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PARTIALLY IDENTIFIED MODELS
(Econometrica, Vol. 80, No. 2, March 2012, 755-782)

BY HYUNGSIK ROGER MOON AND FRANK SCHORFHEIDE

THIS SUPPLEMENT contains proofs and derivations for results presented in the
main paper. The notation used in the supplement is defined in the main paper.

A. PROOFS

This section contains proofs for Theorems 1(ii) and 2 as well as Corollary 1.
The proof of Theorem 1 requires Lemma A.1, which is stated below.

PROOF OF THEOREM 1(ii): Since the L, distance satisfies the triangle in-
equality

[Pt = P3| < 1Ph = Pl + [Pl ye = PS,

it suffices to show that ||P}, ., — Pgn I =0
Hpﬁ’,Y" - Pgn ”
< [ 1P ey, = Po1ANO. D
< [ 108, = dull <011 d,— bu-+7,D;'s] <)
Rm
[P} ey, = P [ AN, D)(5) +21{l1 b, — doll = 8)
+ 2/ | dn— do+J,72D;'s| = 8} AN (0, I)(s)
]Rm
< / M (o, 8)|7;72D;"s| AN (0, 1)(s) + 21 {l|d,, — oll > 8}
Rm
+20{|| b — ol = 8/2)
+2/ H|J;'2D;'s| = 8/2} AN (0, I)(s)
]Rm
< M (o, & |7, 1D;" / Isll AN (0, 1)(5) + 0, (1) —> 0.
]Rm

For the second inequality, we bound the L, distance ||Pg L T Pg | by
2 if either ¢, or ¢, +J 12D 15 lies outside of the Ns(¢y) neighborhood. For
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2 H. R. MOON AND E. SCHORFHEIDE

the third inequality, we use the Lipschitz bound of Assumption 2 and the in-
equality I{||x + y| > 8} < I{||x|| > 8/2} + I{|ly|| = §/2}. The last line follows
from Assumption 1 that ¢, converges in probability to ¢y, |D,|| 1+ oo, and

J T2 =0,(1). A similar argument can be used to establish the convergence of
Py, to P} . Q.E.D.

The following lemma is needed for the subsequent proof of Theorem 2. To

simplify the notation, let py(8) = p(6|Y") and p,(0) = p(6|¢,). Similarly, we
abbreviate the thresholds ky» and k,, by ky and k.

LEMMA A.1: Suppose that [|py(0) — po(6)|d6 = 0,(1) and [I{po(6) =
Ko} po(0)dO =0, where ky < 00. Then

[ 10v(6) = ko) = 11pu(6) = a1 py(0)d6 = 0,1
PROOF: This lemma is used to prove Theorem 2. Write
[ 10v(6) = k) = 11pu(6) = allpy (0 d
= [ 10619(6) = 0. u(6) < kil pr(0) 8
+ [ 1061p1(8) < 0. u(6) = kil pr(0) d8

=/ py(e)d0+/ py(8)do = 1)+ (1I),
0c Ay,

6eBy,

say. We subsequently construct o,(1) bounds for terms (I) and (II).
Bound for (I): We deduce from the L; convergence assumption of py(6) to
Ppo(0) that

(I)=/ py(e)dev:/ Po(8)d0 +0,(1) = (Ia) + 0,(1).
0c Ay, O Ay,

Thus, it suffices to construct an o0,(1) bound for (Ia). Define the function

[#(8) = py(0) — po(0)
and notice that f,(6) > 0 for 6 € A,. With this definition,

(A1) fn(O)Po(e)d9=/ |py(0) — po(0)| po(6) d6
An An

< Ko/ () = po(8)]dB = 0,(1).
An
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The inequality follows from p,(0) < k, on the set 4,. The 0,(1) statement is a
consequence of the assumptions that py () converges to p,(0) in L; and that
Ko Is finite.

Now notice that
(A2) I{eeA,}=I{I{6< A,}f.,(0)>0}.

