂ) − T3.0(pb), T6.0(ﬂ) − T6.0(pb) )i .

The variables in qolef are as follows:
id — patient id
y — EF score
time — time in months since randomization
group — placebo (0) or ﬂutamide (1)
perf — baseline performance score
sever — baseline disease severity
yp — most recently observed prior outcome
g
—
missingness
status
(O=observed,
D=dropout,
I=intermittently missing)
gp — missingness status in the prior visit (as above, plus
U=undeﬁned)
basey — EF at baseline
We seek to evaluate the drug effect on EF over time. The original EF is on a scale of 0 (worst) to 100 (best); as in [11], we
transform to the square-root scale. Table 2 presents the mean and
SD of transformed EF and the fraction observed, by treatment
arm and visit. We see that missingness percentages are comparable between arms but increase over time, with almost a quarter of the subjects missing by the ﬁnal visit. Our analysis excludes
a small number of patients ( ≈ 3%) whose EF data were missing
at baseline. Table 3 presents missing data patterns for the longitudinal EF outcomes (omitting subjects with missing baseline)
and shows that there are both dropouts and intermittently missing
items.
[23] presents an ISNI analysis of the impact of nonignorable
nonmonotone missingness on the MAR estimates for this dataset.
Here we conduct an ISNI analysis for the marginal multivariate

The two predictors “perf” and “sever” are baseline covariates.
The predictor T0(a) is an indicator for the baseline observation
in arm a. The predictors Tt.0(a) are contrasts of time t vs. baseline in arm a, t = 1, 3, 6. Thus the third line of predictors gives
contrasts of these contrasts between arms. One can specify the
complete-data model as y ∼ perf + sever + as.factor(time) +
group + as.factor(time):group. To evaluate the robustness of the
MAR analysis to nonignorable missingness, we assume the ﬁrstorder transitional model of Eqn (11), where the missingness status
variables at the current visit and at the prior visit are g and gp in
qolef, respectively; the missingness predictor si is as.factor(time)
∗ group + yp + perf + sever; and yp is the most recently observed
outcome prior to the current visit. We apply isnimgm() to perform
the ISNI analysis:
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We summarize the results as follows:
By default, isnimgm() uses the compound symmetry correlation structure in the outcome model of Eqn (7). One can specify
alternative correlation structures via the argument cortype. The
current implementation permits two other correlation models: AR1
and unstructured. The code below illustrates the use of this optional argument.

isnimgm() estimates the MAR model using gls() in R package nlme. The ignorable analysis suggests that, after adjustment for baseline performance and severity, placebo gives statistically signiﬁcantly better EF at all three follow-up visits (estimates for as.factor(time)1:group, as.factor(time)3:group, and
as.factor(time)6:group are signiﬁcant and negative).
“ISNI” values quantify the potential change from the MAR estimates with γ1 = 1. The scale-independent c statistics suggest that
the time effect estimates as.factor(time)1, as.factor(time)3,
and as.factor(time)6 are sensitive to nonignorability. The
treatment contrasts at follow-up — as.factor(time)1:group,
as.factor(time)3:group, and as.factor(time)6:group — are
insensitive, with c > 1.
One can designate the model formula without identifying the
missingness variable. In this case, users should ﬁrst sort data by
time within id:

To posit an MDM other than that of Eqn (11), one can supply
predicted probabilities of being observed under the desired model
through the optional argument predprobobs. The R code below
uses function tmdm() to obtain the predicted probabilities of being observed for all observations and passes them in as the vector predprobobs. isnimgm() then refrains from ﬁtting the default ﬁrst-order MDM and instead uses predprobobs to evaluate
ISNI:

Our results suggest that the choice of correlation model has little impact on either the MAR parameter estimates or the sensitivity to nonignorability.
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The QoL dataset had both intermittent missingness ( ≈ 10%) and
dropout ( ≈ 20%). In some applications, the missingness can be of
only one type or the other, and thus the MDM reduces to a special
case of the more general multinomial transitional model used in
our package. To demonstrate the use of isnimgm() in these situations, we conduct ISNI analysis on two subsamples of QoL datasets;
the ﬁrst contains only complete observations and dropouts, and
the second contains only complete observations and those with intermittent missingness.