If 6 € A, then f,(0) > 0, which means that I{0 € 4,}f,(6) > 0. Moreover, for
any 1 > 0, we obtain the inequality

(A3) UG ANf(0) > 1) < %1{0 € A,1f,(0).
Thus,
(1) = [ 11110 € A)1.(0) = 0)pu(0) o
< [ 11116 € 4,)1,6) > ) pu(6) a6

1
_/I{I{HEAn}fn(e)>n}p0(0)d0+;/ fa(0)po(0) do
An

1
= /1{0 <I{6 € A,}f,(6) =m}po(6)do + E/ Ja(8) po(0) d6
An
= (Ib) + (Ic),
say. The first equality follows from (A.2). The inequality is a consequence

of (A.3).
To bound (Ib) notice that

I{0 < I{6 € A,}f,(0) < m} < I{kg— 1 =< po(0) < ko + 1}.

For the indicator function on the left-hand side to be 1, it has to be the case
that 6 € A, and f,(0) < n. On the set 4,, py(0) > ko, which leads to

Ko < py(0) = po(0) + £,(0) < po(0) + 7,
that is,
Ko — M < po(0).

Moreover, py(6) < ko < ko + m and, therefore, the following inequality is sat-
isfied:

Ko— 1N =< po(0) < ko + 7.
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Thus,
(Ib) < /I{Ko < po(6) < Ko+ 1) po() 6.

Based on the dominated convergence theorem and the assumption [ I{p,(0) =
Ko} po(0) = 0, we deduce that

(A4) nlii)n()/I{Ko — N =< po(0) < ko+m}po(0)do

_ / T{po(8) = o} po(6) = 0.

Notice that our bound for (Ib) is deterministic.

To establish that (Ia) —5 0, it suffices to show that for every ¢ > 0and 6 > 0,
there exists an N (g, 6) such that for n > N (e, 8),

P{(la) > &} < P{(Ib) > &/2} + P{(Ic) > £/2} < &.

Based on (A.4), we can find an n(&) > 0 such that P{(Ib) > ¢/2} = 0. To obtain
a bound for (Ic), define Z, = [ 1, J2(8) po(0) d6 such that (Ie) = Z,,/n. Accord-
ing to (A.1), Z, = 0,(1). Thus, we can find an N (&, 8) such that

P{|Zn|>n<e>§} <5

whenever n > N (g, §), which shows that (Ia) = 0,(1).
Bound for (11): This bound can be obtained following the same steps. Change
the definition of f,(6) to
J2(0) = po(0) — py(6).
Using this definition, we obtain that

fa(0)py(0)do = / (Po(0) — py(0)) py(0)do

0cBy, 0eBy

< Ko/ |po(0) — py(0)|d0=0,(1)
0eB;,

because on the set B,, the density py(0) is bounded by «,. Now consider
= [ proras
By

= /1{1{0 € B,}f,(0) >0} py(0)do
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< / {16 € B,}f,(6) > 0} py(6) O
- / ({0 € B,}f,(6) > m} py (6) d6
1
+—/ £,(0) py(8) d6
N JB,
_ / {0 < I{0 € B} f,(0) < 1} po(0) 6

1
+—/ f(0)py(0)do+0,(1)
M JB,

= (IIb) 4+ (IIc) + 0, (1).

In the last line, we used the L; convergence to replace py(6) by p(6) in the
definition of term (IIb) which introduces an additional 0,(1) term.
To bound (IIb) notice that

IO < I{0 € B,} f,(0) = m} < I{xg — m < pu(6) < ko + }.

For the indicator function on the left-hand side to be 1, it has to be the case
that 0 € B, and f,(6) < 7. On the set B,, py(0) < ko, which leads to

Ko > py(0) = po(0) — f,(0) = po(0) — 7,
that is,
Ko+ m = po(6).

Moreover, po(0) > ko > ko — 1 and, therefore, the following inequality is sat-
isfied:

Ko— 1N =< po(0) < ko + 7.
Thus,

(IIb) < /I{Ko < po(6) < ko + 1) po(6) d.