In

the

ﬁrst-order
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transitional

MDM,

ISNI=

(ISNIγ 10 , ISNIγ 20 , ISNIγ 11 ) (Eqn (13)) is a sensitivity vector whose
1

1

1

components approximate the change in the estimate when the
corresponding element in γ 1 is perturbed from 0 to 1. The
above ISNI analysis provides parsimonious measures that combine
these three elements to quantify sensitivity to both nonignorable
dropout and intermittent missingness. The program outputs the
sensitivity vector as a component called “isnivec” for the object
“isnimgm” (and also the object “isnilmm” described in the next
subsection), which allows one to assess sensitivity by missingness
types as follows:

The column names “ISNI_IO”, “ISNI_DO” and “ISNI_II” represent
sensitivity associated with nonignorability parameter γ110 , γ120 , γ111 ,
respectively. Thus they indicate sensitivity caused by missingness
conﬁguration “IO“, “DO” and “II”, respectively with the ﬁrst and
second letter inside each quote denoting the missingness types (O
(observed), I (intermittently missing), and D (dropout)) in the current and prior visits, respectively. One can also assess the total
sensitivity to intermittent missingness by combining “ISNI_IO” and
“ISNI_II”.
4.4. ISNI analysis of an LMM for longitudinal data

ISNIs
from
both
summary(qolefD.isni) and summary(qolefI.isni) are generally smaller than those from the
original dataset as shown in summary(qolef.isni). This is ex-

Finally, we illustrate the LMM analysis using the QoL data. We
ﬁrst consider a random intercept model with the output below.
This model is equivalent to the marginal multivariate model with
compound symmetry correlation structure illustrated above. Consequently they produce similar MAR and ISNI results.

pected, because sensitivity increases with the proportion of
missingness in a dataset.
Finally, we illustrate the computation of MISNI. As compared
with summary(qolef.isni), which considers a scalar γ 1 , MISNI
shows a slight increase in sensitivity:

We next consider a model with random effects for both intercept and time slope. The ISNI analysis shows that the time estimate has c < 1, suggesting sensitivity to nonignorable missingness. It also shows that the time:group estimate for measuring the

218

H. Xie et al. / Computer Methods and Programs in Biomedicine 164 (2018) 207–220

treatment group differences over time has c > 1, suggesting that
sensitivity to nonignorability is not of concern for this estimate.
These results echo our ﬁndings under the MMGM.

4.5. Hardware and software speciﬁcations
isni is written in R, and can be used under Windows, Linux and
Macintosh. As a requirement to pass the R CRAN submission tests,
for no individual example in the package does the ISNI computation time exceed 5 seconds.
4.6. Mode of availability
isni is freely available at the R CRAN repository (https://CRAN.
R-project.org/package=isni) and can be installed as an add-on
within the R console.
5. Discussion
There is a pressing need for statistical software for analysis of
sensitivity to departures from the assumption of ignorable missingness. Our new R package isni implements such computations
in three common settings: The GLM for univariate data and the
MMGM and LMM for longitudinal/clustered data. Our next planned
version will cover the generalized linear mixed model [20]. Other
potential extensions are to ISNI analysis under the general coarsedata model [6,10,29–31] and to Bayesian versions of ISNI [21,31].
We emphasize that ISNI is a measure of local sensitivity, in that
it quantiﬁes the extent to which MLEs should change to reﬂect
small departures from MAR. It is not intended to detect or estimate nonignorability; rather, it alerts the user to situations where,
should nonignorability exist, estimates under an MAR model are
unreliable.
ISNI is an increasing function of the fraction of missing observations, the predicted probabilities of being observed for the missing
observations, and the inﬂuence of the missing observations on estimates. The most readily apparent component of sensitivity is the
the fraction of missingness; indeed, in the estimation of a univariate normal mean, ISNI is proportional to the fraction of missing observations [17]. The positioning of missing information in the data
set also affects the value of ISNI. For example, holding the number
of missing observations ﬁxed, ISNI for a slope is large if the missing data are concentrated among high-inﬂuence points, but small if
they are concentrated among low-inﬂuence points; see [17]. Note
also that ISNI = 0, and thus c = ∞, whenever there are no missing observations, regardless of ignorability of the underlying true
MDM.