Dominated convergence implies that the bound converges to 0 as n —> 0. The
remaining steps needed to establish that (II) = 0,,(1) are identical to the steps
followed for term (I). Q.E.D.

PROOF OF THEOREM 2: Throughout the proof, we express the symmetric
difference between two sets in terms of indicator functions: A © B = |I{x €
A} — I{x € B}|.
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Part (i). To simplify the notation let py(0) = p(0]Y") and py(0) = p(6|¢o).
Similarly, we abbreviate the thresholds «y» and kg, by ky and ;. Write

/ (py(6) = Ky} — I{po(8) = Ko} py (6)
=/|I{PY(9)ZKy}—I{PY(9)ZKo}|PY(9)d9

+/ {py(0) > ko} — I{po(0) > Ko}l py(6) dO
= (1) + (),

say. In view of our assumptions, Lemma A.1 provides an o0,(1) bound for
term (II). Now consider term (I). Since, by construction,

/1{py(0) > kylpy(0)do=1-r,

we can write term (I) as
= [ 1py(0) = mintsa, w11 pr(0)do
~ [ 11pv(0) = maxti. k) pr(0) d0
Ik > Ky}[a == [1pvo) = Ko}pyw)da]
Ik < KY}[fI{pr) > o) pr (6)d6 — (1 - 7>]

_ ‘/I{pyw) > ko) pr () dO— (1= 1)

To show that I = 0,(1), we add and subtract [ I{py(6) > ko}py(6)d6 and,
using the triangle inequality,

@M= ‘/1{py(9) > Ko} py(0)do — /1{po(0) > Ko}Py(G)dG‘

+ ’/I{Pow) > Ko} py(0)do — (1 —1)

= VHPy(G) > Ko} py(0)do — /1{170(0) > Ko}py(ﬁ)dﬁ‘
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+ ‘/I{Po(e) > Ko} py(0)do — /I{Po(e) > Ko} po(60)d6
< /}I{py(e) > ko) — I{po(8) = o) | pr () d6

+/1{P0(9) > Ko} Py () — po(0)]dO = 0,(1).

The first equality holds because [ I{py(6) > ko}po(0)d6 =1 — 7. The final
0,(1) result follows from Lemma A.1 and the L, convergence of the posterior
densities established in Theorem 1.

Part (ii). The triangle inequality implies that

125, = Po,| < 1Py =P ||+ [ Py = P3| =0

n

by Theorem 1(ii). Let p,(6) = p(6|q,7>n) and k, = k;, . Then using the same
argument as for part (i), replacing py(6) by p,(6) and ky by k,, we can easily
establish that

(A.5) /|1{9 € CS%on (b)) — I{0 € CStipp (d0)}| dPL, — 0.

Now consider the inequality
(A.6) |I{6e A} —1{6 € B}
<|I{6 e A} —I{60 € C}| + |I{0 e B} — I{0 € C}|
= (I) + (II).

If the left-hand side of (A.6) is 0, then the inequality is trivially satisfied. The
left-hand side of (A.6)is 1if 6 € A and 0 ¢ Borif 6 ¢ A and 6 € B. Since the
statement of the inequality is symmetric in 4 and B, we focus on the first case.
Ifoe A,0¢B,andfeC,then(I)=|1—-1|=0and (II)=10—-1|=1.1f 6 € A4,
0 ¢ B,and 6 ¢ C, then (I)=|1— 0] =1 and (II) = |0 + 0] = 0. We deduce that
whenever the left-hand side of (A.6) is equal to 1, the right-hand side is equal
to 1 as well, which confirms the inequality.
Now let

A=CS}pp(Y"), B=CSlup(d.), and C=CSlpp (o).
Integrating both sides of (A.6) yields

f|]{0€ A} —I{6 € B}|py(6)d6

s/u{eeA}—I{eecan(e)de
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+/|I{96B}—I{0€C}Ipy(9)d9

=0,(1).
The 0,(1) statement follows from part (i) and (A.5). Q.E.D.