In practice, the most effective measure one can take to reduce
sensitivity is to avoid missing observations. Failing that, the next
best thing is to prospectively gather robust information on the
causes of missingness, which can then inform judgments on the
plausible degree of nonignorability in the data.
As with regression inﬂuence diagnostics [1], ISNI is concerned
only with the data at hand — deﬁned here as (yobs , g) — and not
with other data sets that might have been gathered but were not.
From this perspective, the sampling distribution of ISNI is irrelevant. Again, consider the case of a univariate normal mean, where
ISNI is proportional to the fraction of missing observations. Clearly,
it matters not that this proportion may have been higher or lower;
for the analysis at hand, it only matters what the proportion is.
When ISNI identiﬁes an estimate as sensitive to nonignorability,
the investigator typically has only two choices: Flag the MAR analysis as unreliable, or conduct a speculative nonignorable analysis.
When further data collection is possible, one may have the additional option of taking a refreshment sample [7], which can shed
light on the MDM and inform a more robust nonignorable modeling exercise. In such a situation, ISNI can be useful in identifying
targets for additional data collection. For example, an ISNI analysis of US young adult smoking data [26] revealed that the impact
of nonignorable missingness was largest in black males, suggesting
the need for more persistent efforts to acquire data in that group.
One cannot always distinguish intermittent missing data from
true dropout on the basis of the missingness pattern alone. For example, a missing observation at only the ﬁnal visit could represent dropout (abandoning the study) or intermittent missing data
(skipping a single visit). Accurate analysis thus depends not just
on specifying a suitably ﬂexible MDM, but on correctly gleaning
the reasons for missed visits. Ideally, one would obtain such data
directly from the subjects; if this is not possible, one can compute
the range of ISNIs for possible combinations of missingness types
[23].
Our use of a logistic model for fγ (g|y) raises the concern that
ISNI itself may be sensitive to untestable assumptions about the
MDM. Although investigations to date have suggested that results
are, as a practical matter, insensitive to the link function and the
form of the linear predictor [25–27], robustness is not inﬁnite.
Therefore it may be desirable to extend the package to incorporate generalizations of the basic MDM [25,27]. We caution, however, that this is not simply a matter of model ﬁt; the interpretation of the logistic γ 1 as a log odds ratio at every level of y greatly
simpliﬁes the conceptualization of a sensitivity analysis.
Another limitation of our package is that it allows missing data
in the outcome only, and therefore it uses an ad hoc approach to
repairing the data for analysis when there is missingness in the
predictors. The method of [5], which addresses this problem to
some extent, has not yet been implemented in a distribution package. With many observational data sets, a variable may be an “outcome” in one study and a “covariate” in another, depending on the
context and objectives. Thus it is desirable to have methods that
can assess sensitivity in a principled way regardless of the conﬁguration of missing items. A general solution is to construct a comprehensive model for all the random variables, and to conduct an
ISNI analysis for the parameters of the conditional distribution of
the “outcomes” given the “predictors”.
There are various other approaches to the analysis of sensitivity to nonignorability. [19] proposed a model that generates
individual-level inﬂuence diagnostics. Recently, [12] proposed an
approach that uses imputations from pattern-mixture models to
assess how strong departures from MAR must be in order to affect primary conclusions. Although these approaches differ from
ours in form and concept, they could be valuable components of
a comprehensive sensitivity analysis package.
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The ISNI approach is consistent with recent recommendations
for handling missing data in that it involves reporting the MAR inference together with analyses that assess the impact of alternative
MDM assumptions. In this spirit, we intend that the availability of
our software will make such analyses a routine part of statistical
practice.
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Appendix B. Derivation of ∇ 2 Lθ ,γ1
To derive the likelihood of the nonignorable selection model
for longitudinal data, adopt the notation of Yi = (Yiobs , Yimis ), where
Yiobs refers to the components of Yi that are observed, and Yimis
refers to the components of Yi that are missing. Let Ki be the
length of Y obs . If subject i completed all the intended visits of the
i
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study, then Ki = ni , and Yimis vanishes; otherwise, Ki < ni . Let L be
the correct loglikelihood for (θ , γ 0 , γ 1 ) under the nonignorable
selection model speciﬁed in Sections 2.2.1 and 2.2.2. Then

L (θ ,

γ0 , γ1 )


N
=
Li θ , γ0 , γ1 ; yobs
, gi
i

Appendix A. Derivation of ISNI
For ﬁxed γ 1 , the conditional maximum likelihood estimates
θˆ (γ1 ) and γˆ0 (γ1 ) satisfy

i=1
N

∂ L(θˆ (γ1 ), γˆ0 (γ1 ), γ1 )
= 0,
∂ (θ T , γ0T )T

=

where L(θ , γ 0 , γ 1 ) is the loglikelihood for the selection model
(Eqn 1). Differentiating both sides with respect to γ 1 and noting
that θˆ (γ1 ), and γˆ0 (γ1 ) are implicit functions of γ 1 , we have

=
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∇ 2 Lθ ,γ0 = 0, and thus the ISNI for θˆ , the parameter estimates of
primary interest, is
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tion of the outcome model deﬁned above; fγ gi j |si j , yi j , gi, j−1 is
the probability mass function of the missing-data model deﬁned
in Eqn (12), and if the general transitional
model as speciﬁed in

Eqn (9) is used for modeling Gij , fγ gi j |si j , yi j , gi, j−1 is then replaced with fγ (gij |sij , yij , gi(j) ). We intend the integral sign to refer
to summation with discrete outcomes.
The components of ymis
after dropout do not enter the integral
i
in Eqn (17), because these outcomes are deterministically missing. Thus, the dimensionality of the integration for the ith unit is
di = j I (gi j = 1 ) + I(any of gij is 2). Henceforth, the notation ymis
i
includes only the intermittent missing outcomes and the outcome
at the time of dropout. With nonignorable missingness, the integral
with respect to ymis
does not have a closed form, and we require a
i
numerical method for its evaluation. The computational workload
for such integration increases exponentially with the number of intermittent missing outcomes, rendering the evaluation of L diﬃcult
with even moderate intermittent missingness.
To
derive
∇ 2 Lθ ,γ1 ,
we
note
that
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2
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In our local sensitivity analysis, the primary interest is to investigate sensitivity around the MAR model, i.e., γ1 = 0. This local
sensitivity can be captured by the derivatives at this point. In particular, we deﬁne the ﬁrst derivative evaluated at γ1 = 0 as ISNI
and

where
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If the lth component of ymis
corresponds to the jth element of
i
yi , the lth element of A10
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i
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Appendix C. Derivation of
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where xi,O and xi,M are the predictor matrices for Yiobs and Yimis ,
respectively, and
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C.2 LMM. One can rewrite the model of Eqn (8) as a marginal
multivariate normal model with i = i + ZiVb ZiT . Then we apply
the above result to obtain

∂ i ∂ i
∂V
=
+ Zi b ZiT .
∂θ2
∂θ2
∂θ2
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