PROOF OF COROLLARY 1: Recall that @(¢,) C CSE(Y™) and CSfpp, (Y") C
O. Part (i) follows from the inequalities

Py, (CSippp(Y") \ CSL(Y™))
< Py, (0\ 0(d,))
=1-P}.(0($,)
<1— P} (O($) +|P] (O() — PL.(O($,))|
0.
The probability limit is obtained from Pgn (@(,)) =1 and Theorem 1(ii).
Part (ii) can be deduced from the inequalities

P}, (CSE(Y") \ CSpipp(Y™)
> P} (O(ch,) \ CSpipp(Y")
> PJ.(O($4)) = PYu(CSpp(Y™)
> P (O($1)) = Pya(CSpipn(Y") = [P (O(,)) = PY (O(,))]
S1-(-7)=1.
The probability limit is obtained from Pgn (O(d))=1,P 0 (CStpp (Y) =1 —
7, and Theorem 1(ii). Q.E.D.

B. DERIVATIONS OF RESULTS

This section contains derivations for Section 2 and for Remark 2 in Section 3,
as well as detailed derivations for the entry game illustration in Section 4.

Derivations for Section 2

Direct calculation of the posterior density of 6:

p(O]Y™) = #/w Te<o< </>+A}exp{—f<¢ _ <Z>n>2} d¢
\/277/11 —oo)\ - 2
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1 1 N 2
=—— expy ——= ¢ ds
A2 /ﬁ(ﬂ—&n—A) p{ 2 }
1 A .
= S [@x (V0 = b)) = Du V(0 = b, = A))].
The second equality follows from rearranging the inequalities in the indicator
function and the change of variables s = /n(¢ — ¢,,). It is straightforward to

verify that p(6|Y") has a single mode at 6 = ¢, + A/2 and is symmetric around
the mode.

Derivations for Section 3
DIRECT CALCULATIONS TO VERIFY EQUATION (18): We begin with the
change of variable s = J'2D,(6 — ¢, + §), which leads to

p61Y") = py(6]Y")

1 0—¢,—J 2D 's
FyfS S

0
= /\in|fi/2D,,| FN9)en (12D,(6 — by, +5)) d5.

S=—A\p

The second equality makes use of the assumption that f(x) = 0 outside of the
unit interval. The L, distance can be bounded as

(B.1) / |pn(81Y") — |J12D,|@n (JY2D, (6 — ¢.))| d6
0

71,2 ’ l ale
= |/\/?D,| A
01Js=—A, 'n

x [en(J2D, (0 — d, +3)) — @n(J2D,(0 — $,))] d5|d6

0
<o [ [Lrea
S=—Ap 40 'n
X |on (T2D, (0 — by +35)) — on (2D, (0 — )| dO d5

0
5/ if(—An]E)[‘QDN((§+f;/2D,,§)—@N(é)]dédi.
§ 0

s=—Ay \n
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The first equality follows because fol f(x)dx=1and <pN(fi/2D,,(0 — ¢,)) does
not depend on 5. The last inequality is based on the change of variables 6 =
J2D, (6 — ¢.,).

Now consider the difference o (6 + k) — @n(8) for —h<h<0. By direct
calculation, we obtain

- - 1 - -
len(0+h) — en(0)] = ‘(277)”26XP{—§(9+h)2} - @N(H)‘

on(0).

1 -
exp{—§(20h + hz)} -1

A first-order Taylor series expansion around / = 0 yields
- 2
exp{—§(26h +h )} -1
= —(8+ h.(6)) exp{—0h.(6)} exp{—h()/2}h,
where —/ < h,(6) <0. Thus, on the interval —4 < h < 0, we obtain the bound

(B.2) on(0)

exp{—%@éh + hz)} —1

< (161 + h) exp{—6h1{6 < O} (D).

Replacing /1 by J 12D, A, in (B.2) and combining (B.1) with (B.2) leads to
/9 | pn(O1Y") = 72D, o (/2 D,(0 — b)) | d

<7D, / (181 +7D,A,)
1]

x exp{—07}/2D, 0,118 < 0} }on (B) dB
=o0,(1).

The 0,(1) statement follows because D, A, — 0, and we can find a finite con-
stant M and an N, such that for n > Ny,

/(|é| +J12D,\,) exp{—672D, A, 110 < 0}}on(8) dO < M
]

with probability approaching 1.
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Derivations for Section 4
The probabilities that firm i is profitable as a monopolist and a duopolist are
(B.3) m; :(I)N(ﬁl) and di:(DN(Bi — 'yl)

The relationship between the reduced-form entry probabilities, and m; and d,,
i=1,2,1is given by

(B4)  du=dd,,

(B5)  dw=010-m)(1—-my),

(B.6) 10 =mi(1 —my) +di(my — do) + (my — d1)(my — dy)
=mi(1—dy) — (1 —¢)(my —di)(my — d>),

where ¢ € [0, 1]. The vector of nonredundant reduced-form parameters is
given by ¢ = [¢11, oo, P10l and the structural parameters are 0 = [B1, i,
B2, v2]'. In addition, there is an auxiliary parameter .

Identified Set

We now provide a characterization of the identified set @(¢). Define

B7) G(a’a)z[Gl(())]_[Ole}7

G2(0) o
where
. dyd, . B
Gi(0) = |:(1 —m)( — mz)j| , G0 =mi(1—d,),
and

a=1—=y¢)(m —d)(m, —d,).
Moreover, let
(B8)  a(0)=(m—d\)(my—d>)
and

(B9 Q(8:¢)= min ¢ —G(6,a).

Notice that by construction, Q(6; ¢) > 0. In view of (B.4) to (B.6) and (B.7), it
is straightforward to verify that the identified set can be characterized as

0 O(¢p) ifandonlyif Q(0; p)=0.
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Suppose we partition 6 into 6 = [6], 6,]'. Equations (B.4) and (B.5) imply that
conditional on ¢ and 6, the subvector 6, is uniquely determined. Thus, the
dimension of the identified set @(¢) is 2. Since the entry game is symmetric
with respect to firm 1 and firm 2, our illustration focuses on inference for 6. We
denote the identified set for this subvector by @, (¢) and it can be characterized
by the projection

0:(¢) = {0,130, s.t. O(16;, 651" ) =0}.

Frequentist Inference

The starting point of the frequentist inference is a large-sample approxima-
tion of the sampling distribution of ¢,, defined as

B10) §,=[0, 10 0],

n n
where ny; is the number of markets with a duopoly, ny is the number of mar-

kets without entry, and n,, is the number of markets with a firm 1 monopoly.
We assume that

(B.11)  V/n(d, — )= N(0, A(¢))
uniformly in ¢, where A(¢) can be consistently estimated by A. Now define

(B.12)  Q.(6;4,) = min nllg, — G0, )]l

We construct a confidence set for 6 as a level set of Q,(6; qAS,I). To do so, we
examine the samphng distribution of Q,,(6; qﬁ,,) for 0 € O(¢).

We partition qbn into qb 1., and ¢>2 1, Where the partitions conform with G4(0)
and G,(60). Moreover, define

Hy(0) = d1,, — Gi(0), Hy(0) = s, — Ga(0),
and partition A accordingly. In addition, let
1:12‘11(9) = 1:12(9) - /izl/iﬂll:ll(e), /iz.n = /122 - /121/11_11/i12-

Using the formula for factorizing a joint normal density into a marginal and a
conditional density, we can rewrite the objective function as

(B.13)  Qu(6;by) = min a(IH(O) iy + 1 Haun(6) + el iy ).
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The minimizing value of «, which we denote by &(8), is given by

0, ifofﬁz.n(@),
(B.14)  &(6) =1 —H,,,(0), if —a(6) < H,1,(0) <0,
a(h), otherwise.

In turn, the objective function becomes

A HL (O i + 1l Hoaa ()21
ifofﬁlll(e),
(B.15)  Q.(6; $,) = n||1:11(9)||/i;]1a if —a(0) < 1:12.11(0) <0,

nllHi () i1+ nl Hani () +&(0) 11,
otherwise.

As shown in Andrews and Guggenberger (2009), critical values for the con-
struction of uniformly valid confidence sets can be obtained by considering the
behavior of the objective function Q,(-) under sequences of parameters. To do
so, suppose data are generated based on ¢, = G(0,, ;). To approximate the
distribution of Q,(6,; ¢,), notice that

I:Il(en) = (211,;1 —Gi(0,)
= (Z)l,n - ¢1,n’
H1(6,) = o — Ga(6,) — A Af['[d1,, — G1(6,)]
= (Z)z,n —bon—, — /izl/iﬁ](ﬁ‘z)m — b1n)-
Let

Zl,n = \/ﬁ/il_ll/z(q?)l,n - d)l,n)?
Zriin = \/ﬁ/iﬁiz[éz,n — by — A\Zl/iﬂl((z)l,n — 1)1

Using this notation, we can rewrite the objective function as

1Zuull + | Zoiin — VA5 0],
if «/ﬁ/i;{zan < Zriins
(B16) Q0 60) = 1 Z,, ]| 4+ | Zor + V1AL (E(6,) — ),

i Zo 11,0 < —/RA;1(@(6,) — ),
|Z.,.l, otherwise.
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Now suppose that \/ﬁA;{Zan — g and ﬁA;}{z(&(On) —a,) —> a, where

a € R"Uoo and a € Rt U co. Thus,

R 1 Zill + 1 2211 — 6_l||7 @fﬂ < Zz.u,_
(B.17)  Qu(0u: bn) = 1 Zill + 1 Zo11 +all, if Z511 < —a,
IZil, otherwise,

where Z; ~ N(0, 1), Z,11 ~ N(0,1), and Z; and Z,;; are independent. We
have to distinguish three cases. First,

0,(6,; b)) => |1 Z4|
< Zill + 1 Zoulll{Z211 =0} if a=o00,a=o00.

Second,

0,63 b)) = | Zi|| 4+ 1| Zons — all[{Z51, > a)
< 1Zill + 1 Zoulll{Z211 =0} if a<oo,a=o0.

Third,

0,63 b)) => 1 Zi || + 1| Zos — al[{Zy1y > a)
+ 1 Zon1 +alll{Zy1 < —a} if a<oo,a<oo

< I1Zill + 1 Zonall-

The bound for this last case is weaker than the bounds for the first two cases.
The case a < 0 arises only if &(6,) — 0 sufficiently fast, meaning that 6, ap-
proaches an area of the parameter space in which the model is point-identified.
From the definition of a(6) in (B.8), it follows that the third case arises if one
of the interaction parameters is close to 0. In our numerical illustration, we
use a conservative fixed critical value obtained from the 1 — 7 quantile of a x?
(df =3).

A frequentist confidence set for the four-dimensional parameter vector 6
can then be defined as the level set

(B.18)  CSL(Y") ={(6]Q.(6; b,) < 2.

We are restricting our attention to confidence sets constructed from fixed
(rather than sample-size and #-dependent) critical values. In principle, one can
construct the set CS,”}(Y”) by evaluating the objective function Q,(6; J)n) on
a four-dimensional grid. However, since the identified set @(¢) lies in a two-
dimensional subspace, the specification of a suitable grid is difficult. Moreover,
our goal is to construct a confidence set for the subvector 6,. Thus, we let

0.(61; ) = min 0,(16}, 01 )
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and define
(B.19)  CS7(Y") ={6010.(6:; ,) < 2.

The confidence set CS;! (Y") is the projection of CS!(Y") onto the domain

of 6;. To compute the projection-based confidence set, we specify a two-

dimensional grid for 6; and evaluate the objective function 0.(0; ¢,,) for each

grid point. A parameter value is included in the confidence set if Q,(6;; <Z>,,) <
2

c

T

Bayesian Inference: Draws From the Conditional Prior

Prior 1 and prior 2 are specified on the 8-y space through densities p(6, ¢).
These priors induce a prior distribution on the reduced-form parameters ¢.
As explained in the main text, the conditional prior of 6 given ¢ will not get
updated through the likelihood function and the posterior will converge to

p(0] (Z)n). To characterize the conditional prior p(6,|¢), we conduct the follow-
ing change of variables. Let

(B20)  Z=I[B1, v, B2 2, YT

and

(B-21) X =[B1,v1, b1, Poos P10’

To convert a prior density for Z = f(X) into a prior for X, we can use

(B.22)  px(X) = pz(f(X)If(X)I.

Once we have derived px(X), we can proceed as follows. Notice that

(B23)  p(6i]¢) x p(6:, P).

We use a random-walk Metropolis algorithm to generate draws from p(6,|¢).
For this algorithm, it is sufficient to be able evaluate the joint density p(6;, ¢)
numerically. Descriptions of the algorithm can be found in many textbooks
(e.g., Geweke (2005)). Our proposal density is multivariate Gaussian with a
covariance matrix that equals a suitably scaled identity matrix.

We proceed by characterizing the function f(X) component by component
and then derive the Jacobian f'(X). The following functional relationships are
useful:

my =Py(B1), my=>y(Bs),
di=Pn(B1—v1), dr=DPn(Br— V).
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Since we have to solve for 8, and v,, notice that
Br=03 (m), 2= Dy (my) — DF (o).
The Nash equilibrium conditions imply that
oo = (1 =my)(1 —my),
b1 =didy,
bry=m(1 —my) +di(my — dy) + Y (my — dy)(m, — dy).

We can use these conditions to solve for m,, d,, and ¥:

my=1-— b ,
1—m1
bu
dy= "1
2 d17
¢:¢10—m1(1—m2)—d1(m2—d2)

(my —d,)(my — dy)
The expression for ¢ can be simplified by replacing m, and d,,

_ bio—mi(1 —my) —di(my, — d,)
(my —dy)(m; — dy)

d)l() - ¢00 m - dl (1 - d)oo - @>

W

1_m1 1_n/ll d]
¢00 d’u
(m —d1)<1 - d_1>
1—
10(1 = my) — ooy — dl(l s — M)
= 1
(my —dl)(l —my — oo — M)
d,
— b10(1 —my) — poom; — di1g(X)
(my _d1)g(X) >
where
g§(X)= (1—m1—¢00_w>_
d,

Combining terms, we obtain the following expressions for the components
of f(X):

[i(X) =B,



BAYESIAN AND FREQUENTIST INFERENCE

f2(X) =Y,
£(X) =q>N1(1 ﬂ)

1-Dy(By)

f1(X) = f5(X) —@;I(L),

Dy (B — 1)
A(X)

(X)) = ——

_ b10(1 — DN (B1)) — PooPn(B1) — Py (B — ¥1)g(X)

where

gX) = <1 — Dy (B1) — boo —

B(X)

(On(B1) — Py (B1 — ¥1))8(X)

b1 (1 — (I)N(,Bl)))
Oy(Bi—v1) )

17

Now we can calculate the derivatives for the Jacobian matrix. For this, define

¥(z) =

Term f1(X):
Ifi(X)
P
Term f5(X):
df2(X)
In
Term f53(X):
af3(X)
B

9f3(X)
Iboo

Term f4(X):
Ifs(X)

a0y (z) 1
Iz Py(DY(2)

=1.

=1.

:—¢(1 idu ) S0 (B,

1 Dy (B1) ) [1 = DPy(BD]?

=—¢(— du ) 1
=0y (B ) T= Dy (B

9B
fa(X)
(?’)/1

_ f3(X) N lﬂ( bu ) b1 dn(B1 — V1)

B4 On(Bi—v1)) PY(Bi—m)
_ ( i ) b1pn(B1— v1)
Oy(Bi—y)) P(Bi—7)
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Ife(X) _ ( b ) 1
dbn Oy(B1—v1) ) P (Bi— 1)’
Ifu(X)  f3(X)

dpow  Ibo
Term f5(X):
dA(X) 19B(X)
B o 22V BX) — AX)
ox B(X)?
Term A(X):
JAX
3[(‘31 ) =—(¢10+ Po)dn(B1) — dn(B1 — y1)g(X)
dg(X)
— Dy (B — 1) 9B, >
JAX X
(9( )=¢N(ﬁ1—71)g(X)—q)N(,3| %)r?g( )
Y1 v
JA(X) dg(X)
:—(I) —
Ere N(B1— Y1) dbn >
2AX) _ PPN (0.
Py Dy(B1) — Pn (B — 1) Ibm
JAX) ~ L 9gX)
Idro = q)N(,Bl)) (I)N(Bl Y1) t9¢10.
Term B(X):
dB(X)
B, = (N (B1) — dN(B1 — ¥1))g(X)
dg(X
+ (PN (B1) — PN (B1— V1)) 8( ),
B
dB(X J
&(%)=¢N<ﬂ1—vl)g(X)+<<bN(ﬁl)—d>N<B1 ) g( ),
IB(X) 3 _ oy 28D
e = (On(B1) — PN(B1 — Y1) Ibr
dB(X X
X _ @y (Br) — Dy (B — v B

ddoo dboo
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Term g(X):
Jg(X) budn(B1) | du(l—Dy(B1))PN(B1— v1)
B on(Bo) + Oy (B — 1) * DY (B1— 1) ’
dg(X) __ b1 (1 —=Dy(B1)dN(B1 — 1)
I q)%v(Bl - Y1) ’

9g(X) _  1-Dn(B1)

Iby  Py(Bi—v1)’
Jag(X)
Iy

—1.

Bayesian Inference: Draws From the Posterior

According to Equations (B.3)-(B.6), we can express the reduced-form prob-
abilities as functions of 6 and . Thus, the likelihood function is given by

(B24)  p(Y"|0, ) = 11" (0, ¥) by’ (0, ¥) b1y’ (8, ¥) by (6, ).

If this prior distribution is combined with a prior specified on the 68—y space,
then the posterior is given by

(B25)  p(6, ¢|Y") & p(Y"[6, ) p(6, )

and draws can be generated with a random-walk Metropolis algorithm.

In addition to priors 1 and 2, we consider a prior that is flat with respect to
the reduced-form parameters. Conditional on ¢, the prior for 6, is uniform on
the identified set ©,(¢). To obtain draws from the posterior distribution of 6;,
we sample (i) from p(¢|Y") and (ii) from p(6,|¢). For step (i), notice that
under the flat prior for ¢, the posterior distribution Py, takes the form of a
Dirichlet distribution

[b11, Poos P10, Poil ~ Dirichlet(ny + 1, ngo + 1, nyo + 1, ngy).

A draw from this Dirichlet distribution can be generated as follows: Let
a; ~G(n; +1,1), where j € {11, 00, 10,01}, and G(a, 1) denotes a Gamma
distribution with shape parameter « and scale parameter 1. Then set

¢ = [a, aw, ai, anl'/(an + ap + aio + aopr).

For step (ii) we specify a two-dimensional grid for 6, so as to construct pro-
jections of the identified set ®,(¢) onto the B, and v, ordinates. Let these
projections be delimited by B1, Bi, v1, and y;. We then use an acceptance sam-

pler with a proposal density that is uniform on [B;, 81] ® [y1, ¥1] to obtain a
draw of 6, conditional on ¢. B B
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Bayesian Inference: Credible Sets

Credible sets are computed according to the following steps:

Step 1. Construct two independent sequences {Hfi}le and {Hfz}le of draws
from the distribution of 6.

Step 2. Use the {0(12}3 draws to construct kernel density estimates ﬁ(@fﬁ)

s=1
foreach 6", s=1,...,S.
Step 3. Find a cutoff « such that (1 — 7)S of the density estimates p(6)
are greater than or equal to k.
Step 4. Use the {Oﬁfz}le draws to construct kernel density estimates p(6;)
for values of 6; on a two-dimensional grid. Include a particular grid point into
the credible set if p(0;) > k.
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